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1

Introduction

Probability theory arose originally in connection with games of chance and
then for a long time it was used primarily to investigate the credibility of
testimony of witnesses in the “ethical” sciences. Nevertheless, probability has
become a very powerful mathematical tool in understanding those aspects
of the world that cannot be described by deterministic laws. Probability has
succeeded in finding strict determinate relationships where chance seemed to
reign and so terming them “laws of chance” combining such contrasting no-
tions in the nomenclature appears to be quite justified. This introductory
chapter discusses such notions as determinism, chaos and randomness, pre-
dictibility and unpredictibility, some initial approaches to formalizing ran-
domness and it surveys certain problems that can be solved by probability
theory. This will perhaps give one an idea to what extent the theory can an-
swer questions arising in specific random occurrences and the character of the
answers provided by the theory.

1.1 The Nature of Randomness

The phrase “by chance” has no single meaning in ordinary language. For
instance, it may mean unpremeditated, nonobligatory, unexpected, and so on.
Its opposite sense is simpler: “not by chance” signifies obliged to or bound to
(happen). In philosophy, necessity counteracts randomness. Necessity signifies
conforming to law — it can be expressed by an exact law. The basic laws
of mechanics, physics and astronomy can be formulated in terms of precise
quantitative relations which must hold with ironclad necessity. True, this state
of affairs existed in the classical period when science did not delve into the
microworld. But even before, chance had been encountered in everyday life at
practicaily every step. Birth and death and even the entire life of a person is a
chain of chance occurrences that cannot be computed or foreseen with the aid
of determinate laws. What then can be studied and how studied and what sort
of answers may be obtained in a world of chance? Science can merely treat the
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intrinsic in occurrences and so it is important to extract the essential features
of a chance occurrence that we shall take into account in what follows.

1.1.1 Determinism and Chaos

In a deterministic world, randomness must be absent — it is absolutely subject
to laws that specify its state uniquely at each moment of time. This idea of
the world (setting aside philosophical and theological considerations) existed
among mathematicians and physicists in the 18th and 19th centuries (New-
ton, Laplace, etc.). However, such a world was all the same unpredictable
because of its complex arrangement. In order to determine a future state, it is
necessary to know its present state absolutely precisely and that is impossible.
It is more promising to apply determinism to individual phenomena or aggre-
gates of them. There is a determinate relationship between occurrences if one
entails the other necessarily. The heating of water to 100°C under standard
atmospheric pressure, let us say, implies that the water will boil. Thus, in a
determinate situation, there is complete order in a system of phenomena or
the objects to which these phenomena pertain. People have observed that kind
of order in the motion of the planets (and also the Moon and Sun) and this
order has made it possible to predict celestial occurrences like lunar and solar
eclipses. Such order can be observed in the disposition of molecules in a crystal
(it is easy to give other examples of complete order). The most precise idea
of complete order is expressed by a collection of absolutely indistinguishable
objects.

In contrast to a deterministic world would be a chaotic world in which
no relationships are present. The ancient Greeks had some notion of such a
chaotic world. According to their conception, the existing world arose out of
a primary chaos. Again, if we confine ourselves just to some group of objects,
then we may regard this system to be completely chaotic if the things are en-
tirely distinct. We are excluding the possibility of comparing the objects and
ascertaining relationships among them (including even causal relationships).
Both of these cases are similar: the selection of one (or several objects) from
the collection yields no information. In the first case, we know right away
that all of the objects are identical and in the second, the heterogeneity of
the objects makes it impossible to draw any conclusions about the remaining
ones. Observe that this is not the only way in which these two contrasting
situations resemble one another. As might be expected, according to Hegel’s
laws of logic, these totally contrasting situations describe the exact same sit-
uation. If the objects in a chaotic system are impossible to compare, then
one cannot distinguish between them so that instead of complete disorder, we
have complete order.

1.1.2 Unpredictability and Randomness

A large number of phenomena exist that are neither completely determinate
nor completely chaotic. To describe them, one may use a system of noniden-
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tical but mutually comparable objects and then classify them into several
groups. Of interest to us might be to what group a given object belongs.
We shall illustrate how the existence of differences relates to the absence of
complete determinism. Suppose that we are interested in the sex of newborn
children. It is known that roughly half of births are boys and half are girls. In
other words, the “things” being considered split into two groups. If a strictly
valid law existed for the birth of a boy or girl, then it would still be impossi-
ble to produce the mechanism which would continually equalize the sexes of
babies being born in the requisite proportion (without assuming the effect of
the results of prior births on succeeding births, such a premise is meaning-
less). One may give numerous examples of valid statements like “such a thing
happens in such and such fraction of the cases”, for instance, “1% of males
are color-blind.” As in the case of the sex of babies, the phenomenon cannot
be explained on the basis of determinate laws. It is advantageous to view a
set-up of things as a sequence of events proceeding in time.

The absence of determinism means that future events are unpredictable.
Since events can be classified in some sort of way, one may ask to what class
will a future event belong? But once again (determinism not being present),
one cannot furnish an answer in advance. The question is ill posed in the given
situation. The examples cited suggest a proper way to state the question: how
often will a phenomenon of a given class occur in the sequence? We shall speak
about chance in precisely such situations and it will be natural to raise such
questions and to find answers for them.

1.1.3 Sources of Randomness.

We shall now point out a few of the most important existing physical sources of
randomness in the real world. In so doing, we view the world to be sufficiently
organized (unchaotic) and randomness will be understood as in Sect. 1.1.2.

(a) Quantum-mechanical laws. The laws of quantum mechanics are state-
ments about the wave functions of micro-objects. According to these laws, we
can specify, for instance, just the wave function of an electron in a field of
force. Based on the wave function, only the probability of detecting the elec-
tron in some particular region of space may be found — to predict its position
is impossible. In exactly the same way, one cannot ascertain the energy of
an electron and it is only possible to determine a discrete number of possible
energy levels and the probability that the energy of the electron has a spec-
ified value. We perceive that the fundamental laws of the microworld make
use of the language of probability and thus phenomena in the microworld are
random. An important example of a random phenomenon in the microworld
is the emission of a quantum of light by an excited atom. Another important
example are nuclear reactions.

(b) Thermal motion of molecules. The molecules of any substance are in con-
stant thermal motion. If the substance is a solid, then the molecules range
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close to positions of equilibrium in a crystal lattice. But in fluids and gases,
the molecules perform rather complex movements changing their directions
of motion frequently as they interact with one another. The presence of such
a motion may be ascertained by watching the movement of microscopic par-
ticles suspended in a fluid or gas (this is so-called Brownian motion). This
motion is of a random nature and the energies of the individual molecules are
also random, that is, the energies of the molecules can assume different val-
ues and so one talks about the fraction of molecules having an energy within
narrow specified bounds. This is the familiar Maxwell distribution in physics.
A simple experiment will convince one that the energies of the molecules are
different. Take the phenomenon of boiling water: if all of the molecules had
the same energy, then the water would become steam all at once, that is, with
an explosion, and this does not happen.

(c) Discreteness of matter. The discreteness of matter leads to the occurrence
of randomness in another way. Items (a) and (b) also considered material par-
ticles. The following fact should now be noted: the laws of classical physics
have been formulated for macrobodies just as if matter filled up space contin-
uously. The discreteness of matter leads to the occurrence of deviations of the
actual values of physical quantities from those predicted by the laws. These
deviations or “fluctuations” are of a random nature and they affect the course
of a process substantially. Thus, the discreteness of the carriers of electricity
in metallic conductors — the electrons — is the source of fluctuation currents
which are the reason for internal noise in radios. The discreteness of matter
results in the mutual permeation of substances. Furthermore the absence of
pure substances, that is, the existence of impurities, also results in random
deviations from the calculated flow of phenomena.

(d) Cosmic radiation. Experimentation shows that it is irregular (aperiodic
and unpredictable) but it conforms to laws that can be studied by probability
theory.

1.1.4 The Role of Chance

It is hard to overestimate the role played in our lives by those phenomena that
are of a chance nature. The nuclear reactions occurring in the depths of the
Sun are the source of the energy sustaining all life on Earth. We are surrounded
by the medium of light and the electromagnetic field which are composed of the
quanta emitted by the individual atoms of the Sun’s corona. Fluctuations in
this emission — the solar flares — affect meteorological processes in a substantial
way. Random mechanisms also lead to explosions of supernova stars and to
sources of cosmic radiation. Brownian motion results in diffusion and in the
mutual permeation of substances and due to it, there are reactions possible
and hence even life. Chance mechanisms are responsible for the transmission
of hereditary characteristics from parents to children. Cosmic radiation, which
is also of a random nature, is one of the sources of mutation of genes due to
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which we have biological evolution. Many phenomena conform strictly to laws
only due to chance and this proves to be the case whenever a phenomenon
is dependent upon a large number of independent random microphenomena
(for instance, in gases, where there are a huge number of molecules moving
randomly and one has the exact Clapeyron law).

1.2 Formalization of Randomness

In order to make chance a subject of mathematical research, it is necessary
to construct a formal system which can be interpreted by real phenomena in
which chance is observed. This section is devoted to a first discussion.

1.2.1 Selection from Among Several Possibilities.
Random Experiments. Events

A most simple scheme in which unpredictable phenomena occur is in the
selection of one element from a finite collection. To describe this situation,
probability theory makes use of urn models. Let there be an urn containing
balls that differ from one another. A ball is drawn from the urn at random.
The phrase “at random” means that each ball in the urn can be withdrawn.
Later, we shall make at random still more precise. This single selection can
be described strictly speaking as being the enumeration of possibilities and
furnishes little for discussion. The matter changes substantially when there
are a large number of selections. After drawing a ball from the urn and ob-
serving what it was, we return it and we again remove one ball from the urn
(at random). Observing what the second ball was, we return it to the urn and
we repeat the operation again and so on. Let the balls be numbered 1,2,...,s
and repeat the selection n times. The results of our operations (termed an
experiment in what follows) can be described by the sequence of numbers of
the balls drawn: aq, as, ..., a, with a,, € {1,2, ..., s}. Questions of interest in
probability include this one. How often is the exact same number encountered
in such a sequence? At first glance, the question is meaningless: it can still be
anything. Nevertheless, although there are certain restrictions, they are based
on the following fact. If n; is the number of times that ball numbered i is
drawn, then ni + no + ...+ ng = n. This is of course a trivial remark but, as
explained later on, it will serve as a starting point for building a satisfacto-
rily developed mathematical theory. However, there is another nontrivial fact
demonstrated by the simplest case s = 2. We write out all of the possible
results of the n extractions of which there are 2. These are all of the possible
sequences of digits 1 and 2 of length ny + ny = n, where n; is the number
of ones in the sequence and mno the number of twos. Let N. be the amount
of those sequences for which |ny/n — 1/2| > e. Then lim, o 27" N, = 0 for
all positive €. This is an important assertion and it indicates that for large n
the fraction of ones in an overwhelming majority of the sequences is close to
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1/2. If the same computation is done for s balls, then it can be shown that
the fraction of ones is 1/s in an overwhelming majority of the sequences. This
holds for any ¢ < s. That the “encounterability” of different numbers in the
sequences must be the same can be discerned directly without computation
by way of the following symmetry property. If the places of two numbers are
interchanged, there are again the same 2™ sequences. Probability theory treats
this property as the “equal likelihood’ of occurrence of each of the numbers
in the sequence. Assertions about the relative number of sequences for which
n;/n deviates from 1/s by less than € are examples of the “law of large num-
bers’, the class of probability theorems most generally used in applications.
We now consider the notion of “random experiment”, which is a generaliza-
tion of the selection scheme discussed above. Suppose that a certain complex
of conditions is realized resulting in one of several possible events, where gen-
erally a different event can occur on iterating the conditions. We then say
that we have a random experiment. It is determined by the set of conditions
and the set of possible outcomes (observed events). The conditions of the
experiment may or may not depend on the will of an experimenter (created
artificially) and the presence or absence of an experimenter also plays no role.
It is also inessential whether it is possible in principle to observe the outcome
of the experiment. Any sufficiently complicated event can generally be placed
under the concept of random experiment if one chooses as conditions those
that do not determine its course completely. The pattern of its course is then
a result of the experiment. The main thing for us in a random experiment
is the possibility of repeating it indefinitely. Only for large series of iterated
experiments is it possible to obtain meaningful assertions. Examples of phys-
ical phenomena have already been given above in which randomness enters.
If we consider radioactive decay, for example, then each individual atom of
a radioactive element undergoes radioactive conversion in a random fashion.
Although we cannot follow each atom, a conceptual experiment can be per-
formed which can help establish which of the atoms have already undergone
a nuclear reaction and which still have not. In the same way, by considering a
volume of gas, we can conceive an experiment which can ascertain the energies
of all of the molecules in the gas. If the possible outcomes of an experiment are
known, then we can imagine the experiment as choosing from among several
possibilities. Again considering an urn containing balls, we can assume that
each ball has one of the possible outcomes of the pertinent experiment written
on it and any possibility has been written on one of the balls. On drawing
one of the balls, we ascertain which one of the possibilities has been realized.
Such a description of an experiment is advantageous because of its uniform-
ness. We point out two difficulties arising in associating an urn model with
an experiment. First, it is easy to imagine an experiment which in principle
has infinitely many different outcomes. This will always be the case when-
ever an experiment is measuring a continuously varying quantity (position,
energy, etc.). However, in practical situations a continuously varying quantity
is measured with a certain accuracy. Second, there is a definite symmetry
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among the possibilities in the urn model, which was discussed above. It would
be unnatural to expect every experiment to have this property. However, the
symmetry can be broken by increasing the number of balls and viewing some
of them as identical. The indistinguishable balls correspond to one and the
same outcome of the experiment but the number of such balls varies from
outcome to outcome. Say that an experiment has two outcomes and one ball
corresponds to outcome 1 and two balls to outcome 2. Then in a long run of
trials, outcome 2 should be encountered twice as often as outcome 1.

In discussing the outcomes of an experiment above, we meant all possible
mutually exclusive outcomes. They are usually called “elementary events” or
“sample points”. They can be used to construct an “algebra of events” that
are observable in an experiment. Events that are observable in an experiment
will be denoted by A, B, C,.... We now define operations on events. The sum
or union of two events A and B is the event that occurs if and only if at least
one of A or B occurs and it is denoted by AU B or A + B. The product or
intersection of two events A and B is the event that both A and B occur
(simultaneously) and it is denoted by AN B or AB. An event is said to be
impossible if it can never occur in an experiment (we denote it by () and to be
sure if it always occurs (we denote it by U). The event A is the complement
of A and corresponds to A not happening. The event A N B is the difference
of A and B and is denoted by A\ B.

A collection A of events observable in an experiment is called an algebra
of events if together with each A it contains A and together with each pair
A and B it contains AU B (the collection A is nonempty). Since AU A = U,

UcAand ) =U € A. If Aand B € A, then ANB = (AUB) € A and
ANB € A. Thus the operations on events introduced above do not lead out of
the algebra. Let Ay, Ao, ..., A,, be a set of events. A smallest algebra of events
exists containing these events. We introduce the natural assumption that the
events that are observable in an experiment form an algebra. If Ay, As,..., Ay,
are all elementary events of a given experiment, then the algebra of events
observable in the experiment comprises events of the form

A={J A, Ac{L2...m}, (1.2.1)
keA

where A is any subset of the segment of integers 1,m; if A = ), then A is
considered to be the impossible event. Let {2 denote the set of elementary
events or sample space. Every event may be viewed as a subset of (2. More
precisely, one can associate with each event A the set of elementary events Ay
occurring in the union on the right of (1.2.1).

As a result there is a one-to-one correspondence between the events in an
experiment and the subsets of {2 in which a sum of events corresponds to a
union of sets, a product of events to an intersection of sets and the opposite
event to the complement of a set in 2. The relation A C B for subsets of {2 has
the probabilistic meaning that the event A implies event B because B occurs
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whenever A occurs. The interpretation of events as subsets of a set enables
us to make set theory the basis of our probability-theoretic development and
to avoid in what follows such indefinite terminology as “event”, “occurs in an
experiment” and so on.

1.2.2 Relative Frequencies.
Probability as an Ideal Relative Frequency

Consider some experiment and let {2 be the set of elementary events that
can occur in the experiment. Let A be an algebra of observable events in the
experiment. A is a collection of subsets of which together with A contains
2\ A and together with each pair of sets A and B contains A U B. The
elements of 2 will be denoted by w,ws,w’, etc. Suppose that the experiment
is repeated n times. Let wy denote the outcome in the k-th experiment; the
n-fold repetition of the experiment determines a sequence (w1, ...,wy,), or in
other words, a point of the space 2" (the n-th Cartesian power of 2). An
event A occurred in the k-th experiment if wy € A. Let n(A) denote the
number of occurrences of A in these n experiments. The quantity

(1.2.2)

is the relative frequency of A (in the stated series of experiments). The relative
frequency of A characterizes a connection between A and the conditions of the
experiment. Thus, if the conditions of the experiment always imply the occur-
rence of A, that is, the connection between the conditions of the experiment
and A is determinate, then v, (A) = 1. If A is impossible under the conditions
of the experiment, then v,,(A) = 0. The closer v,(A) is to 1 or 0, the more
“strictly” is the occurrence (nonoccurrence) of A tied to the conditions of the
experiment.
We now indicate the basic properties of a relative frequency.

1. 0 < vy(A) <1 with v, (0) = 0 and v, (U) = 1. Two events A and B are
said to be disjoint or mutually exclusive if AN B = (), that is, they cannot
occur simultaneously.

2. If A and B are mutually exclusive events, then v, (AUB) = v, (A4)+v,(B).
Thus the relative frequency is a non-negative additive set-function defined
on A and it is normalized: v, (£2) = v, (U) = 1.

Relative frequency is a function of the sequence of outcomes of an experiment:

n

vn(A) =n"" ) La(we), (1.2.3)

k=1

where 4 is the indicator function of A. If another sequence of outcomes is
considered, the relative frequency can change. In the discussion of the urn



1.2 Formalization of Randomness 13

model, it was said that for a large number n of observations, the fraction
of sequences (wi,...,wy) for which a relative frequency differs little from a
certain number approaches 1. Therefore the variability of relative frequency
does not preclude some “ideal” value around which it fluctuates and which it
approaches in some sense. This ideal value of the relative frequency of an event
is then its probability. Our discussion has a very vague meaning and it may be
viewed as a heuristic argument. Just as actual cats are imperfect “copies” of an
ideal cat (the idea of a cat) according to Plato, relative frequencies are likewise
realizations of an absolute (ideal) relative frequency — the probability. The sole
pithy conclusion that can be drawn from the above heuristic discussion is that
probability must preserve the essential properties of relative frequency, that
is, it should be a non-negative additive function of events and the probability
of the sure event should be 1.

1.2.3 The Definition of Probability

The preceding considerations can be used in different ways to define probabil-
ity. The initial naive view of the matter was that probabilities of events exist
objectively and therefore probability needs no defining. The question was how
to calculate a probability.

(a) The classical definition of probability. Games of chance and the analysis
of testimony of witnesses were originally the basic areas of application of
probability theory. Games of chance involving cards, dice and flipping coins
naturally permitted the creation of appropriate random experiments (this
terminology first appeared in the twentieth century) so that their outcomes
had symmetry in relation to the conditions of the experiment. These outcomes
were treated as “equally likely” and they were assigned the same probabilities.
Thus, if there are s outcomes in the experiment, each elementary event was
assigned a probability of 1/s (it is easy to see that an elementary event has
that probability using the additivity of probability and the fact that the sure
event has probability one). If an event is expressed as the union of r elementary
events (r < s), then the probability of A is r/s by virtue of the additivity.
Thus we arrive at the definition of probability that has been in use for about
two centuries.

The probability of an event A is the quotient of the number of outcomes fa-
vorable to A and the number of all possible outcomes. The outcomes favorable
to A are understood to be those that imply A.

This is the classical definition of probability. With this definition as a
starting point, it is possible to establish that probability has the properties
indicated in Sect. 1.2.2. The definition is convenient, consistent and allows
results obtained by the theory to have a simple interpretation. A deficiency
is the impossiblity of extending it to experiments with infinitely many out-
comes or to any case in which the outcomes are asymmetric in relation to the
conditions of the experiment. In particular, the classical set-up has no events
with irrational probabilities.
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(b) The azioms of von Mises. The German mathematician R. von Mises pro-
posed as the definition of probability the second of the properties mentioned
for urn models — the convergence of a relative frequency to some limiting value
in the sense indicated there. Von Mises gave a system of probability axioms
whose first one postulates the existence of the limit of a relative frequency
and this limit is called the probability of an event. Such a system of axioms
results in considerable mathematical difficulties. On the one hand, there is the
possibility of varying the sequence of experiments and on the other hand, the
definition is too empirical and so it hardly accommodates mathematical study.
The ideas of von Mises can be used in some interpretations of the results of
probability but they are untenable for constructing a mathematical theory.

(¢) The azioms of Kolmogorov. The set of axioms of A.N. Kolmogorov has
been universally recognized as the starting point for the development of prob-
ability theory. He proposed them in his book “Fundamental Concepts of Prob-
ability Theory.” These axioms employ only the most general properties which
are inherent to probability about which we spoke above. First of all, Kol-
mogorov considered the set-theoretic treatment already discussed above and
also the notion of random experiment. He postulated the existence of the
probability of each event occurring in a random experiment. Probability was
assumed to be a nonnegative additive function on the algebra of events with
the probability of the sure event equal to 1. Thus a random experiment is for-
mally specified by a triple of things: 1. a sample space {2 of elementary events;
2. an algebra A of its subsets, the members of A being the random events; 3.
a nonnegative additive function P(A) defined on A for which P(£2) = 1; P(A)
is termed the probability of A. If random experiments with infinitely many
outcomes are considered, then it is natural to require that A be a o-algebra
(or o-field). In other words, together with each sequence of events A,,, A also
contains the countable union | J,, A, and P(A) must be a countably-additive
function on A: if A, N A, = 0 for n # m, then P(l,, 4,) = >, P(4,).
This means that P is a measure on A and since P({2) = 1, the measure is
normalized.

1.3 Problems of Probability Theory

Initially, probability theory was the study of ways of computing probabilities
of events knowing the probabilities of other given events. The techniques de-
veloped for computing the probabilities of certain classes of events now form
a constituent unit of probability but only partly and far from the main part.
However, as before, probability theory only deals with the probabilities of
events independently of what meaningful sense can be invested in the words
“the probability of event A is p”. This means that probability theory itself
does interpret its results meaningfully but in so doing it does not exclude the
term “probability”. There is no statement like “A always occurs” but rather
the statement “A occurs with probability one”.
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1.3.1 Probability and Measure Theory

Kolmogorov’s axioms make probability theory a special part of measure theory
namely finite measure theory (being finite and being normalized are clearly
essentially equivalent since any finite measure may be converted into a nor-
malized measure by multiplication by a constant). If this is so, is probability
theory unnecessary? The answer to this question has already been given by the
development of probability theory following the introduction of Kolmogorov’s
axioms. Probability theory does employ measure theory in an essential way
but classical measure theory really involves the construction of a measure by
extension and the development of the integral and its properties including the
Radon-Nikodym theorem. Probability theory has inspired new problems in
measure theory: the convergence of measures and construction of a measure
fibre (”conditional” measure); these now belong traditionally to probability
theory. A completely new area of measure theory is the analysis of abso-
lute continuity and singularity of measures. The Radon-Nikodym theorem
of measure theory serves merely as a starting point for the development of
the very important theory of absolute continuity and singularity of proba-
bility measures (also of consequence in applications). Its meaningfulness lies
in the broad class of special probability measures that it examines. Finally,
the specific classes of measures in probability theory, say, product measures
or fibre bundles of measures, establish the nature of its position in relation
to general measure theory. This manifests itself in the concepts utilized such
as independence, weak dependence and conditional dependence, which are
more associated with certain physical ideas at the basis of our probabilistic
intuition. These same concepts lead to problems whose reformulations in the
language of measure theory prove to be cumbersome, unclear and perplex-
ing making one wonder where these problems arose. (For individuals familiar
with probability theory, as an example, it is suggested that one formulate
the degeneracy problem for the simplest branching process in terms of mea-
sure theory.) Nonetheless, there are a number of sections of probability that
can relate immediately to measure theory, for instance, measure theory in
infinite-dimensional linear spaces. Having originated in probability problems,
they remain traditionally within the framework of probability theory.

1.3.2 Independence

Independence is one of the basic concepts of probability theory. According
to Kolmogorov, it is exactly this that distinguishes probability theory from
measure theory. Independence will be discussed more precisely later on. For
the moment, we merely point out that stochastic independence and physical
independence of events (one event having no effect on another) are identical in
content. Stochastic independence is a precisely-defined mathematical concept
to be given below. At this point, we note that independence was already used
in latent form in the definition of random experiment. One of the requirements
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imposed on an experiment is the possibility of iterating it indefinitely. To
iterate it assumes that the conditions of the experiment can be reconstructed
after which the one just performed and all of the prior ones have no affect on
the outcome of the next experiment. This means that the events occurring in
different experiments must be independent.

Probability theory also studies laws of large numbers for independent ex-
periments. One such law has already been stated on an intuitive level. An
example is Bernoulli’s form of the law of large numbers: “Given a series of
independent trials in each of which an event A can occur with probability p
and v, (A) the relative frequency of A in the first n trials. Then the probability
that |v,(A) — p| > € tends to zero as n — oo for any positive €.” Observe
that the value of v,(A) is random and so the fulfillment of the inequality
in this theorem is a random event. The theorem is a precise statement of
the fact that the relative frequency of an event approaches its probability.
As will be seen below, the proof of this assertion is strictly mathematical. It
may seem paradoxical that it is possible to use mathematics to obtain precise
knowledge about randomly-occurring events (that it is possible to do so in a
determinate world, say, to calculate the dates of lunar eclipses, is quite nat-
ural). In fact, the choice of p is supposedly arbitrary and only the fulfillment
of Kolmogorov’s axioms is required. However, something interesting can be
extracted from Bernoulli’s theorem only if events of small probability actually
rarely occur in practice. It is precisely these kinds of events (or events whose
probability is close to 1) that interest us primarily in probability. If one comes
to the point of view that events of probability 0 practically never occur and
events of probability 1 practically always occur, then the kind of conclusions
that may be drawn from random premises will be of interest.

1.3.3 Asymptotic Behavior of Stochastic Systems

Many physical, engineering and biological objects may be viewed as randomly
evolving systems. Such a system is in one of its possible states (frequently
viewable as finitely many) and with the passage of time the system changes
its state at random. One of the major problems of probability is to study the
asymptotic behavior of these systems over unbounded time intervals. We give
one of the possible results in order to demonstrate the problems arising here.
Let T;(E) be the total time that a system spends in the state E on the time
interval [0,¢]. Then the nonrandom

1
tlggo ETt(E) =m(E)
exists with probability 1; 7(E) is the probability that the system will be found
in the state F after a sufficiently long time. More precisely, the probability
that the system is in the state E at time t tends to 7(F) as t — oo. This
assertion holds of course under certain assumptions on the system in ques-
tion. We cannot state them at this point since the needed concepts still have
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not been introduced. Assertions of this kind are lumped together under the
generic name of ergodic theorems. Just as for the laws of large numbers, they
provide reliable conclusions from random premises. One may be interested
in a more exact behavior of the sojourn time in a given state, for instance,
in studying the behavior of the difference [t~'T}(F) — m(F)] multiplied by
a suitable increasing function of ¢ (the difference itself tends to zero). Under
very broad assumptions, this difference multiplied by v/ behaves primarily the
same way for all systems. We have now the second most important probability
law (after the law of large numbers), which may be called the law of normal
fluctuations. It holds also for relative frequencies and says that the deviation
of a relative frequency from a probability after multiplication by a suitable
constant behaves the same way in all cases (this is expressed precisely by the
phrase “has a normal distribution”; what this means will be explained later
on). Among the practically important problems involving stochastic systems
is “predicting” their behavior from observations of their past behavior.

1.3.4 Stochastic Analysis

Moving on from the concept of random event, one could “randomize” any
mathematical object. Such randomization is widely employed and studied in
probability. The new objects do not result in idle philosophizing. They come
about in an essential way and nontrivial important theorems are associated
with them that find extensive application in the natural sciences and engineer-
ing. The first thing of this kind is the random number (or random variable in
the accepted terminology). Such variables appear in experiments in which one
or more characteristics of the experimental results are being measured. Fol-
lowing this, it is natural to consider the arithmetic of these variables and then
to extend the concepts of mathematical analysis to them: limit, functional
dependence and so on. Thus we arrive at the notions of random function,
random operator, random mapping, stochastic integral, stochastic differential
equation, etc. This is a comparatively new rather intensively developing area
of probability theory. Despite their stochastic coloration, the problems that
arise here are often analogous to problems of ordinary analysis.
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Probability Space

The probability space is the basic object of study in probability theory and
formalizes the notion of random experiment. A probability space is defined by
three things: the space {2 of elementary events or sample space, a o-algebra A
of subsets of {2 called events, and a countably-additive nonnegative normalized
set function P(A) defined on A, which is called probability. A probability
space defined by this triple is denoted by (2, A, P).

2.1 Finite Probability Space

A finite probability space is one whose sample space is a finite set and A
comprises all of the subsets of (2. The probability is defined by its values on
the elementary events.

2.1.1 Combinatorial Analysis

Suppose that the probabilities of all of the elementary events are the same
(they are equally likely). To find the probability of an event A, it is necessary
to know the overall number of elementary events and the number of those
elementary events which imply A. The number of elements in a finite set
can be calculated using direct methods that sort out all of the possibilities
or combinatorial methods. Only the latter are of mathematical interest. We
consider some examples applying them.

(a) Allocation of particles in cells. Problems of this kind arise in statistical
physics. Given n cells in which N particles are distributed at random. What
is the distribution of the particles in the cells? The answer depends on what
are considered to be the elementary events.
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Mazwell-Boltzmann statistics. We assume that all of the particles are distinct
and all allocations of particles are equally likely. An elementary event is given
by the sequence (ki, ka,...kn), where k; is the number of the cell into which
the particle numbered ¢ has fallen. Since each k; assumes n distinct values,
the number of such sequences is n”. The probability of an elementary event
is n= V.

Bose-FEinstein statistics. The particles are indistinguishable. Again all of the
allocations are equally likely. An elementary event is given by the sequence
(l1,...,0), where (¢1+...4+£, = N and ¥¢; is the number of particles in the i-th
cell, i < n. The number of such sequences can be calculated as follows. With
each (¢1,...,¥¢,) associate a sequence of zeroes and ones (i1, ...,ix1n—1) With
zeroes in the positions numbered £1+1, 61 +0o+2,..., 01 +lo+.. . +lp_1+n—1
(there are n — 1 of them) and ones in the remaining positions. The number of
such sequences is equal to the number of combinations of N+n—1 things taken

-1
n — 1 at a time. The probability of an elementary event is (N:fl_ 1) .

Fermi-Dirac statistics. In this case N < n and each cell colntains at most one

particle. Then the number of elementary events is ]T\L[

For each of the three statistics, we find the probability that a given cell
(say, number 1) has no particle. Each time the number of favorable elemen-
tary events equals the number of allocations of the particles into n — 1 cells.
Therefore if we let py1, p2, and p3 be the probabilities of the specified event for

each statistics (in order of discussion), we have

p1=<n—1>N/nN=(1—1)N,

n
_(N+n-2 N+n—-1\ n—1
P2 = n—2 n—1 C N4n—1°
_(n-1 n _175
ps = N N~ o

If N/n = a and n — oo, then

_ 1
T 14a’

(03

pr=e€e¢ ", p2

ps=1—a.

For small «, these probabilities coincide up to O(a?). o characterizes the
“average density” of the particles. If « is small, then the three probabilities
are primarily equal.

(b) Samples. A sample may be defined in general as follows. There are m
finite sets Ay, As, ..., A,,. From each set, we choose an element a; € A; one by
one. The collection (aq, ..., a,,) is then the sample. Samples are distinguished
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by identification rules (let us say, we are not interested in the order of the
elements in a sample). Each sample is regarded as an elementary event and
the elementary events are considered to be equally likely.

1. Sampling with replacement. In this instance, the A; coincide: A; = A and
the number of samples is n™, where n is the number of elements in A.

2. Sampling without replacement. A sample is constructed as follows. A; = A,
Ay = A\{a1},...,Ar = A\{a1,...,ar_1}. In other words, only samples
(a1,...,am), a; € A, are considered in which all of the elements are dis-
tinct. If A has n elements, then the number of samples without replace-

ment is n(n —1)...(n —m+1)/m! = (;)

3. Sampling without replacement from intersecting sets. In this instance, the
A; have points in common but we are considering samples in which all of
the elements are distinct. The number of such samples may be computed
as follows. Consider the set A = J;-, Ay and the algebra A of subsets of
it generated by Ai,...,A,,. This is a finite algebra. Let By, Bo,..., By
be atoms of the algebra, that is, they each have no subsets belonging to
the algebra other than the empty set and themselves. Let n(B;,, ..., B;,,)
denote the number of samples without replacement from B;,,...,B;, ,
where each B;, may be any atom. The value of n(B;,, ..., B;,,) depends on
the distinct sets encountered in the sequence and on the number of times
these sets are repeated. Let n(f1,4s,...,¢n) be the number of samples
from such a sequence, where By occurs £; times, By occurs {5 times and
soon, {; > 0,01+ ...+ {n =m. If B; has n; elements, then

N
ni!

i=1

The number of samples of interest to us equals

Z Tl(Bil,...,Bim).

By CA1,...,Bi,, CAm

2.1.2 Conditional Probability

The conditional probability of an event A given event B having positive prob-
ability has occurred is the quantity

P(AN B)

PUAIB) = =55

(2.1.1)
As a function of A, P(A|B) possesses all of the properties of a probability.
The meaning of conditional probability may be explained as follows. Together
with the original experiment, consider a conditional probability experiment
which is performed if event B has happened in the original experiment. Thus if
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the original experiment has been done n times and B has happened np times,
then this sequence contains ng conditional experiments. The event A will have
occurred in the conditional experiment if A and B occur simultaneously, i.e.,
if ANB occurs. If n gnp is the number of experiments in which the event ANB
is observed (of the n carried out), then the relative frequency of occurrence in
the np conditional experiments is nanp/np = vn(ANB) /v, (B). If we replace
the relative frequencies by the probabilities, then we have the right-hand side
of (1.2.1).

(a) Formula of total probability. Bayes’s theorem. A finite collection of events
Hy,H,,..., H, is said to form a complete group of events if they are pair-
wise disjoint and their union is the sure event: 1. H; N H; = 0 if i # j;
2. U, H; = £2. One can consider a supplementary experiment in which the
H; are the elementary events and the original experiment is viewed as a com-
pound experiment: first one clarifies which H; has occurred and then knowing
H;, one performs a conditional experiment under the assumption that H; has
occurred. An event A occurs in the conditional experiment with probability
P(A|H;), the conditional probability of A given H;. In many problems, the
H; are called the causes or hypotheses and the conditional probabilities given
the causes are prescribed. The following relation expressing the probability of
an event in terms of these conditional probabilities and the probabilities of
causes is called the formula of total probability:

P(A) = iP(A|HZ-)P(HZ-) . (2.1.2)
i=1

On the basis of (2.1.1) the right-hand side becomes »_;_, P(AN H;) and since
the events A N H; are mutually exclusive and UH; = {2, it follows that

iP(AmHi) =P (O(AmHQ) =P (Am UH) =P(A).

i=1 i=1 i=1
Formula (2.1.2) is really useful when considering a compound experiment.

FEzample. There are r urns containing black and white balls. The probability
of drawing a white ball from the urn numbered ¢ is p;. One of the urns is
chosen at random and then a ball is drawn from it. By formula (2.1.2), we
determine the probability of drawing a white ball. In our case, P(H;) = 1/r,
P(A|H;) = p; and hence P(A) =r~' 37 p;.

The formula of total probability leads to an important result called Bayes’s
theorem. It enables one to find the conditional probabilities of the causes given
that an event A has occurred:

P(t1i]4) = P(AHP() | S PAHPH) . (213)

7=
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This formula is commonly interpreted as follows. The conditional probabilities
of an event given each of the causes Hy,..., H, and the probabilities of the
causes are assumed to be known. If the experiment has resulted in the occur-
rence of event A, then the probabilities of the causes have changed: once we
know that A has already occurred, then it is natural to treat the probabilities
of the causes as their conditional probabilities given A. The P(H;) are called
the apriori probabilities of the causes and the P(H;|A) are their aposteriori
probabilities. Bayes’s theorem expresses the aposteriori probabilities of the
causes in terms of their apriori probabilities and the conditional probabilities
of an event given the various causes.

Ezxample. There are two urns of which the first contains 2 white and 8 black
balls and the second 8 white and 2 black balls. An urn is selected at random
and a ball is drawn from it. It is white. What is the probability that the first
urn was chosen? Here we have P(H;) = P(Hz) = 1/2, P(A|H;) = 1/5 and
P(A|H,) = 4/5. By (2.1.3),

P(H,|A)=1/2-1/5/(1/2-1/5+1/2-4/5) = 1/5.

(b) Independence. An event A does not depend on an event B if the condi-
tional probability P(A|B) equals the unconditional probability P(A). In that
case,

P(ANB) =P(A)P(B), (2.1.4)

which shows that the property of independence is symmetric. Formula (2.1.4)
could serve as a definition of independence of two events A and B. The first
definition is more meaningful: the fact that B has occurred has no affect on
the probability of A and it is reasonable to assume that A does not depend
on B. It follows from (2.1.4) that the independence of A and B implies the
independence of A and B, A and B, and A and B (A is the negation of the
event A). Independence is defined for several events as follows. Ay, As, ..., A,
are said to be mutually independent if

P(A;, NAyN...N A ) =P(A).. . P(A;,) (2.1.5)

for any k < m and i; < iy... < i < m. Thus for three events A, B and C
their independence means that the following four equalities hold: P(ANB) =
P(AP(B),P(ANC)=P(AP(C), P(BNC)=P(B)P(C) and P(ANBN
C)=P(AP(B)P(C).

Bernstein’s example. The sample space consists of four elements E1, Esy, E3,
and Ey with P(Ey) = 1/4, k = 1,2,3,4. Let A; = E; U E4,i = 1,2,3. Then
A1 ﬂAQ = A1 mAg = A2 mAg = A1 OAQ mAg = E4. Therefore P(Al ﬂAg) =
P(Al)P(AQ), P(Al mAg) = P(Al)P(Ag) and P(AQQA,?,) = P(AQ)P(Ag) But
P(A;NAyN As) # P(A))P(A2)P(A3). The events are pairwise independent
but they are not mutually independent.
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2.1.3 Bernoulli’s Scheme. Limit Theorems

Let A1, Ay, ..., A, be a complete group of events. An event B is independent
of this group if it does not depend on any of the events Ay, k =1,...,r. Let A
be the algebra generated by the events Ay, ..., A,; it comprises the impossible
event and all unions of the form [ J & Aiy» i < 7. Then B is independent of the
algebra A, that is, it does not depend on any event A € A. Two algebras of
events A; and A, are said to be independent if A; and A5 are independent for
each pair of events A; € A; and Ay € As. Algebras of events Aj, As, ..., Ap
are independent if Ay, As, ..., A,, are mutually independent, where A; € A;,
1 < m. To this end, it suffices that

P (ﬂ Ai> = ﬁP(Ai) (2.1.6)

for any choice of A; € A;. (This definition simplifies as compared to that of
independent events in (2.1.5) because some A; may be chosen to be (2.)

Consider several experiments specified by the probability spaces
(2, A, Pr), k =1,2,...,n. We now form a new probability space ({2, A, P).
2 is taken to be the Cartesian product 21 x {25 X ... x §2,,. The algebra A is
the product of algebras A1 ® A2 ® ... R A, of subsets of {2 generated by sets
of the form A; x Ag x ... x A, with Ay € A, k=1,2,...,n (an algebra is
said to be generated by a collection of sets if it is the smallest algebra contain-
ing that collection). Finally, the measure P is the product of measures Py:
P = [[i_, Py, that is, P(A; x Ay... x A,) = P(A;)P(A2)...P(4,). The
probability space ({2, .4, P) corresponds to a compound experiment in which
each of the n experiments specified above is performed independently.

(a) Bernoulli’s scheme involves a series of independent and identical experi-
ments (trials). This just means that a probability space (£21 X ... X §2,, A1 ®
oo @ A, [T, Py) is defined for every n in which each probability space
(£2k, A, Pi) coincides with the exact same space (§2, A, P). (As we shall see
below, it is possible to consider an infinite product of such probability spaces
right away; it will not be finite if the given space is nontrivial, that is, {2
contains more than one element.) Let A € A. The event 2x ... x Ax...x {2,
where A is in the k-th position and the remaining factors are (2, is inter-
preted as the event “A occurred in the k-th experiment.” Let p,(m) denote
the probability that A happens exactly m times in n independent trials. Then

palm) = () o0 5= PA). (217)

Indeed, our event of interest is the union of events of the form A x flﬁx oo X
Ax...xAx...x A, where A occurs in the product m times and A occurs

n — m times. There are (72) such distinct products and the probability of

one such event is p™ (1 — p)*~™.
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Let Ay, Ay, ... A, be a complete group of events in an algebra A. Let
pn(k1, ..., k) be the probability that in n independent trials A; occurs k;
times, i = 1,...,7 and k14, ..., +k, = n. Similarly to the preceding, one can
establish that

n!

Pk, ... k) =

The probabilities (2.1.7) are called the binomial probabilities and (2.1.8) the
multinomial probabilities.

(b) The law of large numbers. This law has been mentioned several times in
the introductory chapter. We are now in a position to prove it.

Bernoulli’s Theorem. Let v,, be the number of occurences of an event A in
n independent trials having probability p in each trial, 0 < p < 1. Then for
any positive €,
1

lim P{’Vn—p‘ >€} =0. (2.1.9)

n—00 n
Proof. For fixed n, the event {v,, = k} has probability p, (k). For different
values of k, these events are mutually exclusive. Therefore

1

P{ ~vn —p‘ > 6} = > pB)+ D palk)

k<n(p—e) k>n(p+e)

Starting with (2.1.7), we find that

pn(k+1) :n—k P
pn(k) k+11—-p"°

Therefore for k > n(p + ¢),

pn(k+1)<n—n(p+a) P 1 €

pn(k) np  1-p = 1-p’

Let k+ denote the smallest value of k satisfying k > n(p + €) and let k.
be the smallest value of k for which (n — k)p/[(k + 1)(1 — p)] < 1. Then
pn(k+1) < pn(k) for k > k.. Therefore

> n = n®<n@) Y (1o 75 ) = ).

k>n(p+e) k>k* m=0

Next,
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and so
pn(k*) < (K" — ko).

Since k, is the smallest value of k such that k > np+p—1, we have k* — k, >
en —2 and thus 32, . pu(k) = O (z5) as n — oco. A similar estimate
also holds for >, .,y Pu(k). O

(¢) Law of rare events. Consider now the asymptotic behavior of the binomial
probabilities assuming that the probability of A tends to zero. A nontrivial
result is obtained if the number of trials increases in such a way that the
product np = a remains bounded and nonvanishing.

Poisson’s Theorem. If the specified assumptions hold, then
pu(m) ~ (mh)"tame . (2.1.10)

The proof is a consequence of the following operations:

nn—1)...n—m+1) ra\™ a\n—m
oy =MDl gy o)
m! n n
1 1 -1
~— (1 - > <1 - m) a™ exp {(m - n)g} ~ (mhtamem .
m! n n n
The collection of quantities p,,(a) = (m!)"ta™e=%, m =0,1,2, ..., defines

the Poisson distribution with parameter a; the sum of all of the probabilities
pm(a) is 1. Many practical situations involve “rare” random events of the same
kind that obey a Poisson distribution: the probability that m events occur in
a certain time interval equals p,,(a), where the parameter a is proportional
to the length of the interval. Examples of such rare events are: 1. the number
of cosmic particles registered by a Geiger counter; 2. the number of calls
received at a telephone exchange; 3. the number of accidents; 4. the number
of spontaneous catastrophes, and so on.

(d) Normal approximation. We now find an asymptotic approximation to
pr(m) for large n and for p bounded away from 0 and 1.

DeMoivre-Laplace Theorem. Let § be any positive quantity. Then uni-
formly for p(1 —p) > 6 and |z| < 1/6,

pn(m) ~ (2mnp(1 — p)) =2 exp {_952} ) (2.1.11)

2
where x = (m — np)/+/np(1 —p).

To show that (2.1.11) holds, we express p,(m) with the help of Stirling’s
formula (n! ~ +v/2wnn™e™™) obtaining
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|
n: n—m

pn(m) = m?m(l —p) ~n"e "V2mn(n —m)

x [emmHm \/m] “lpm [e="v/2mm] _1pm(1 —p)
= (oo (1= 2) ) () ()

Solving for m in terms of = so that m = np + z\/np(1 —p) and n — m =
n(l —p) — x4/np(l — p), and using the boundedness of x, we obtain

—n+m

Pul(m) ~ (2mnp(1 — p))~Y/2 (1 oy 1ﬂ;pp

>—n(1—p)+l‘\/np(1—p)

>npz np(1-p)

x(l_x T

Taking the logarithm of the product of the two power terms involving x and

using the expansions of In(1+z+/(1 — p)/np) and In (1 —z/p/n(1 — p)), one
can show that this product equals —32? + O(1/y/n).

2.2 Definition of Probability Space

We now discard the finiteness of §2. It is then natural to replace an algebra
of events by a o-algebra and to define probability as a countably-additive
function of the events.

2.2.1 o-algebras. Probability

A o-algebra A of subsets of {2 is an algebra which together with each sequence
A, € A contains (J,, An. Then A also contains (1, A, = 2\ J,,(2\ 4,) and
it is therefore closed under countable unions and countable intersections of
events. Each algebra of events A can be extended to a o-algebra by consid-
ering all of the sets that can be obtained from those in Ag by the operations
N,U and \ applied at most countably many times. To express such sets, one
would have to use transfinite numbers. It is more convenient to employ the
following construction which allows one to extend a measure to the o-algebra
also. A collection M of subsets is said to be monotone if together with every
increasing sequence of sets A, it contains |J,, A, and with every decreasing
sequence B, it contains (), By

Theorem on a Monotone Collection. The smallest monotone collection
M containing an algebra Ag is the same as the smallest o-algebra containing

Ap.

This o-algebra is said to be the o-algebra generated by Ag. If S is a
collection of subsets of {2, then the smallest o-algebra containing all of the
sets in S is the o-algebra generated by S and is denoted by o(5).
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(a) Definition of probability. If 2 is infinite, then a o-algebra is nondenumer-
able since the elementary events belong to the o-algebra as singletons and
its power set is nondenumerable. Therefore it is impossible in general to give
an effective definition of probability for all events. It is possible to do this in
the simplest infinite case where (2 is denumerable and A is the o-algebra of
subsets of {2. Every subset is representable as a union of at most countably
many elementary events and so a probability can be defined by its values
on elementary events. Let 2 = {wi,k = 1,2,...} and p, = P({wi}). Then
P(A) == Z IA(wk)pk.

If 2 is nondenumerable, one customarily defines probability as an exten-
sion from finite algebras. Let A4,, be an increasing sequence of finite algebras
and let Ay = |J,, An be a denumerable algebra. Let {E,i = 1,...,k,} be
atoms of A,,. To specify probability on the algebra A,, it suffices to specify
the values of P(E%),i = 1,...,k,. They must satisfy the condition

P(ETZL) = ZP(EZ“'l)I{EiL_HCE;} (221)

This determines the probability on Ay. The probabilities on Ay uniquely
determine the probabilities on o(Ap). Indeed, the countable additivity of
probability is equivalent to its continuity: if A, 1 or A, J, then P(UA,) =
lim,, o P(4,) or P(NA,,) = lim,_,. P(A,). Therefore if two probabilities
P and P* coincide on Ajg, they also coincide on some monotone collection
containing A4y and consequently also on o(Ap).

Relation (2.2.1) is not the sole restriction on P(E}); it ensures additivity
on Ap (the nonnegativity and normalization of P are understood; the nor-
malization is ensured by the condition > P(E}) = 1). In order for P to be
extendable to a c-additive function on o(Ap), it is necessary and sufficient
that P be o-additive on Ap. A necessary condition for this is the following: if
E!» is a decreasing sequence for which (), Ei» = 0, then limP(E%) = 0. The
fulfillment of this condition makes it possible to extend a measure. It suffices
to prove this for the case where lim,, o, P(E%) = 0 for every decreasing se-
quence (E‘) (a “continuous” measure). This follows because there exist only
at most countably many decreasing sequences Ef{‘(k), k=1,2,..., such that
limnqooP(ETiL"(k)) = qr > 0 and for which 1, Eb™ = |, € o(Ap) is not
empty. Each F}, is an atom of 0(Ag) and if Q1(A) = > I, c a}qx, then clearly
Q1 is a countably-additive measure. Putting Q2(A4) = P(A) —Q1(A), A € A,
we then obtain a continuous measure. For this measure, one can make use of
the interpretation of the E! as intervals in [0, 1] of length Q2(E®) and the
intervals are chosen so that the inclusion relations for the intervals and sets
E! coincide.

(b) Geometrical probabilities. Geometrical probabilities arose in the attempt
to generalize the notion of equal likelihood on which the classical definition
of probability is based. They involve choosing a point at random in some
geometric figure. If the figure is planar, then it is assumed that the probability
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of choosing the point in a given part of the figure equals the quotient of the
area of that part of the figure and the area of the entire figure. Very simple
illustrations of geometrical probability are the following.

The encounter problem. Two persons agree to meet between 12:00 P.M. and
1:00 P.M. The first to arrive at the meeting place waits 20 minutes. What
is the probability of an encounter if the time of arrival of each is chosen at
random and independently of the time of arrival of the other person? If x is
the fraction of the hour after 12:00 P.M. when the first person arrives and y is
the fraction of the second, then a meeting will take place if |z —y| < 1/3. We
take the sample space to be the square of side 1 with one vertex at the origin
and the two sides going from that vertex on the coordinate axes. We identify
the pair (z,y) with the point of the square with these coordinates. For the o-
algebra of events, we take the Borel subsets of the square and the probability
is Lebesgue measure. The points satisfying the condition |z — y| < 1/3 lie
between the lines x —y < 1/3 and  —y = —1/3. The complement of this set
consists of the two triangles x > y+1/3 and y > =+ 1/3 which together form
a square of side 2/3 and area 4/9. Hence, the probability of a meeting is 5/9.
Buffon’s problem. A needle of length 2/ is tossed onto a plane on which parallel
lines have been ruled lying a distance 2a apart. What is the probability that
the needle intersects a line?

We locate the needle by means of the distance x of its midpoint to the
closest line and the acute angle ¢ between that line and the needle, 0 < z < a
and 0 < ¢ < /2. The rectangle determined by these inequalities is the sample
space. The needle intersects a line if x < [sin . The required probability is
the quotient of the area of the figure determined by the three inequalities
0<z</40<¢<7/2and x < Isinp and the area of the rectangle ma/2.

Assume that ¢ < a. Then the area of the figure is fow/z dy f(f Y dx = ¢ and
so the probability of intersection is 2¢/7a.

Geometrical probability now also encompasses probability spaces in which
some subset of finite-dimensional Euclidean space plays the role of the sample
space and Lebesgue measure (with appropriate normalization) is the probabil-
ity. It should be pointed out that the applications of geometrical probability
show that the expression “at random” is meaningless for spaces with infinitely
many outcomes. By using different sets for the sample space, one can deduce
different values for probabilities. Thus, if we locate a chord in a circle by the
position of its midpoint, then the probability that its length exceeds the ra-
dius equals 3/4. But if we specify the position of the chord by one point on
the circumference and the angle between the chord and the tangent, then the
probability is 2/3.

2.2.2 Random Variables. Expectation

Random wvariables are quantities which can be measured in random experi-
ments. This means that the value of the quantity is determined once an ex-
periment has been performed or, in other words, an elementary event has been
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chosen. Therefore a random variable is a function of the elementary events
(we are considering numerical variables here).

The possibility of making a measurement means that for each interval we
can observe an event: the measured quantity assumes a value in that interval.
Thus a random variable £ is a measurable function of the elementary events:
€ = ¢(w) and {w : £(w) < z} € A for all z € R (the reals). The mapping
£ : {2 — R sends the measure P on A into some measure p¢ defined on the o-
algebra B of Borel sets of R (the Borel algebra); pe is also a probability measure
and it is called the distribution of €. It is given by its values on the intervals
[a,b] and hence it is determined just by specifying the distribution function
Fe(z) = pe(] —o00,2]) = P{w : {(w) < z). A random variable is discrete if
a countable set S can be specified such that pe(S) = 1. If S = {z1,22,...},
then the distribution of £ is the set of probabilities p, = P({w : {(w) = zx});
and pe(B) = Y prlp(zi) for any B € B. A distribution is continuous if
pe({z}) =0 for all z. It is called absolutely continuous if there exists a mea-
surable function f¢(z) : R — R such that

(E=Ak@w

fe(z) is termed the (distribution) density of the random variable &.

Let £ assume finitely many values x1,...,x,. Let Ay be the event that £
takes the value . Suppose that n experiments have been performed in which
¢ takes the values £1,&s,...,&,. Consider the average value of the resulting
observations

- 1
fzﬁ(fl"‘ &) = ($1ZIA1 +$2ZIA2
+ITZIA ) = 7x1+fx2+
"z, = Zxkun(Ak) .
k=1

Here m; is the number of occurrences of A; in the n experiments and v, (A;)
is the relative frequency of A;. If we replace the relative frequencies on the
right-hand side by probabilities, we obtain Y z;P{{ = zx}. It is natural to
view this as the stochastic average of the random variable. Then clearly

> oP{ =i} = /g P(dw) /gdP (2.2.2)

If the integral on the right-hand side of (2.2.2) is defined for a random vari-
able ¢ (with arbitrary distribution), then ¢ is said to have a (mathematical)
expectation, mean or expected value. It is denoted by E&:
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E¢ = / £(w)P(dw) . (2.2.3)

A change of variables in the integral results in the following formula for E£ in
terms of the distribution function of &:

E¢ = /a:ug(dx) = /xdeg(x) (2.2.4)

(the existence of the expectation implies the existence of the indicated inte-
grals). If £ is non-negative, then E¢ is always regarded as defined but it may
have the value +oo. Therefore one can talk about random variables with finite
expectation. From (2.2.3) it follows that E¢ is a linear function of a random
variable; E€ > 0 if £ > 0 and if £ > 0 and E{ = 0, then P{{ =0} = 1.

(a) Ezpectation of a function of a random variable. Let g(x) be a Borel func-
tion from R to R. If {(w) is a random variable, then so is p(w) = g(¢(w)). On
the basis of the formula for a change of variables in an integral,

Eg(¢) = / o(a)pe(dx) = / 9()d, Fe(x)

if these integrals exist.
To characterize a random variable, use is made of its moments

o

where k is positive integer. This is the k-th order moment. If E{ = a exists,
then the expression

E(¢ - @) = [0~ ) uelda)
is the k-th order central moment. In particular,
VéE=E( —a) = /(:L‘ —a)?pe(dz)
is the variance of the random variable .} If V€ = 0, then P{{ = a} = 1.

2.2.3 Conditional Expectation

Let E1, Es, ..., E, be a complete group of events. The conditional expectation
of a random variable £ given Fj is defined by
1
—_— E(w)P(dw) = E(¢|Ey) - 2.2.5
BB J,, SCPle) = B(ElBy (2:25)

! It is easy to show that V(&) = E¢? — (E€)%
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The formula (2.2.5) can be obtained from (2.2.3) if the measure P(A) is re-
placed in it by the conditional probability P(A|Ey). We now consider con-
ditional expectation with respect to {Fj, ..., E,}. Introduce the algebra &,
generated by E1,..., E,.. We define

E(¢[€) = ZIE;C (€| Ek) - (2.2.6)

We point out two properties of E(£|).

1. E(£|€) is a random variable which is measurable with respect to €.
2. For any set B € &,

/E(§|5)dP:/ ¢dp . (2.2.7)
B B

The first assertion follows since E(£|€) is constant on the atoms of £. The
second assertion holds for the sets Ej, which results from (2.2.5), and so holds
also for their unions which comprise £. These two properties determine E(&|E)
uniquely. By the first property, this variable is constant on the atoms of &,
that is, on each Fj. This constant is determined by (2.2.7): if ¢, = E(£|€) for
w € Ey, then ¢, P(Ey) = fE &dP, where we replaced B by Ej in (2.2.7). This
makes it possible to extend *conditional expectation to the case where £ is an
arbitrary o-algebra.

Definition. Let £ C A be a c-algebra and ¢ a random variable for which
E¢ < co. Then E(£|€) is called the conditional expectation of £ with respect
to the o-algebra £ if conditions 1 and 2 hold. If A € A, then E(I4|€) is the
conditional probability of A with respect to £ and it is denoted by P(A|E).

Properties 1 and 2 determine a conditional expectation uniquely up to sets
of measure 0, that is, if 71 = E(£|€) and 1y = E(&|E), then P{n; =2} = 1.
Indeed, {w : 11 — n2 > 0} belongs to £ and hence by 2,

/(771 - 772)1{7]1*772>0}dP :/51{771*?72>0}dP _/£I{n1*ﬂ2>0}dP =0.

In similar fashion, [(n1 —72)I{y,—y,>03dP = 0 implies [ |7 — 12|dP = 0.

We now show that a conditional expectation exists. Consider the
countably-additive set function Q(E) = [ 5 &dP on . Tt is clearly absolutely
continuous with respect to the measure P considered on €. Therefore by the
Radon-Nikodym theorem, the density of Q with respect to P exists that is,
an £-measurable function g(w) exists such that Q(B) = [ q(w It s
easy to see that this last relation is simply (2.2.7).

We now state the main properties of conditional expectation. Since it is
a random variable and is determined up to sets of measure 0, we emphasize
that all of the equalities (and inequalities) below are understood to hold with
probability 1.



2.2 Definition of Probability Space 33

I. Conditional expectation is an additive function of random variables.
This means the following. Let &, = &,(w) be a finite sequence of random

variables. Then
E(Y 6le) =D Els). (2.2.8)

Proving this amounts to showing that (2.2.7) holds for n = > &, if E(n|&) is
replaced by the quantity on the right-hand side of (2.2.8).

II. Let n be £-measurable and let £ be such that E|¢n| < oo and E[¢| < oo.
Then

E(¢n|&) =nE(|£) .

It is necessary to show that

/fndP:/ nE(¢|E)dP (2.2.9)
B B

for every B € £. Let n = I with C € £. Then the preceding relation may be
written as

/Bmcgdp = /Bmc E(¢|€)dP .

Thus (2.2.2) holds for n assuming finitely many values. From this it is easy
to deduce this relation for all n for which one of the sides of the equality is
meaningful.
ITI. Formula for iterated expectations. Given two o-algebras £ C F C A.
Then
E(¢|€) = E(E(EF)[E) . (2.2.10)

Let E € £. Then
| BEEe® = [ Berae - [ cap

(the fact that E € £ C F was used in the last relation). This shows that the
right-hand side of (2.3.10) satisfies property 2.

Let ¢ be a random variable. Let B¢ be the o-algebra of sets of the form
{w : ¢ € B} with B € B (B is the o-algebra of Borel sets on the line).
The conditional expectation with respect to B¢ must be measurable with
respect to B¢ and this signifies that it is a Borel function of (. We shall
denote it by E(£|¢). Similarly, if {{x, A € A} is a family of random variables
and o{(x, A € A} is the smallest o-algebra with respect to which the variables
(» are measurable, then the conditional expectation with respect to this o-
algebra can be denoted by E(£|(x, A € A). For the conditional probabilities,
we shall use the notation P(A|¢) and P(A|(y, A € A).
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2.2.4 Regular Conditional Distributions

Let Ay C A be a countable algebra. Since P(A; UA3|E) = P(A1]€)+P(Az|E)
for all A; and Ay € Ag if Ay N Ay = 0 (the equality holds with probability
1), a C € A can be specified such that P(C) = 0 so that this equality holds
for all w & C'. Therefore using the countability of Ay we can say that there is
a subset U € A such that P(U) =1 and for all w € U the function P(A|E) is
additive with respect to A on Ay (for each A it is a function of w).

Suppose that there exists a function p(A, w) satisfying: 1. p(A,w) is a mea-
sure in A on A; 2. p(A4,w) is E-measurable for all A € A; 3. P(AI€) = p(4,w)
(with probability 1). Then p(A,w) is called reqular conditional probability.
Examples show that the regular conditional probability does not exist in gen-
eral. At the same time, it is possible to form a function p(A4,w) on Ag which
is additive for each w and coincides with a conditional probability (p(A,w)
may be specified arbitrarily for w € §2\ U, provided there is additivity and
E-measurability). Therefore it is apparently impossible to construct a regular
conditional probability due to A containing too many sets. But if Aq is such
that each additive function on Ay can be extended to a countably-additive
one on o(Ap), then p(A,w) will be countably-additive on o(Ag). The simplest
example of such an Ag is the algebra generated by the union of countably
many finite covers of a compact set by spheres of radius e, k = 1,2, ..., with
er, — 0. If v is a given additive function on such an Ay, then [ pdv is defined
for every continuous function ¢ and due to the form of the linear functional,
this integral must be an integral with respect to a countably-additive function.

Let X be a complete separable metric space. Every measure p on the o-
algebra Bx of Borel sets has the following property: Ve > 0, there exists a
compact set K. such that u(X \ K.) < e. Let 2(w) be the meaurable mapping
of 2 into X : {w : z(w) € B} € Afor B C Bx. Let u,(B) denote the
measure into which xz(w) maps the measure P : . (B) = P({w : z(w) € B}).
The mapping z(w) is called a random element in X (a random element in
R is merely a random variable) and p,(B) is its distribution. Let B* be the
o-algebra of subsets of A of the form {w : z(w) € B} with B € Bx. The
conditional probability P(C|E) considered on B* is mapped by z(w) into a
function p,(B|E), B € Bx, which will be called the conditional distribution
of z(w). It clearly determines a regular conditional distribution.

Theorem. A random element in a complete separable metric space has a
regular conditional distribution.

The proof of this rests on the following assertions. 1. An increasing se-
quence of compact sets K,, can be specified so that p,(K,) 1 1; then there is
aU € Awith P(U) = 1 such that p,(K,|€) 11 for allw € U. 2. For each K,
it is possible to specify a countable algebra of its subsets A, and a U, € A
such that P(U,,) = 1 and p,(B|€) is additive on A,, for w € U,,. 3. A, may
be chosen so that every additive function on it can be extended in a unique
way to a countably-additive function on Bk, the o-algebra of Borel subsets
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of K,,. 4. A,, may always be chosen to be increasing with n. Then u,(B|£)
will be countably-additive on Bx for w € ((,, Un) NU, P((N,, Un) NU) = 1.
For the remaining w, i, (B|€) may be chosen to coincide with p,.

2.2.5 Spaces of Random Variables. Convergence

Consider the space of real random variables defined on a probability space
(2, A,P), which we denote by R(f2). This is a linear space. A sequence of
random variables &, is said to converge to a random variable & in probability
if limy, 00 P{|&, — &] > €} = 0 for any positive e.

Convergence in probability is equivalent to the convergence of 1—Ee~1é» ¢l
to zero. To show this, we need an important inequality.

(a) Chebyshev’s inequality. If £ > 0 and E¢ < oo, then P{¢ > a} < 1E¢ for
a> 0.

Proof. Since £ > al{¢sqy, we have E§ > Ealfes o) = aP{¢ > a}. O
Put rp(&,n) =1 — Eexp{—|¢ — n|}. Then by Chebyshev’s inequality,

P{l¢—n>a} =P{1—e ¥ > 1 ¢}
<rp(€m1—e )

On the other hand, if 0 < e < 1,

TP(&, 77) <e+ EI{I—exp{—|£—n|}>€} <e+ P{‘é - 77| >1In }

1—e¢
Therefore if &, converges to & in probability, lim, ,eorp(&n, &) < € for any
positive €. But if 7p(&,,£) — 0, then lim, oo P{|¢, — €| > ¢} < lim, 00
rp (€0, &) (1 — )7L for any positive &.

The quantity rp (&, n) satisfies the triangle inequality. If £, 7, and ¢ are any
three random variables, then

’I“P(g, 77) < TP(Ea C) +rp (C7 77)

Random variables that coincide almost everywhere with respect to a mea-
sure P are identified (properties that hold almost everywhere with respect to
P are said to hold almost surely). Since this identification will be assumed
throughout the sequel, we shall retain the old notation for random variables
so determined and for the set of all random variables. Therefore rp(£,7) is a
metric on R(f2) and R(f2) is complete in this metric. We shall discuss com-
pleteness a little bit below.

A sequence of random variables &, converges almost surely or with proba-
bility 1 to a random variable ¢ if there exists a U € A such that &, — £ for
all w € U with P(U) = 1. The set of w for which &, — £ can be written as
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AU N g —¢l <17k} (22.11)

k m n>m

This set belongs to A and if the probability of this set is 1, then
& — & with probability 1. If &, — & with probability 1, then
lim,,—00 P (ﬂanﬂ{n ¢ < 1/kj}) = 1 for all k and hence lim,, o0 P{|&m—
¢ > 1/k} = 0, that is, &, — £ in probability. If &, is a sequence such that
S rp(€n, &) < 00, then &, — & with probability 1. To prove that the probabil-
ity of (2.2.11) is 1, it suffices to show that the probability of the complement
of this set is zero or that for all k,

P(NU{-a>1}) = pm e U{le-a>1}) -0
m n>m n>m
(2.2.12)
But

P {6 —¢>1/ky) <> Pll6n — € > 1/k}

n>m n>m

<> rp6n§) (1 - 6_%)7

n>m
and the right-hand side tends to zero as m — oco. Thus we have the following.

Theorem 2.2.1. If rp(£,,€) — 0, then there is a sequence ny such that
&n,, — & with probability 1.

The next theorem establishes a connection between convergence in prob-
ability and convergence with probability 1.

Theorem 2.2.2. A sequence &, converges to & in probability if and only if
every subsequence &y, contains a subsequence &, — converging to & with prob-
ability 1.

If &, converges to £ in probability, then the necessity follows by Theorem
2.2.1. If &, did not converge to £ in probability, there would be a positive
e and a subsequence &,, such that rp(&,,,&) > . No sequence could be
extracted from the subsequence &, converging to £ in probability (and hence

with probability 1). O
Let &,i = 1,...,r, be sequences of random variables converging to &
respectively in probability and let &(z1, z2,...,z,) be a continuous function

from R” to R. Then &(£L, ... &) converges to @(£1,...,£") in probability.
This assertion follows from Theorem 2.2.2 and the fact that §ka — &0 =
1,...,r, implies that G(€L ,...,& ) — B(E,... ).

ne? Nk



2.2 Definition of Probability Space 37

A sequence &, is fundamental with probability 1 if

P OU N {|§n—gm|<;} =1. (2.2.13)

I n,m>l

The sequence &, (w) is fundamental for all w belonging to the set under the
probability sign and hence it has a limit. Therefore lim,,_,~ &, (w) exists for
almost all w and the limit is a random variable.

Now let 7p (5, &m) — 0. Choose a sequence ny, so that rp (&, s &nyyy ) (1 —

e /)1 < 1/k2. Then P{|¢,, — &n,a| < 1/K2} < 1/k% Write U =
Une Nz {1 = Eniss | < K72}, Then P(U) = 1 since

P@\0) = Jin P U {len ~ 6ol > 2|

k>m
< 1l i P&, — | > LN 0
= mgnoo gnk é‘”k{»l k2 - .
k=m
For w e U,

mkﬂoomnk - fnk+1|k2 S 1

and so the series &, +&n, —&ny + ... + &y — &y, + .- converges absolutely,
that is, limy o0 &y, = £ exists. But then

mn—><>o7"P (€n7 g) < mn—)oorP (gm fnk) +rp (fnk > §)

Letting k — oo, one can see that rp(&,,&) — 0.

(b) Passage to the limit under the expectation sign. A sequence &, is uniformly
integrable if
ah—{gc Sl:bp E|£nu{‘£n|>a} =0. (2.2.14)

Theorem 2.2.3. Let &, converge to & in probability. 1. If &, is uniformly
integrable, then E|§| < oo and lim,, o B, = E£. 2. If &, > 0,E£ < 0o and
lim,, ., E&, = EE, then &, is uniformly integrable.

Proof. 1. Let go(z) = —a for x < —a, g,(x) = z for |z] < a and g.(z) = a
for > a. By Lebesgue’s dominated convergence theorem, lim,_,. Eg, (&,) =
E,, (). By the uniform integrability, it follows that

SUPE‘ga(gn) - §n| < SupE|§n|I{|§n\>a} )

and this quantity may be made arbitrarily small by the choice of a. 2. Let
us show that a may be chosen so that E§,l¢ ~qy < € for all n and any
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positive €. To this end, it suffices that Ef,(£,) < e, where f,(z) = 0 for
z < af2, folx) =22 —a for a/2 <z < aand f,(x) =z for x > a. Since f,
is continuous, f,(&,) — fo(€) in probability and &, — fo(§n) — € — fo(§) in
probability. But « — f,(x) is a bounded function and by Lebesgue’s theorem

hmn—>oo E(gn - fa(gn)) = E(f - fa(g)) Now fa(f) —+ 0 as a = oo and
fa(§) < € and so again by the same theorem,

lim Ef,(§) =0.

a—r o0
Now choose a; so that Ef,, (§) < /2. Since E{, — E£, we have
lim, o Efy(&,) = Ef,(€) and there is an n; such that Ef,, (¢,) < € for
n > njp. Letting a increase, one may also deduce for a finite collection
15+ &ny, that B lie, w0y < € for k <ny. a

In addition to the space with convergence in probability discussed above,
we shall also utilize the space L, ({2, P) of functions &(w) for which [ [£[PdP <
0 with norm [[¢]], = ([ |¢[PdP)1/7.

Of special interest is Ly({2,P), which is a Hilbert space with the inner
product < &,n >= E&n.

2.3 Random Mappings

2.3.1 Random Elements

Let (X, B) be a measurable space. Consider a measurable mapping x = f(w)
from (£2,A) to (X, B) or, in other words, a mapping such that f~1(B) = {w :
f(w) € B} € A for all B € B. It is called a random element in X; X is the
phase space of the element, {x(w) € B}, B € B, is the o-algebra generated
by x(w), which we shall denote by o(z(w)), and the measure p,(B) = P({w :
z(w) € B}) on B is the distribution of z(w).

If we are just examining a random element z(w), then it is natural to deal
with the image of the original probability space under the mapping x(w). It
will also be a probability space (X, B, p..), where X serves as the sample space,
B is the o-algebra of events and p, is the probability. This new probability
space describes an experiment involving the “measurement of x(w).”

(a) Random wvariables. If X is the real line R and B = Bpg is the Borel o-
algebra of R, then z(w) is a numerical random variable. If we consider this
variable by itself, we can view the random experiment as measuring the vari-
able. Tt is then described by the space {R, Bg, i}, where p, is some proba-
bility measure on the real line. It is customary to specify it by a distribution
function

Fo(t) = pa(] = 00, 1)) = P({(w) < t}).
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This function determines the distribution p, uniquely. If two measures
coincide on intervals of the form | — oo, t[, then they coincide on the algebra
generated by these intervals and thus on the smallest o-algebra containing
all such intervals, that is, on Br. We now give examples of distributions that
occur frequently in probability theory and its applications.

A discrete distribution is a measure concentrated on at most a countable
set.

1. The binomial distribution. Let 0 < p < 1. Then

a() = Y- 1ah) () 0=

k=0

2. The Poisson distribution: a > 0, . (A) = > p_ La(k)a*e= /KL

These distributions were encountered earlier in independent trials. The
first is the distribution of the number of occurrences of an event in n inde-
pendent trials having probability p in each trial. The second occurred in the
Poisson limit theorem.

We give one further example involving independent trials. Assume that the
trials are continued as long as the event A does not occur. The probability
that A happens for the first time in the n-th trial is (1 — p)"~!p.

3. The geometric distribution. Let 0 < p < 1. Then
pa(A) = p(1 = p)*Ia(k) .
k=1

Continuous distributions. These are the distributions with no atoms. In other
words, no A € B exists with p,(A4) > 0 such that either px(C) = 0or u,(C) =
w(A) for all C € B,C C A. The corresponding distribution functions are
continuous. If a distribution is absolutely continuous with respect to Lebesgue
measure, that is,

fa(A) = /Af(y)dy,

then f(y) is called the density of the distribution.

4. The uniform distribution on a set C € Bg has the density I(y)/m(C)
where m is Lebesgue measure. The distribution itself is p,(A) = m(C N
A)/m(C) and it is assumed that 0 < m(C) < oco. If C' = [a,b], then the
uniform distribution on [a, b] has the density I}, 4)(z)/(b — a).

5. The exponential distribution. This is the distribution with density f(t) =
Ae ™ MI;o0; A > 0 is the parameter of the exponential distribution. The ex-
ponential distribution occurs in experiments involving the observation of rare
events to which Poisson’s theorem is applicable. The parameter a in Poisson’s
theorem (Sect. 2.1.3(c)) is generally proportional to time: a = At. The proba-
bility that a rare event has not occurred up to time ¢ is e~® = e~**. Therefore
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if 7 is the time when the required event first happens, P{r >t} = e~ (the
left-hand side is the probability that the event has not occurred up to time
t). The distribution function of 7 is Fr(t) = (1 — e *)I~0y.

The exponential distribution is always encountered when one considers
the “delay” in some event. Suppose that a system spontaneously changes its
state abruptly (say, a neutron is converted into a proton). Let g(¢) be the
probability that the state of the system did not change during the time ¢.
Let A; be the event that the state of the system did not change during the
time ¢. Then the conditional probability of A;;, (that the state is unchanged
a further time s after it was unchanged up to time ¢) given A; must equal
simply the probability that the system did not change state during time s.
That is,

_ _ P(ApsNA) _ P(As) _ glt+5)
9(s) = P(Apys|4y) = p+(At) - P(At) O

g(t+5) = g(t)g(s).

Since 0 < g < 1, it follows that g is montone nonincreasing; g(t+) = g(¢)g(0+)
and so g(0+) is 0 or 1. In the first case, g(t) = 0 for all positive ¢. In the second
case, g(t) > 0 for all positive ¢ since g(2t) = g?(t). Consequently, In g(t) is a
monotone additive function; Ing(t) = —At, A > 0, or g(t) = e~ .

6. The normal(Gaussian) distribution. The DeMoivre-Laplace theorem in-
volved the function ¢(z) = (27)~1/2¢72"/2_ Tt is the density of a distribution:
¢(x) >0 and [ ¢(z)dx = 1. Similarly, the function

gla,b,z) = (21b) Y2 exp {_(x%a)} (2.3.1)

is also the density of a distribution. The distribution with density (2.3.1) is
called the normal (Gaussian) distribution and its parameters a and b are
expressed in terms of the density by the formulas

a= /xg(a,b, x)dx, b= /(x —a)?g(a,b,z)dx . (2.3.2)

The formulas (2.3.2) have the following interpretation. Let £ be a random
variable having a distribution with density g(a,b, ). Then a = E{ and b =
E(£ —a)? = V. Thus a is the expectation of a random variable with density
g(a,b,x) and b is its variance.

(b) Random wvectors. Now let X = R™ (that is, the space of vec-
tors (a!,22,...2")). Then a mapping z(w) defines a random wvector
(Y (w),...,&"(w)). Giving a random vector is equivalent to specifying its n
component real random variables. The distribution of a random vector is a
probability measure on the o-algebra of Borel sets of R™. It is also called the
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joint distribution of the random variables ¢! (w), ..., £"(w) and it is completely
determined by the joint distribution function of ¢! (w), ..., &% (w),

Fer en(tiy...,ty) =P (ﬂ{w LR (W) < tk}> . (2.3.3)
k=1

Sometimes it is more advantageous to view X without a fixed basis (simply
as n-dimensional Euclidean space). A random vector can be prescribed by
giving its coordinates in some basis and the coordinates in any other basis
may be found by the familiar formulas. Distributions in R™ are also called
n-dimensional distributions. If a distribution is absolutely continuous with
respect to Lebesgue measure in R", then its density is called the density of
the distribution.

1. Uniform distribution in C. Let m be Lebesgue measure in R". If C is a
Borel set in R™ with 0 < m(C) < oo, then

~ m(BNO)

is the uniform distribution in C. It has the density ¢(z) = Io(x)/m(C),x €
R™.

2. Normal (Gaussian) distribution in R™. Let a € R™, B be an n-th order
positive symmetric matrix, det B be its determinant and B~! be its inverse.
The distribution with density

gn(a, B, z) = ((2r)" det B) /2 exp {—;((x —a)B7 Yz — a)} (2.3.4)

is the n-dimensional normal or Gaussian distribution. If l;ij are the elements
of B~! and a = (a',...,a"), then the argument of the exponential function

in (2.34) is —3 >0, bij(2" — a’) (27 — 7). In addition,

al = /xign(a,B,x)dx,
while the elements b;;, of B are given by
bij = /(x’ —a") (2! — a®)gn(a, B, z)dz .
If (¢1,€2,...,€m) is a random vector having density (2.3.4), then o' = E¢* and

b; = B(§' — B€') (¢ - E). (2.3.5)

Let (&',€%,...,&™) be any vector satisfying >} E(£")? < oo. The vector
E¢ = a = (E£L, ... EEM) is its expectation (mean) and the linear operator
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acting in R™ by way of the matrix (b;;), where b;; is given by (2.3.5), is its
covariance.

Let {(w) be a random vector in n-dimensional Euclidean space R (no
basis has been selected in it) with E|¢(w)[? < co. Then E{(w) can be found
from the relation E(£(w),2) = (E£(w), 2), which must hold for all z € X.
Similarly, the symmetric operator B can be found using the relation (Bz,u) =
E(¢(w) —E¢(w), 2)(¢{(w) — Ef(w),u) with v and z € X (the right-hand side is
a bilinear form and so this operator exists).

2.3.2 Random Functions

Let © be a parameter set (space) and let (X, B) be a measurable space (phase
space). A random function with domain © and phase space (X, B) is a family
of mappings x(0,w) of the probability space ({2, A,P) into (X,B) defined
for all # € ©. In other words, it is a function z(8,w) : © x 2 — X, with
z(0,w) : (2, A) = (X, B) a measurable mapping for all § € 6. If O is a set on
the real line, then the parameter 6 is treated as time and the random function
is then called a random or stochastic process. Commonly considered are real-
valued functions (X = R), complex-valued functions (X is the complex plane
Z) and vector spaces (X = R" or X = Z"). If © = R", then the further term
random field is used.

(a) Finite-dimensional distributions. One of the basic probability character-
istics of a random function are its finite-dimensional distribution functions

Fy,...0,(B1,...By) =P <ﬂ {w:z(O,w) € Bk}> (2.3.6)
k=1

defined for all n > I, 0, € ©, k < n and By € B, k < n. If we know the
finite-dimensional distribution functions, we can make judgments about the
joint behavior of the values of the random function on any finite subset of
the parameter space (and so also any denumerable one). In principle, this
makes it possible to know “everything” about the random function. A more
precise meaning of this statement will be discussed in Sect. 2.4 and later
in Chap. 4. For given n and 6y,...,0,, the functions (2.3.6) determine a
measure on (X", B"™) — the joint distribution of the values of the random
function at the points 61, ...,0,. For given n, the functions (2.3.6) are called
the n-dimensional distributions of the random function. Finite-dimensional
distributions satisfy the following consistency conditions:

1. If i1,...,4, is a permutation of 1,...,n, then
F01,...,9n(Bla"'7Bn):Feil ..... OiH(Bila 7Bln)7
2. Fyy....001,0,(B1,-. ., Bn1,X) =Fy, .9, ,(B1,...,Bn1)
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(b) Moment functions. To specify all of the finite-dimensional distribution
functions is constructively impossible. Therefore other parameters of random
functions are used particularly the moment functions. Let X = R!. Assume
that E|z(6,w)|™ < oo for all § € © with m a positive integer. Then

My (01,...,0;) =Ex(0,w)x(02,w) ... 2(0k,w), k<m, (2.3.7)

ib the k-th moment function of x(0,w). The first moment function M;(0) =
E,(0,w) is again called the mean of z(f,w) and

(
R(61,602) = M2(01,02) — M1(01)M(02)
E(z(61,w) — Ex(01,w))(x(02,w) — Ex(fs,w)) (2.3.8)

is its covariance function. In many applications, one is satisfied in knowing
just these two parameters of a random function. It should be pointed out that
they assist in solving an entire class of problems in the theory of stochastic
processes (the linear problems). Any function M () may clearly play the role
of a mean. But M»(61,63) and R(01,602) are positive-definite functions:

k k
Z Mg(Oi,Hj)ziEj >0, Z R(Gi,ﬁj)ziéj >0 (239)
ij=1 ij=1
for any k,01,...,0, € © and complex z1,. .., z; (Z is the conjugate of z). The

first inequality in (2.3.9) follows from the relation
Z M(0;,0;)z:z; = E

E zix(0;,w)
4,7=1

IfX =R" y; € X and E|lz(0,w|™ < oo for all § € O, then the k-th

moment function can be expressed as

Mp(01,...,0k,91,...yx) = E(x(61,w),y1) ... (x(0,w), yx) - (2.3.10)

This is a k-linear function of y1,...,yr. The first two moment functions are
Ml (05 y) = E(LE(Q, w)a y) and

M3(01,02,y1,y2) = (B(01,02)y1,y2) — M1(01,y1)M1(02,52) ,

in which B(61,62) is a function defined on ©2 whose values are symmetric op-
erators in R". It is termed the operator covariance function of (0, w). Ex (0, w)
may again clearly be any function. The covariance function is positive-definite:

k

Z (B(0:,07)yi,y5) >0

ij=1

for arbitrary k,61,...,0, and y; € X,i=1,...,k.
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(c) Gaussian random functions. Let X = R'. A random function z(0,w) is
said to be Gaussian if > Apz(0,w) (a scalar random variable) has a normal
distribution for any n, 61,...,6, € © and numbers Ay, ..., A,. In other words,
it has a density of the form (2.3.1) with certain a and positive b (or it is a
constant with probability 1 in which event we take b = 0). This is equivalent
to z(61,w), ..., x(0,,w) having a joint n-dimensional normal distribution for
alln,0y,...,0,. (The density (2.3.4) determines a nondegenerate distribution.
A more general distribution may be obtained from a nondegenerate one by
means of a passage to the limit.) To specify the joint distribution of n Gaus-
sian random variables, it suffices to assign their expectations and covariances
(2.3.5). Therefore to specify the finite-dimensional distributions of a Gaussian
random function, it suffices to give its mean a(f) = Ex(f,w) and covariance
function

R(61,05) = E(z(01,w) — a(61))((02,w) — a(6s)) . (2.3.11)

2.3.3 Random Elements in Linear Spaces

Let X be a linear space and let L be a linear set of linear functionals on
X (that is, linear mappings from X to R). The functionals in L will be as-
sumed to separate the points in X. Denote by B” the smallest o-algebra of
subsets of X with respect to which all the functionals in L are measurable.
We shall view (X, B%) as a measurable space. We are interested in the ran-
dom elements in this space and their distributions. If X is a locally convex
linear topological space, we take L to be the space X* of all continuous linear
functionals and if Xis separable, then B” coincides with the o-algebra Bx of
Borel sets of X. Most interesting is the case where X is a separable Banach
space and particularly a Hilbert space. The main question is the assignment of
the probability distributions on (X, B%). A procedure will be discussed below
for specifying a probability distribution by way of its Fourier transform or, in
other words, its characteristic functional. This procedure is used extensively
also for a finite-dimensional space and we shall explain it in detail for that
case.

(a) The characteristic function of a random wvariable and a random wvector.
Let £ be a real random variable. Then f¢(t) = Eexp{i{t},t € R, is called
the characteristic function of € (or of its distribution). Let us mention a few
properties of a characteristic function.

1. It is uniformly continuous in ¢t and f¢(0) = 1.
2. fe(t) is positive-definite:

m

D felth —t5)z% > 0 (2.3.12)
k,j=1

for any choice of m, real tq,...,t, and complex z1,..., Zpy.
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Bochner’s Theorem. If f(t) is a continuous positive-definite function with
£(0) =1, then f(t) = [ e u(dz), where u is a probability measure on R. In
other words, f is a characteristic function.

3. A characteristic function determines the distribution of a random variable.
To see this, we introduce the notion of complete set of functions. F is said to be
a complete set of continuous functions if for any choice of distinct probability
measures p; and g2 on R, there is an f € F such that [ fuy # [ fdus. To
show that property 3 is valid, it suffices to establish that {¢** ¢ € R} is a total
family of functions. However, this is a consequence of being able to specify
for every bounded and continuous function f(z) a sequence of trigonometric
polynomials g, (x) such that

sup|ga(2)] < o0, lm_sup [ga(z) ~ f(@)] =0.

o Jz|<n
Now let & = (¢1,...,£™) be a random vector. Its characteristic function is
fe(t) = Eexp{i(¢,t)},t € R™ and (&,t) = >, €%, where t = (t!,...,t"). It
is also called the joint characteristic function of ¢!, ...,£™ or n-dimensional

characteristic function. Statements 1-3 hold for multivariate characteristic
functions. (Positive-definiteness is also expressed here by (2.3.12) except
tly e s tm € R™).

Bochner’s Theorem remains valid also in the multivariate case.
(b) The characteristic functional. Let u be a probability measure on (X, BL).
The characteristic functional of y is the function

wu(l) = /exp{il(x)}y(dx) . (2.3.13)

If p is the distribution of a random element x(w), then ¢,(I) =
E exp{il(z(w))} and ¢, (I) is also called the characteristic functional of z(w).
We now note the main properties of ¢, (1).

1. ¢, (1) is weakly continuous in I: if [,,(z) — I(z) for all z, then ¢, (I,) —

eu(l); pu(0) = 1.
2. pu(l) is a positive-definite function:

> eulle —1j)zz; > 0
k,j=1

for any choice of m, ly,...,l,, € L and complex z1,..., Zpm.

3. ¢, (1) determines the measure p uniquely. This statement follows because
every bounded BY-measurable function g(z) is the limit of a sequence of
collectively bounded functions of the form

gn(x) = Z cnk expfilae ()},
k

where ¢, € Z, ), |cnr| < 00 and I, € L.
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Bochner’s Theorem is generally false when X is infinite-dimensional. How-
ever, it is possible to indicate an X for which it is preserved. Let X = R,
the space of X-sequences x = (z',22,...,2",...), 2 € R. Take L to be the
collection of all functionals of the form I(x) = 3" ayx*, in which only finitely
many of the numbers o, € R are nonvanishing. In this case, the o-algebra BY
is the smallest o-algebra containing the sets of the form {x : z¥ € A}, where

A is an interval of the line. It is natural to denote this o-algebra by Breo.

Theorem. Let ¢(l) be a function on L satisfying: 1. it is continuous and
©(0) = 1; 2. it is positive-definite. Then ¢(1) is the characteristic functional
of some distribution on Bre .

An example of an infinite-dimensional linear space X in which Bochner’s
theorem is false is a separable Hilbert space with L taken to be X* = X. This
fact will be discussed in the next section.

2.4 Construction of Probability Spaces

We now turn to probability spaces with specific sample spaces (2. We shall
describe the o-algebras in these spaces and ways of assigning measures on
these o-algebras.

2.4.1 Finite-dimensional Space

Such a space has already been discussed when defining a random vector. The
o-algebra was chosen to be the Borel o-algebra. The measure was determined
by the distribution function. A nontrivial assertion is that every distribution
function determines some measure. This fact will now be established here. We
first define distribution function.

Definition. A function F(x!,22,...,2") defined on R" and assuming values
in [0, 1] is an n-dimensional distribution function if
1. 1lim F(zl,...,2") =0, 1lim F(zl,...,a") =1,

2. Azll)...Ag:)F(xl,...m”) > 0 for all hy > 0,...,h, > 0, where for any
G(x',...,2") define on R",

A;lk)G(xl,...,x") =Gzt 2 gk T e

~G(zh, ... ™),
3. F(x!,... 2") is left-continuous jointly in its arguments.
If there exists a measure g such that F(z!,...,2") = pu({y : y' <
xb ... y" < a"}), then F is the distribution function for u. Observe

that then
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A;i) e AEZ)F(xl, coxh)
= p([zt, zt + hy[x..ox [z, 2" + hy|) . (2.4.1)

Theorem. To every distribution function, there exists a probability measure
W satisfying (2.4.1).

Proof. Consider the sets in R™ that are representable as a finite union of half-
open intervals in R™ of the form [aj, b1[X[ag,ba[X ... X [an,by[ (a; may be
—oo and b; may be 0o0). These sets form an algebra Ag. Every set in Ay is
expressible as the union of disjoint half-open intervals. Let I be a half-open
interval of the above form. Put

A = Ay

bi—aq *°

.Ag:)_anF(ah ceeyQp)

and extend fi(I) to Ap as an additive function. Thus one can form a finitely
additive function for which (2.4.1) holds.

It remains to show that it can be extended to a countably-additive func-
tion. To this end, it has to be continuous on Ag. Let C,, be a sequence of sets
in Ag, Cppy D Cig1, with p(Cp,) > 6 > 0. It is necessary to show that NC,,
is nonempty. By property 3, if [ = [a,l, bi[X,... X [an,by[ is any interval, it
is possible to find an I’ = [a1,b][Xx ... [an,b’ [ such that a; < b, < b; and
a(I) — a(I') is arbitrarily small. Let C,, Uk ™ Ik and suppose that the
I, are disjoint. As was indicated above, for each m and k we can form an
I' . C Ly so that [I/,] C I, mk and fi(Imk) = A(1},,) < §/2mFk+L (1] is the
closure of a set). Put C/, Ukm I’ and C,, = ", C!. Then

2 HMONC) 20 -3 ) il
=1 i=1 k

1 1)
22m+k+ 25

ﬂ(C’M) > N(Cm) -

>4 — SZ

i=1 k=1

Clearly C,, D~C~'m+17 C,, € Ao and [C’m} c [C!.] C Cy,. Since C,, is nonempty,
we have (),,,[Cin] # 0 and hence so is NC,, nonempty. O

2.4.2 Function Spaces

Let (X, B) be a measurable space and let © be any (parameter) space. Let X
denote the space of all functions 6 : ©® — X. We now examine how to construct
a o-algebra in X? and a measure on this o-algebra so that a random function
can be defined on the probability space having X? as sample space.

(a) Cylinder sets and o-algebras. Let A be a finite subset of © and n the num-
ber of elements in A. Let P, denote a mapping from X% to X™4 : Py(z(-)) =
(z(67),...,2(64,)), where 6, i = 1,...,ny, are all the points of A. Sets in
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X? of the form Py !(B,,,) with B, € B" are called cylinders and A is said
to be the base of the cylinder. The collection of all cylinder sets with a given
base forms a o-algebra, which we shall denote by CA. If A; C As, then clearly
Ct C €. The collection Uiceo C", where the union is taken over all finite
subsets A, is the algebra of cylinder sets. The smallest o-algebra including it
is the cylinder o-algebra. We denote it by C(X,©0). If ©; C O, then Cy, (X, O)
denotes the smallest o-algebra containing (J,-g, C# with the A finite sets.

Every set in C(X, ©) is generated by at most countable unions and inter-
sections of cylinder sets. Therefore if A is any set in C(X,©), one can find
a sequence {Cy,k > 1} of cylinder sets producing A and if ©; is a count-
able subset of © such that Cp € U,c, C*, then A € Co,(X,0). Thus,
C(X,0) =Ug, o Co, (X, 0), the union being over all countable subsets O);.
To assign a measure on C(X,O), it suffices to assign it on each o-algebra
Co,(X,0).

(b) Consistent finite-dimensional distributions. Suppose that to each finite set
(01,02,...,0,) there corresponds a probability measure pg,, .9, on B". All
such measures are consistent finite-dimensional distributions if the following
conditions hold:

1. Let T be a mapping of X" into itself: T(z1,...,z,) = (xi,..., i),
where 41,...,4, is a permutation of 1,2,...,n. Then pg,, g,(B) =
M6, ,....04,, (T_lB) for B € B™;

2. If Q(xq,...,2,) = (71,...,7,_1) is a mapping from X" to X" 1 then

Mela*--yenfl(B) = l’[’ely--<79n (Q_lB)7 B E Bn'

If (6y,...,0,) = A, then a measure i, is defined on C* by
pa(Py'B) = o, ....0,(B), BeB"

Property 1 guarantees that the values of the measure are independent of the
way the elements of A are numbered. Further, since C1* € C42 if A, C Ay, the
natural question arises of how p4, and p,, are related. Property 2 ensures
that pa, and p4, coincide on C1, that is, 14, is an extension of u,, (property
2 establishes this if A5\ A; is a singleton set). This determines a non-negative
finitely-additive set function on the algebra |, g C/. Tt can be extended to a
countably-additive measure on C(X,©) if and only if it is countably additive
(or continuous) on the algebra of cylinder sets.

(¢) Kolmogorov’s theorem. This theorem gives sufficient conditions for the
existence of a measure on C(X,©) with given finite-dimensional distribution
functions. These conditions are formulated in terms of a measurable space.

Condition K. For all n > 1, there is a class of sets IC,, C B", satisfying:

Kl. QS € K,,—1 forn>1and S € K, in which @ is the projection of X™ on
X1
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K2. NS, e K, if Sy, e Ky, m=1,2...
K3. For all B € B" and any measure yu, on B",

tn(B) = sup[pn(S) : S € K,, S C BJ.

If X is a Borel space (that is, it is a Borel subset of a complete separable
metric space), K,, may be taken to be the class of compact sets in X™.

Theorem. If (X, B) satisfies Condition K, consistent finite-dimensional dis-
tribution functions determine a probability measure on C(X, ).

Proof. 1t suffices to consider denumerable ©. We take © = {1,2,...}. Let p,
be the probability measure on (X", B™) corresponding to A, = {1,2,...,n}.
Since any finite subset belongs to A, for n sufficiently large, the finite-
dimensional distributions determine u, and the consistency conditions for
them are the same. In the situation in question, the theorem says that there ex-
ists a sequence of random elements z,, (w) in (X, B) such that z1(w), ..., zk(w)
have the given joint distributions for all k. To prove the theorem, it suffices
to show that if {C,} is a sequence of cylinder sets with C,, D Cy,4; and
w(Cp) > 6 > 0, then NC,, is nonempty. Here p is a finitely-additive function
on |, C/» which coincides with 4, on C/4». Without loss of generality, we
may assume that C,, € Cn. Let C,, = {Py, x € C‘n}, where C,, € B". By K3,
we may assume that C,, € K,,. Consider the operator Q,, on Uppsp X™ given
by Qn(x1,...,2m) = (21,...,2,),m > n. Define the following sets in X™:

G =) @u(Cm), G = () Qu(CR), k=n, Co=nCP

m>n m>n

If C, € K,, and Ay(lk) € K, then C,, € K,,. Furthermore,

hm ﬂn(QN( m )) = lim 'um( 'EVILC))

m—r oo

= mlgnooum(cr(,ffl )= W}gnooﬂm(cm) >0

pin (CFFD) =

Hence p,,(Cy,) > § also and so C,, # ). It can be shown that Q,,(Cp11) = Cp,.
We say that (1,...2m) € X™ can be extended if for all I > m there are

21,y such that (v1,...,Tm, 2b 1, ..., 7)) € Cy. These new points will
be called extensions of (z1,...x,,). It is easy to see that CA’S) comprises the
points (z1,...x,) that can be extended, CA’7(12) the points whose extensions can
be extended (we then say that (z1,...x,) admits a 2-fold extension), ) the
points that admit k-fold extensions and C,, comprises the points admitting
extensions of any frequency. If (x1,...,2,+1) can be extended any number of
times, then clearly (z1,...,2,) possesses this property: Qp( Cry1) = Cp. Let
T € C’l C (4. There is a point (71,72) € C C Cs and so on. Thus for all n,
there is an Z,, such that (Zy,...,%,) € C,, C C,,. But then 7 = (Z1,Z2,...) €
N, Cn- O
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2.4.3 Linear Topological Spaces. Weak Distributions

Let X be a locally convex linear topological space and X* the space of linear
functionals on X. To each finite-dimensional linear subset A C X™*, introduce
the o-algebra B/ generated by the sets {7 : ¢(x) < a},a € Rand ¢ € A. If B
is the o-algebra generated by all linear functionals in X*, then B > BA. On
the other hand, if By = (J - x~ B4 taken over all finite-dimensional subspaces
A, then By is an algebra and B is the smallest o-algebra containing By. The
members of By are called cylinder sets and those of B4 cylinder sets with base
A. To assign a measure on B, it suffices to know it on By. Let fi be a given
additive set-function on By, which is a probability measure on each o-algebra
B4 with A finite-dimensional. Then i, is called a weak distribution. Every
probability measure on B clearly generates a weak distribution on By and the
weak distribution determines this measure uniquely. It is therefore natural
to assign probability measures on (X, B) with the help of weak distributions.
The characteristic functional of a probability distribution on a linear space
has already been discussed. Since for all ¢ € X* the function p(z) is BA-
measurable if ¢ € A, a weak distribution ji also determines the characteristic
functional

#0) = [ e (da) . (2.4.2)
It is easy to show that f(y) has the following properties:

1. f(ep) is positive-definite and f(0) = 1;
2. f(p) is continuous in ¢ on each finite-dimensional subspace A of X*.

The converse is also true. If f(¢) has properties 1 and 2 , then there
exists a weak distribution fi for which (2.4.2) holds. ft may be constructed as
follows. Let A be a finite-dimensional subspace of X™* and ¢1,..., @, a basis
for A. Define fa(t1,...,tn) = f (O p—; tker). The function fa(t1,...,t,) is
continuous and positive-definite. Thus by Bochner’s theorem, a probability
measure p4(dx) exists in R™ such that

falty, ..o ty) /exp{ Ztky }NA dy),

y=(y...,y") € R". Let &4 : X — R", ®5(x) = (p1(),...,0n(z)), and
put (¢, (B)) = pa(B) for B € Bgn. Thus a measure has been defined on B4.
We now use the fact that if A C Ay and ¢1(x), ..., on(x), Ppt1(x), ..., om ()
is a basis for Ay, then

falte, o oytn) = fa,(t1, ..y tn,0,...,0).

This helps to show that the values of i on B4 and BA* are consistent and do
not depend on the choice of basis. That (2.4.2) holds for i follows from our
construction (4 was found instantly with the help of Bochner’s theorem).
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The question of the extendability of fi to B as a countably-additive function
reduces again to showing the continuity of & on the algebra By. The following
is a general result on extendability.

Theorem. Suppose that to any positive € there is a sequence of weakly closed
cylinder sets K, such that f(K,) > 1 —¢, K, D K,+1 and NK,, is weakly
compact. Then i can be extended to a measure.

Proof. Let B, € By, By, O Byy1, and i(By) > 6. 1f B, = &, (B,) with B,, €
Bgn, we can choose a closed set F, C B, so that 4, (B B, \F,) < /2", Put
F, =9, ( ) and F, = =iy Fk- Then each E, is weakly closed, F}, 11 C EF,
and fi( n) > §/2. Let K, be a sequence for which the hypotheses of the
theorem hold when ¢ < §/2. Then K, N E, is a nonempty closed cylinder
set with base A,,. Without loss of generality, we may assume F, and K,, to

be cylinder sets with tl}e exact same base A,. From the condition on K,,, it
follows that (1, (K, N F},) is nonempty. O

2.4.4 The Minlos-Sazonov Theorem

Let X be a separable Hilbert space. We identify X* with X by expressing the
linear functionals in terms of the inner product putting p(z) = (¢, ), ¢ € X.
Introduce a topology S in X as follows. X is a linear topological space with
neighborhoods of zero V4 = {z : (Az,z) < 1}, where A is a nonnegative
symmetric operator with a finite trace: if {ex} is a basis in X, then Tr A =
> (Aex,exr) < oo. This system of neighborhoods clearly gives a separable
topology.

Theorem. Suppose that f(¢), ¢ € X, is a continuous positive-definite func-
tional with f(0) = 1. It is the characteristic functional of a probability dis-
tribution in X if and only if Re f(p) is continuous at ¢ = 0 in the topology
S.

Necessity. Let p be a probability measure on X. Then
1= Refly) = [ (1 cosi, (o) < 2 /| )
x|>p
1 2
t5 [ (eaua)
lz|<p

Put (A,p, @) = f‘m|<p(<p,x)2,u(dm); A, is a non negative symmetric operator.
Then -

oo

Tr A, =/ > (er, x)p(de) < p?
|9‘7‘<Pk 1

Take a positive ¢, choose p so that flw\>p
Then (A,p, ¢) < ¢/2 when (By, ¢) < 1 and so

(dz) < e/4 and let B = 1A,
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1-Ref(p) <e/2+1/2(A,p,0) <c.
Sufficiency. Let {ey} be a fixed basis. Put K,,(p) = {z : > p_, (z,ex)? < p*}.
M, Kn(p) is clearly a weakly compact ball in X of radius p. On the basis of
the theorem in the preceding section, it suffices to show that to any positive €

there is a p such that (K, (p)) > 1—e for all n. Here fi is the weak distribution
constructed from f. We now make use of the relation

exp {—;\ Z(:c, ek)Q}

k=1
n 1 n
= (2n\) /2 /eXp {iZtk(aj, ek} exp {—2)\ Zti} dty...dt, .
k=1 k=1

Integration with respect to i yields

IR

k=1

n 1 n
_ —n/2 _ = 2
= (27)) /(1 Ref(étk,ek>>exp{ 2)\;tk}dt1...dtn.

If A is a kernel operator such that 1 — Re f(p) < £/4 when (Ap, ») < 1, then
the right-hand side is majorized by the quantity

n n 1 n
(2m)—"/2/ <5/4+2 (Aztkelwztkek)) eXp{—%Zti}dtl
k=1 k=1 k=1
codty =e/4+2 Tr A

Thus,
(K (p)) (1 - exp{—;p2}>
< / (1 ~ exp {— Xn:(x, ek)2}> i(de) < e/d+22Tr A.
k=1

Let A =¢/(8 Tr A). Then fi(K,(p)) < 2e(1 —exp{—3Ap*}) " <eif \p? < 1.

O
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Independence

Independence is one of the basic concepts of probability theory. The study
of independent events, random variables, random elements and o-algebras
comprises to a considerable extent the content of probability theory. This
chapter presents the main concepts and facts concerning independence and
it examines sequences of independent events and variables and their related
random processes.

3.1 Independence of o-Algebras

3.1.1 Independent Algebras

It will be recalled that algebras A, ..., A, are independent if

P (ﬁ Ai> = ﬁP(Ai) (3.1.1)
=1 =1

for any choice of Ay € Ay,..., A, € A, (see p. 24).
Let A;,i = 1,...,1, be finite algebras and Agz), ceey Agf} be the atoms of
A;.

Theorem 3.1.1. Algebras A; are independent if and only if for any k; < n;,

l l
p (ﬂ A}j}) = HP(A;?). (3.1.2)

i=1

Proof. The necessity is obvious. It is easy to prove the sufficiency by induction
making use of the following trivial assertion: if A and B are independent, A
and C are independent and BNC = ), then A and BUC are also independent.
0
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Observe that there are only nine...my —ny — ... —n; + 1 — 1 inde-
pendent relations among those in (3.1.2). This is by virtue of the relations

o P(AS)) =land ) %, P(A,(:) n (AE-l)) = P(A&l)) and others similar to
the latter which are based on the fact that (J}, A,(;) = 2. Since A; has 2™

elements, (3.1.2) involves 2" +" equalities. But the theorem shows that
only ning...n; —ny —...—n; +1— 1 of them are independent.

Remark. Each algebra A is a union of its finite subalgebras; if A € A, then
A belongs to the four-element algebra {0, A, 4,2} (if A =0 or A = 2 the
algebra consists of two elements {0, 2}).

Let A and B be algebras. AV B denotes the smallest algebra containing
A and B. The algebra A V B consists of sets of the form

U@enBy),
k=1

where Ay € A,Br € B and n is arbitrary. If A and B are finite and Ay
and B are atoms of them, then Ay N B; is an atom of A V B. Similarly, if
Ay, k=1,...,n, are algebras, then \/Z:1 Ay, is the smallest algebra containing
A1, A, ..., Ap. Tt involves sets of the form

n

m
U ( Aki) , A€ A;, m arbitrary .
k=1 \i=1

Let I be an index set. Let AY C A; and |J,, AS = A;, where the A$’s are
finite algebras, o € I. Then

VA= U \n/A;“. (3.1.3)

1=1 ar1€l,...,an€l i=1
This makes it possible to prove the next two theorems just for finite algebras.

Theorem 3.1.2. Let Ay, As,..., A, and B1,Bs,...,B, be independent al-
gebras and let A = \/]"_| Ay. Then the algebras A and By, ..., B, are also
independent.

Proof. All algebras may be considered finite. \/}" | Ay is also a finite algebra
and its atoms are of the form A1 N AsN...N A,,, whereA; is an atom of A;.
If By € By, then

() (1) s

i=1 i=1

(1) ()

Therefore the independence of the algebras follows by Theorem 3.1.1. a
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Theorem 3.1.3. Let Ay, Ao, ..., A, be algebras of events. They are indepen-
dent if and only if A; and \/,,_; A are independent for all i.

Proof. That the latter algebras are independent if A4, ..., A, are independent
follows from Theorem 3.1.2. Let the hypothesis of the theorem hold with
A; € A;. Since ﬂz;ll Ay € \/Z;l1 Ay, we have

((f) ) e (e

Furthermore, (;_} Ay € \/,_,_; A; which implies that
n—1 n—2
P (ﬂ Ak> =P <ﬂ Ak> P(A,_1).
k=1 k=1

In the exact same way,

e ((F) o) - (0 i

for all m < n since oy Ax € Vyemqr Ak Thus, P(N,_; Ax) =
HZ=1P(Ak)- a

3.1.2 Conditions for the Independence of o-Algebras

The preceding section gave some conditions for the independence of algebras
of events. The next theorem makes it possible to reduce the question of inde-
pendence of o-algebras to the independence of the algebras generating them.
(Since a o-algebra is an algebra, the definition of independence given above
is applicable to o-algebras.)

Theorem 3.1.4. Let AY, ..., AV be algebras of events and let A; = o(A?). If
A9, ..., AY are independent, then the o-algebras Ay, ..., A, are independent.
Proof. We shall apply Theorem 3.1.3. Let us show that \/,_, A;, and Ay are
independent. Observe that o(\/,_, A}) is a o-algebra containing A?,i < k.
This implies that o(\/,_, A?) D Ve Ai = V,p0(A?) and so \/,_, A; C
o(Vcp AY). But \/,_ AY and A) are independent. Therefore to prove the
theorem, it suffices to show that it is true for n = 2. For fixed A; € AY,

P (A1 N Ay) = P(A;)P(Ay) (3.1.4)

on a monotone class of sets Ay. This holds for Ay € A and thus on o(AY) =
As. Let As be a fixed member of As. Then (3.1.4) holds on a monotone class
of sets A; which contains A} and thus for all A; € A; and Ay € As. |

Corollary 3.1.1. Let Aq,..., A, and By,...,B,, be independent c-algebras.
Then o(\/—, A;) and 0'(\/;”21 B;) are independent.

This is a consequence of the independence of the algebras \/'_; A; and \/7" | B;
and Theorem 3.1.4.



56 3 Independence
3.1.3 Infinite Sequences of Independent o-Algebras

Let A,,n = 1,2,..., be o-algebras of events. They are independent if
Ai,..., A, are independent for all n. If B,, is a sequence of algebras , then
U,, Vi, Bi. will be denoted by \/,, B,. It is clearly an algebra and it is the
smallest algebra containing all B,,. It consists of finite unions of sets of the
form (,_, By, where By, € B, and n is arbitrary.

Theorem 3.1.5. If A, is a sequence of independent o-algebras, then
Ai, .o Ap and o(\Z, 1 Aw) are independent for any n.

Proof. By Theorem 3.1.2, Ay,..., A, and \/;?Zn+1 Ay are independent for
all m > n. Therefore the algebras Aj, Az,..., A, and V2, . A =
Unm Ve i1 Ak are independent. It remains to apply Theorem 3.1.4. O

(a) Kolmogorov’s zero-one law. Let A, be a sequence of oc-algebras.
N, c(Vie, Ai) is called the tail o-algebra. It characterizes the events that
are expressible in terms of the events in Aj with arbitarily large indices. If
we interpret the index k of Ay as time and Aj as the o-algebra of observable
events at time k, then the tail o-algebra comprises events that occur “later”
than any finite moment of time.

Kolmogorov’s Theorem (Zero-One Law). If the o-algebras A, are inde-
pendent and A is any event in the tail o-algebra, then P(A) is either 0 or 1
(this means that the tail o-algebra is trivial).

Proof. By Theorem 3.1.5, the o-algebras A;, A, ..., A, and ), 0(V ey Ak)
are independent for every n (the last o-algebra is a subset of o(\/}—, | Ax)).
Thus for all n, the algebras /!, A;,,,c(Vie,, Ax) and U, Vi, Ai =
Viey Ais Ny 0(Vie,, Ak) are independent. This is a consequence of Theo-
rem 3.1.2. Therefore, by Theorem 3.1.4, o(\/;2, A;) and ), 0(Vee,, Ak)
are independent. If A € N, o(Vie,, Ax), then A € o(\/7-, A;) and by
virtue of the independence of these o-algebras, P(AN A) = P(A)P(A) or
P(A) = P?(A). The theorem is proved. O

(b) The Borel-Cantelli Lemma. The next assertion concerns an infinite se-
quence of events and for independent events, furnishes necessary and sufficient
conditions for finitely many of these events to happen with probability 1. Let
Ay be a sequence of events. The event that Ag’s with arbitrarily large indices
have occurred (which is equivalent to infinitely many of the Aj’s having oc-
curred) is representable as (), Uy, Ax. Let Ay be the o-algebra comprising
the events 2, Ay, 2\ Ay, 0. Then N, Ur—,, Ax €N, 0(Vie,, Ax). If the Ay’s
are independent (that is, Ay,..., A, are independent for all n), then the o-
algebras Ay, are independent. In that case, P(,, Ur—,, Ax) equals 0 or 1 by
the zero-one law.
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Borel-Cantelli Lemma.

L If Y r2 P(Ay) < oo, then P(N, Ure,, Ak) = 0;
2. If the events Ay are independent and Y .- P(Ay) = oo, then
P(N, Uz, Ax) = 1.

Proof. 1. For any choice of m,

P (ﬂ G Ak> <P <k©mAk> < éﬂpmk)

n k=n

and the right-hand side tends to zero.
2. The events 2\ A are also independent. We have

P(ﬂGAk> —1—P<U ﬁ(Q\Ak)> :

n k=n n k=n
Then
P (U N (Q\Ak>
n k=n
({1 4) - s (f )

= lim [[a-P) =0
k

=l tin [[(1-PC4)

=n

since the divergence of >~7~; P(Ax) implies that [];—, (1 — P(4x)) = 0 for
all n. O

3.1.4 Independent Random Variables

Let (X,,B,) be a (finite or infinite) sequence of measurable spaces and
let &,(w) be a random element in (X,,B,) defined on a probability space
(2, F,P). Let Ag, be the o-algebra of events {w : &,(w) € B,} with B,, € B,
(this is the o-algebra generated by &,). Then {{,} is said to be a sequence
of independent random elements if {A¢ } is a sequence of independent o-
algebras.

Let F(x, 5), be the space of bounded B,-measurable scalar functions on
Xy A subset T;, of F(x, 5, is called complete if the relation

[ t@htdn) = [ fapatao). e,

with g1 and po finite measures on B,,, entails that p; = ps.
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Theorem 3.1.6. 1. If & (w),..., &, (w) are independent random elements,
then . .,
E [ 9x&) =[] Box(&) (3.1.5)
k=1 k=1

for any choice of gr € F(x, B,).k=1,...,n
2. If (3.1.5) holds for all gy € Ty, with Ty, a complete subset of F(x, g, then
&1(w), ..., &n(w) are independent.

Proof. 1. The relation (3.1.5) holds if the g are indicator functions. Both
sides of (3.1.5) are linear and continuous in g, under uniform convergence
and every function in F(x, s,) can be expressed as the uniform limit of
finite linear combinations of indicator functions.

2. Let us show that (3.1.5) is satisfied by all gr € F(x, g,). The left-hand
side of (3.1.5) is clearly representable as [ g1(x)u(dz), where py(By) =
Elp, (&1)g2(&2) ... gn(&n)- The right-hand side of (3.1.5) is representable
as [ g1(x)f (dz), where i1 (B) = P{& € Bl}Egg(gz) . gn(&n). This is
true for all g1 € Fx, p,)- If g1 € Tt then [ g1 (x)p1(dx) = [ g1(x)fi1 (dx)
and hence p; = fi;. Therefore (3.1.5) holds for all g1 € Fix, 5,), 92 €
T5,...,9n € Tp. Similar reasoning shows that (3.1.5) holds for all g; €
Fix.,81)i92 € F(X2,8,),93 € T3,...9n € T, and so on. For &1,...§, to
be independent, it suffices to prove that (3.1.5) is satisfied by indicator
functions.

O

Remark. If & is an infinite sequence of independent elements, then statement
1 is valid for all n; if (3.1.5) holds for all n and gx € Ty, then the & are
independent.

Corollary 3.1.2. Let X,, = R and B,, = Bra. Vectors &, € R4, k=1,...,n
are independent if
1. for any continuous functions fi1,..., fn € Cpa,

E[] fe(&) = [ Bfe(&r)
k=1 k=1

2. for any 21, ..., 2, € RY
E exp {iZ({k,zk)} = H E exp{i(&k, 1)} -
k=1 k=1

Statements 1 and 2 result because Cra, and {exp{i(z,z)} : z € R} are
respectively complete sets.

Corollary 3.1.3. If the R -variables £1,&s, ..., &, are independent, then
1. their joint distribution function is the product of the separate (marginal)
distribution functions of the &:
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Fgl,...,fn(xla"'axn) = P{gl < 3:17"'3577. < xn} = H ka(xk) )

2. their joint characteristic function is the product of the characteristic func-
tions of the &:

n
R (GPRN / Eexp{ Ztkgk} =[] e (tr)
k=1

and each of these conditions implies the independence of &1, ... ,&,.

Corollary 3.1.4. If &, ..., &, are independent random variables and E|&i| <
o0, then B& ... &, = [[1_q E&.

This assertion is easily proved by passing to the limit from bounded vari-
ables.

3.2 Sequences of Independent Random Variables

3.2.1 Sums of Independent Random Variables

Let &1, &, ... be a sequence of independent random variables in R'. Consider
the successive sums (x =& + ...+ &,k =1,2,.... The distribution function
of the sum of two independent variables £ and 7 is easily seen to be expressible
as the convolution of their distribution functions:

Fepn(z) = Fe(z) * Fy(z) = / Fe( — y)dF,(y)

If F; is the distribution function of &;, then the distribution function Fp,
of (i is Fy * Fy % ... Fy, (it is easy to show that convolution is commutative
and associative). The characteristic function of a sum is even more simple to
express in terms of the characteristic functions of the variables, namely,

Eexp {thfk} =E H exp{ité,} = H Eexp{ité;} .
1 k=1 k=1

That is, the characteristic function of a sum of independent random variables
is the product of the characteristic functions of the terms. In exactly the same
way, if the £’s are nonnegative random variables and A > 0, then

E exp {—)\ka} = H Eexp{—X¢} .

k=1

The Laplace transform of a sum of independent random variables is the prod-
uct of their Laplace transforms. If the &’s are nonnegative integer-valued
independent random variables and |z| < 1, then
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n
E St = H Ez%* .
k=1

The function Ez¢, with & integer-valued and nonnegative, is called the
generating function of £. Thus, the generating function of a sum of independent
random variables equals the product of the generating functions of the terms.

(a) Chebyshev’s inequality. The law of large numbers. Let £ be a random
variable for which E¢? < co. Then for any positive c,

P{|¢ —E¢| > ¢} < VE/3. (3.2.1)
This inequality is proved as follows. If n > 0, En < co and a > 0, then
P{n>a} <a 'En. (3.2.2)

Clearly, n > al{,>q). Taking the expectation, we arrive at (3.2.2). To
deduce (3.2.1), one need only apply (3.2.2) with n = (£ — E¢)? and a =
2. The inequalities (3.2.1) and (3.2.2) are known as Chebyshev’s inequality.
Chebyshev obtained (3.2.1) for sums of independent random variables and
used it to prove the next theorem known as the law of large numbers.

We need the following basic property. If & and 7 are independent, then
V(+n) =V(§) + V(n) provided the right-hand side is finite. Indeed,

V(€ +n) =EE+n)? - (B¢ + En)?
= E& + 2E¢n + En® — (E€)® — 2EEn — (En)® = VE+ Vi

since E&n = E£En by the independence of £ and 7. The variance of a sum of
any number of independent random variables equals the sum of their variances.
This is simple to prove.

Chebyshev’s Theorem. Let £1,&s,...,&,, ... be independent random vari-
ables for which EE, and V&, exist and let sup, V&, < oo. Then for any

positive e,
1 I
lim P ¢ |— - — E
e {[; e S

Proof. On the basis of (3.2.1), the probability in (3.2.3) can be majorized
above by

> 5} 0. (3.2.3)

1 1 < 1 < 1
=V <n §fk> = L V& =0 (ne> '
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Chebyshev’s Theorem establishes that the difference between the average
of random variables and the average of their expectations converges to zero
in probability. Theorems that give conditions for this property to be true are
called laws of large numbers. The law of large numbers asserts that the average
of a large number of random variables is “practically” nonrandom. A physical
illustration of the law is the constancy of the pressure of a gas on the walls
of a container although this pressure is determined by the overall momentum
of the molecules of gas colliding with the walls. The law of large numbers is
used in precision measurements with instruments that yield random errors.
By taking the average of n independent measurements, one will obtain as
precise a value as desired for the quantity being measured if n is sufficiently
large.

Remark. Bernoulli’s theorem (p. 25) is a special case of Chebyshev’s theorem.
For, if the A,, are independent random events with P(A,) = p, and if &, =
I4,, then v, = Y1 &, EE, = p and V§, = p — p?. Since the variables &, are
independent,

1
lim P{‘Vnp‘ >6} =0
n

n—oo

for all positive €.

3.2.2 Kolmogorov’s Inequality

Kolmogorov’s Theorem. Let &1,...,&, be independent random variables

with B, =0 and V&, < 00 and let (, =&+ ...+ &k. Then for every positive

a

1. P {sup |Ck| > a} < a"?V(,; if in addition, |&x] < c,k=1,...,n, then
k<n

(a+c)?

Prk<n Ck| < a}

2. <
Vén < P{su

Proof. Let x1 = Ifj¢;|>a} and X& = I{jci|<a,. . |Gx-1]<a,lcul>a}s B = 2,-. 0 m
Then > p_, Xk = Iisup, (¢x|>a}- Xk is independent of &1, .., §,. Therefore

E(Cn — Ce)xwr = E(Gn — ) Exx e =0,
E(Cn — ) *xk = E(G — ()’ Exr < Exi - ECC .

It is also evident that
axk < [Cklxx < (a+ sup[Ck|)xk -
k

Thus
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EC>ECD xe =B [(Cn — G)*xk + 2(Cn — G)xkCe + Coxn)

k=1 k=1

This yields statement 1. For 2,

EC. = EC] Z Xk + B¢ (1 - Z xk> <> (EGxk + Exi - EGY)
k=1 k=1

+ a’E (12)@) <P{suka >a} E¢2 + aJrc)QZEXk
k=1

k=1
+a (1 - ZExk) < EC’P {sup Gl > } +(a+ o)
k=1
From this we obtain statement 2. O

We now give one further inequality in which P {supkgn [Cr| > a} is esti-
mated. First, there is this result.

Theorem 3.2.1. For some a and all k = 1,2,....n, let P{¢, — (x > a} >
8> 0. Then

P {sup Cr > a} < lP{Cn >a+al. (3.2.4)
k<n ﬂ
Proof.

P{xr =1} < %P{Xk = 1}P{(uCr > o} = %P{Xk =1,0n — Gk > a}

%P{xk—l G0 > ata)

(we have made use of the independence of x; and (,, — (x in this). Summing
these inequalities, we obtain (3.2.4) since

ZP{Xk:1,(n>a—|—a}§P{Cn>a+a}

because the events {x; = 1} are mutually exclusive for different values of k.
O

Corollaries.

1. If the random variables & have symmetric distributions (which means that
& and =& have the exact same distribution), then

P {sup Ck > a} <2P{¢, >a}, P {sup [Ck| > a} < 2P{|Cy| > a} .
k<n k<n
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2. If P{|¢ — (k| < ¢} > B for some positive c, all k =12,...,n and positive
3, then for a > c,

P {Sup |Ck| > a} < lP{|§n| >a—c}.
k<n ﬂ

In the first case, & and —&; satisfy the hypotheses of the theorem with
a=0and g = % In the second case, & and —&; satisfy the hypotheses of
the theorem with o = —c. Writing out the further relation

1
P {sup(—(k) > Cl} < *P{_gn >a+ O(}
k<n 8
and combining it with (3.2.4), we arrive at the inequality for the absolute
value. 0

3.2.3 Convergence of Series of Independent Random Variables

Suppose that a, decreases monotonely to zero. Then the series Y (—1)"a,
always converges. One could pose the following question. What can be said
about the convergence of a series if the sign of the n-th term is selected at
random? More precisely, this means that we want to investigate Y epax where
€k is a sequence of independent random variables each assuming the values 1
or —1 with probabilities 1/2. (This is an example of a series of independent
random variables.) It is natural to examine the convergence of such a series.
Kolmogorv’s zero-one law implies that the series either converges with prob-
ability 1 or else it diverges with probability 1. Henceforth, we shall consider
220:1 &, whose terms &, are independent random variables; ¢, = ZZ:1 & are
its partial sums.

Theorem 3.2.2. Suppose that EE, and V&, exist.

1. The series Y poq & is convergent with probability 1 if > oo E&: and
Y orey V& are convergent.

2. If P{|¢k| > ¢} = 0 for some positive c, then the conditions in part 1 are
necessary for 22021 &k to converge in probability (and thus also with probability

1).

Proof. 1. With no loss of generality, we may assume that E£; = 0. Then for
a > 0, we have by Kolmogorov’s inequality that

m o0
P{ sup |G — Gl >a} <a? ) Vg <a? Y Vg
n<k<m ke _
=n—+1 k=n+1
Letting m — oo, we find that

p {SUPICk = Gnl > a} <a? Y V.

k>n k=n+1
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Thus

P{ sup ¢ — ¢| > Qa} < P{supQ~C —Cnl| > a}
k,l>n k>n
+P {sup{l — (o] > a} < 2072 Z V¢ .
I>n

k=n+1

Let 1n, = supy ;> |Gk — G|- The random variables 7, decrease with n and so
lim,, 00 M = 1 exists. Clearly,

P{n > 2a} < le P{n, >a}=0.

Therefore the series Y & satisfies the Cauchy convergence criterion with prob-
ability 1.

2. We now apply the symmetrization process which is often used in the
study of sums of independent random variables. Consider along with the ran-
dom variables £, another sequence &, of independent random variables. The
collections of variables {{x,k = 1,2,...} and {{,,k = 1,2,...} are also inde-
pendent and & and £}, have the exact same distribution. Such variables may be
formed by taking a second copy of the original probability space (£2, F,P). If
we denote it by (£, F/,P’), we can investigate the product of the probability
spaces (2x 2, Fx F',P xP’). If the & (w) are the original random variables,
then they may be viewed as variables on the product space: & (w,w’) = & (w).
The variables &, are then £, (w’). The random variables & = £ — &}, are sym-
metric. Clearly, |&x| < 2¢, EE, = 0 and V&, = 2VE,.

By hypothesis, there is a positive r such that for all n,

P{IC| > r} < i

By Corollary 1 of Sect. 3.2.2,

> 1
P {suplckl > r} <z
k<n 2
From part 2 of Kolmogorov’s inequality, it follows that for all n,

VG, <2(r+2¢)° and 2) V& < 2(r+20)°.
k=1

Thus, Y7o, V& < oo. The sequence & — E¢;, satisfies the hypotheses of part
1 of the theorem and so >_p- (& — E&;) converges with probability 1 and in
probability. By hypothesis, >~ & also converges in probability and so the
difference Y 7o | EE; of these two series also converges (the latter is a series
of nonrandom terms; its convergence in probability is the same as ordinary
convergence). O
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Corollary. The series Z;ozl €rak, in which the €y are independent and iden-
tically distributed random variables, P{e;, = £1} = %, and ay, s a bounded
sequence, converges with probability 1 if and and only if > a2 < oo.

Kolmogorov’s Three-Series Theorem. The series Y & of independent
random variables is convergent if and only if for some positive ¢

(@) Y P{&l>ct, (b)) D E&ljgi<a, (©) Y V&g <o
are convergent.

Proof. If the series (a) converges, then so does

> &liesa (3.2.5)

since by the Borel-Cantelli lemma it has only finitely many nonzero terms with
probability 1. If the series (b) and (c) converge, then so does ) &rlfje, |<c}
by virtue of part 1 of Theorem 3.2.2. This establishes the sufficiency of the
hypotheses of the theorem.

Now let Y & converge with probability 1. Then P{lim, . &, = 0} = 1.
Thus,for any choice of positive ¢, only finitely many of the events {|£x| > ¢}
occur with probability 1 and so the series (a) is convergent. But then the
series (3.2.5) converges with probability 1 and hence so does the series

D e <oy -

It remains to make use of part 2 of Theorem 3.2.2. O

3.2.4 The Strong Law of Large Numbers

The law of large numbers establishes the convergence in probability of the
difference between the average of n random variables and the average of their
expectations. If convergence in probability is replaced by convergence with
probability one then the corresponding theorems are known as strong laws of
large numbers.

Theorem 3.2.3. Suppose that & is a sequence of independent random vari-
ables for which By, and V&, exist. If > (1/k?)VE, < oo, then

. 1 n

P {nhj;o ~> (& —E&) = 0} =1.
k=1

Proof. We may assume that E¢, = 0. Put 1, = sup,,,<on | >_p—; &|. Then

1 m
E;sk

S 2_n77n+1
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for 2" < m < 2™+! We have to prove that lim,,_, o, 27", = 0 with probability
1. To this end, it suffices to show that ) P{27"n, > ¢} converges for any
positive € since by the Borel-Cantelli lemma, there then exists an N such that
27", < e for n > N. On the basis of Kolmogorov’s inequality,

Zp{nn > 2me} < 25—22—2" Z \%3

k<2n
=V
f2zvgk PORERECIEU) PRALIES
n>log, k k=1

Theorem 3.2.4. Suppose that & is a sequence of independent and identically
distributed random variables. Then there exists a constant a such that

R
P {nlingo - k;gk = a} =1 (3.2.6)

if and only if E& exists and a = E&; .

Proof. Let (3.2.6) hold for some a. Then P{hmn_,oo =¢, = 0} = 1. By
the Borel-Cantelli lemma, > P{|1&,| > ¢} < oo, ¢ > 0, since the events
{\ &nl > c} are independent and only finitely many of them occur. There-
fore,

El&1| < kEI{h-1)eciey<key = ¢ Y kP{(k = 1)c < |&] < ke}
k=1 k=1

<Y Pla] > ke} < oo

Now let E|{1] < oo We may assume that E& = 0. Put &, = &u1{je,|<n}
and &/ =&, —&,. Then

D P{& #£0} =) P{&| >n} <o

and beginning with some index, £/ = 0 and

: 1 - " __ _
P {nlinionkz_:lfk = o} =1. (3.2.7)

The hypotheses of Theorem 3.2.2 hold for £, because

d 1 o 2
Z 72 ;l Z - / § 2P{£1 € dl‘} = /Z ﬁl{\ﬂgn}P{gl € d.]?}
n=1 |z[<n n=1

< / |z[P{&1 € da} = a1 Elé ],
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in which ¢1 = sup, [2| 3, - |, n~2. Hence,
P limlzn:(f’—Efl):O =1
n—oo M — k k ’

Since

I "
lim — g E¢, = lim / aP{¢& ede} =E& =0,
n—oo
1 —n

n—oo N
it follows that also
B
P{nlggonzjgk—o} =1. (3.2.8)
k=1
The relations (3.2.7) and (3.2.8) show that (3.2.6) holds with a = 0. O

A most important consequence of Theorem 3.2.4, is the following refine-
ment of Bernoulli’s theorem.

Corollary. If A, is a series of independent events with P(A,,) = p and v, is
the number of events that occur among Ay, As, ..., Ay, then

1
P {lim —Up :p} =1,
n

that is, the relative frequency tends to the probability almost surely.

Nevertheless, the attempt to define probability as the limit of the relative
frequency (the axiom of von Mises) proves to be logically untenable.

3.3 Random Walks

Let &1,&,...,&,, ... be a sequence of independent and identically distributed
random variables. The sequence with ¢y = =z and ¢, = 2+ > ,_; & =
1,2,..., is called a random walk, x is its initial position, & is the k-th step
of the walk and , is its position at time n (after the n-th step). A random
walk is customarily interpreted as the motion of a particle taking independent
random steps. It is one of the simplest stochastic processes with discrete time.
One is usually interested in the behavior of this process on an infinite time
interval.

3.3.1 The Renewal Scheme

Let = 0 and P{¢§; > 0} = 1. The corresponding random walk is often
interpreted as follows. Let there exist a device running for a random time. As
soon as it goes out of commission, it is replaced by an identical one and so
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on. If 0 is the moment that the first device is switched on, &; is its running
time and &, is the running time of the n-th device, then it is reasonable
to assume that the &;’s are independent and identically distributed. Thus,
Cn =& + ... + &, the moment that the n-th device stops running (and the
(n + 1)st is switched on), is called a renewal or regeneration time.

Let v(t) be the number of the device running at time ¢; v(¢) = n if §,,—1 <
t < (. N(t) = Ev(t) is called the renewal function. The basic results of
renewal theory (this is the name given to the section of probability that studies
the process v/(t)) concern the asymptotic behavior of N (t). Let g()\) = Ee™*&
be the Laplace transform of &;. It is easy to see that

oo

N(t) =Y nP{v(t)=n} =Y nP{(1 <t<(}

1 n=1

n(P{C >t} —P{Cu-1>1}) .

n

M

3
Il
—

Therefore

0o
/ —)\tN
0

/ NP > 1} — P{Cu s > 1)t

"y
>

It follows from this relation that N(t) is finite for all ¢.

Theorem 3.3.1. Let E&; < oo. Then

Proof. Tt is easy to see that v(¢, +h) —v({,) is independent of &, ..., &, and
is distributed the same as v(h) — v(0) = v(h) — 1 (v(¢n + k) — v((p) is the
number of renewals on ](,, ¢, + h]; since the left-hand endpoint is a renewal
time, this number has the same distribution as the number of renewals on
10,R)). If Cr—1 <t < (j, then v(¢x) — v(t) = 1 and so

v(t+h) = v(t) = T <i<cy Tcotrny (V(E+h) = v(t))
k

< Ty <rzclicoetrny ((E+B) = () + 1)
k

<v(G+h)—v(G)+1.

Taking the expectation, we obtain N(t + h) < N(t) + N(h). From this in-
equality it follows that limsup,_, ., N(t)/t < co. Let ¢ = liminf; .o, N(¢)/t.
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N(tn)

If ¢,, is a sequence such that lim,, ., T =0 then lim;, 00 i S c
and so
N(t
lim ﬁ —
t—oo t

To determine ¢, we use the relation

/0 e MN(t)dt = /0 efuiN (%) du = 7)\(1 _19()\))

1_A9(A) — /0 eUAN (%) du .

Letting A — 0 and noting that limy_,o(1 — Ee~*¢)/\ = E¢;, we complete the
proof of the theorem. O

or

This theorem shows that N(t) ~ %@ - t, that is, the expected number of
renewals in time t is asymptotically proportional to the time and inversely
proportional to the mean running time of a device. A more precise study of
the asymptotic behavior of N(t) as t — oo necessitates distinguishing two
cases.

(a) Arithmetic distributions. A random variable £ in R has an arithmetic
distribution if h~1¢ is integer-valued for some h. The largest such h is the
distribution span. If f(z) = Ee'*¢ is the characteristic function of an arith-
metically distributed & with span h, then 2rh~! is the smallest positive root
of the equation f(z) = 1. This follows because h is the smallest positive num-
ber belonging to the minimal group G that contains all those real = for which
P{¢=z}>0.

Theorem 3.3.2. Suppose that &1 is arithmetically distributed with span h and
E¢& < oo. Then

. h
Jim (N (¢ + b) = N ()] = g
Proof. We shall assume that h = 1. Let ¢, = >, P{(x = n},n > 1,q0 = 1.
Then N(t) = qo + ... + ¢ for positive integral ¢. To prove the theorem, it
suffices to show that

lim g; = — .
e T Ee,

Let f(z) = Ee*& = Y P{& = n}e®?. Then fF(z) = Ee*%r =
ST P{(x = n}e*™. Therefore
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_ - 1 T —izn k - 1 7zzn zzn k
D DE 22—/ — i) £ (2)
k=0 k=0
1 0o
—Z/ sinnzf*(2)dz .
e =0

Noting that f(z) # 1 for 0 < |z| < 7, f(0) = ¢E&; and thus that e

bounded, we can interchange the summation and integration. Therefore

is

el e g K T 110

1 [ sinnz z 1 d
M <l—f(2)_f’(0)) .

The last integral tends to zero if f(z) is continuously differentiable and f(z) #
f(0). This is a purely analytic and easily proved fact. O

1 [T sinnz z 1 1 sin z
—dz
|z|>nm

z

Remark. If E§; = 0o, the theorem remains true if we put é =0.

(b) Nonarithmetic Distributions. Now let & have a nonarithmetic distribu-
tion, that is, it is not arithmetically distributed. If f(z) = Ee'*$, then
Re f(z) < 1 for z # 0.

Theorem 3.3.3. If & has a nonarithmetic distribution and E& < oo, then
for all u >0,

lim (N(t+u) = N(t) = Eifl .

If E£y = oo, the right-hand side of this last relation is zero.

Proof. It suffices to prove that if ¢(u) is any sufficiently smooth function with
compact support, then

tlirg/w(u)dN(t +u) = tlg(r)lo Y(u—1t)dN(u) = Eiﬁl /w(u)du
Now [¢(u — t)dN(u) = Y02 Ev(G — 1) If ¢(u) = [e™¢(v)dv, then
EY(C, —t) = [e ™% | f*(v)(v)dv. Hence,

/wu—th /—thf”

e~t _ givt _ sin vt —v -
= 71&1}6&1:2/ 1t (v)dv .
[ =g T O
Again we use the fact that lim, o 7= f(v) = ﬁ and that it is permissible to
take the limit (which is a purely analytic problem causing no difficulties). We
find that the limit of the right-hand side is
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20(0) . sin vt 211h(0
Ee, tli%lo/ o = TEg Ea/ Pl

since by the inversion formula,

90) = 5= [l 50) = o= [ wia)

2T

3.3.2 Recurrency

71

We now examine a random walk that starts at + = 0. A random walk is
called arithmetic if the step &; is arithmetically distributed. Otherwise, it is

nonarithmetic. The distribution span is then the step of the random walk.

(a) Arithmetic walks. Consider an integer-valued walk of step 1. Define the
random variable v to be the smallest positive n for which ¢,, = 0. If ¢,, # 0 for
allm > 0, then set v = oo. A random walk is called recurrentif P{v < oo} = 1.

If P{v = oo} > 0, then it is called nonrecurrent.

Theorem 3.3.4. In order for a walk to be recurrent, it is necessary and suf-

ficient that Y " P{¢, =0} =

Proof. If ¢, = 0, then v < n. Thus, these events satisfy the relation

{Go=0t=Jlv=Rn{G=0=Jlr=kn{G—-G=0}.

k=1 k=1

The events {v = k} and {(, — (x = 0} are independent. Consequently,
P{v=k( — G =0} =P{v =k}P{(, — { =0}
=P{v =k}P{(—r =0},

and so

P{Cn = 0} - Z P{V = k}P{Cn—k = O} :

k=1

Multiply this equation by A™ with |[A| < 1 and sum over n obtaining

STAPLG =0} =D Y NP =EIA"TFP{( = 0}

n=1 n=1k=1
=Y NP{v=n} (1 +) AP, = 0})
n=1 n=1

or
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S P{u=njAt =) P{G =0}\" (1 + Y NP{G = 0}) :

Thus
oo 00 -1
P{v < oo} = lgg;P{Cn = 0}A" (1 + ; A'P{Cn = 0}>

and the limit of the right-hand side is 1 if and only if 7 | P{(, = 0} = oc.
O

Remark. Let f(z) = Ee**$1. Then

Ploa=0t=5 [ f"e)z=5 [ Refi(iz

—Tr
and so

o - .17 1
ZP{CH—O}—I){%;::O)\ P{cn—O}—l;gg/_ﬂReﬁf(z)dz'

n=0

The limit may be taken under the integral sign and so a random walk is
recurrent if and only if ffﬂ Re #(Z)dz = o0 (the integrand is nonnegative

and finite if z # 0). A probabilistic proof exists but it is quite complicated
and there is no sense in reproducing it.

(b) Nonarithmetic walk. In this case, a walk is said to be recurrent if
> It¢,evy = 1 almost surely for U any open set containing 0. Let vy
be the smallest subscript for which ¢, € U. P{vy < oo} =1 for a recurrent
walk. Notice that

o0
> Iigevy =0
n=1

for a recurrent walk. For, by taking V sothat c+y € U ifx € V and y € V,
one can write

ZI{CnGU} z ZI{CTL*CV‘,GV} +1,

n=1 n>v

and the right-hand sum is distributed the same as > - | T {CneV}-l Therefore
HtEY >, Ii¢, evy < oo for some open set U containing 0, the random walk
is not recurrent.

! This is true because the event {vn = m} is independent of &mt1, Emta, - . . for all
m.
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Assume now that a random walk is nonrecurrent. This means that there ex-
ists a neighborhood V' (it may be taken to be an interval of the form (—24, 29))
for which P {3>7° | It¢,evy < oo} > 0. Thus, P {3 It cvy > 7} < afor
some positive 7 and o < 1. If U = (=4, ), then for all =

P{ZI{QL—LEEU} ZT’+1} SZP{Clngaagkze U7
n=1 k=1

[ee] oo
> Iic—ceery 27“} <Y P{-2¢U,....Go1-2¢UG-zeUl<a.
k=1

n=1

Next,
o] k—1
P{ > I, —sevy = 2r + 2} = ZP{ > Iig—sevy <T+1,
n=1 = n=1
| k=1
2

o0

[e'S)

I{Cn*$€U} =r+ 1, Z I{C,,LfacEU} Z r—+ 1}
n=1 n=k+1

o

EI _
{02l e —wevy <r+1=35_y ¢, —wcuy }

=

1
o0
<P { Z I{<7L7<k+Ck7$EU} >r+ 1|Ck}
n=k+1

since (, — (i is independent of (;. The last probability does not exceed o and
SO

P {Z Ity —wevy > 2r + 2}

n=1
oo k—1 k
<a) P {ZI{Cn_er} <r+1l= ZI{Cn_er}} <a’
k=1 n=1 n=1

In similar fashion, we can establish that

P {ZI{Cn—xEU} > mr —|—m} <a™.

n=1

Therefore
EY Iig.evy < (r+1) ) ma™ ! <oo.
n=1 m

We have proved the following statement.
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Theorem 3.3.5. A random walk is not recurrent if and only if >, P{¢, €
U} < oo for some open set U containing 0.

It is easy to see that this also holds for any bounded open set U.

Remark. As in the arithmetic case, it is possible to express this condition in
terms of the characteristic function of the step. For recurrency, it is necessary
and sufficient that

’ 1
J et

for all positive 4.

3.3.3 Ladder Functionals

Let {¢,} with (o = 0 be a random walk and let @ > 0. Define 7, = inf{n >
0: ¢, > a} (if the set is empty, we take inf = 00). If 7, < o0, let v, = (-, — a.
The variable 7, is called the overshoot time of level a and 7, is the overshoot
of level a. They are also called ladder functionals. We shall study their joint
distribution. Observe that P{r, = k} = P{{1 <a,...,(k—1 < a,{; > a}. Let
F(y) be the distribution function of &;. Then

Plra = k) = [  AFWP{G <0y Gt <0G > alG = )

/ AP P{C— LS a—yserssCot — L S a—,

G —G1>a—y}t= / dF (y)P{1e—y =k — 1}

—o0
(we have used the fact that {(,—1 — (1,n > 2} is also a random walk with
steps &2,&3,...). Let |\ <1 and Q(\,a) = > po; A*P{7, = k}. Then

a
QN a) =AP{& >al + )\/ QN a—y)dF(y), a>0.
—o0
For a < 0, define Q(X, a) = 0. This leads to the system of equations

QN a)=AX1—-F(a+))+ A [ QN a—y)dF(y), a>0
Q\a)=0, a<0 / yery } (3.3.1)

The first is a convolution equation on the half-line. Below we describe Wiener’s
method for solving such an equation.

Let e(z) = 1if 2z > 0 and (z) = 0 if z < 0. We can rewrite (3.3.1) in
the form e(2)A\(1 — F(2+)) = &(2) [ Q(\, z — y)d(e(y) — AF(y)). Consider the
convolution of this equation with a function v;(t) of bounded variation such
that v1(¢) = v1(0) for ¢ > 0. We obtain
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A /5(z7t)[17 ((z = t)+)]dv1(t)
/ z—t /Q)\ z—t—y)d(e(y) — AF(y))dvi(t) . (3.3.2)

Since e(z — t)dv (t) = dvy (t) for positive z, (3.3.2) leads to the equation

Y NE /Q (A, 2z — y)dva(y) (3.3.3)

in which MA@ (2) is the left-hand side of (3.3.2) and va(y) = [[e(y—t) = AF(y—
t)]dv (t). If va(¢) is constant for negative ¢, then equation (3.3.3) can be solved
by using Fourier transforms. Let

o0

Biln) = [ emam(z), Q) = [

0 0

e dQ(A, 2), Ba(n) :/Oooewde(Z)

(since Q(A,a) = EA™ and 7, increases with a, Q(A, a) is monotone in a for
0 < X< 1). From (3.3.3) we obtain

AP (1) = QN 1)Ba(p), Q(A, ) = Ay (1) /T2 (1) - (3.3.4)

To determine the functions o1 (p) and 02(u), we make use of the equation
U2(p) = (L = Af())or(p) (3.3.5)

in which f(u) = [€"dF(y) is the characteristic function of the step. Let

F,(y) be the d1str1but10n function of (,. Then

(1= Xf(w)~ —exp{z — M (p }—exp{Zi\:/ei”den(y)}

n=1

[e'e] n 0 o0 n [e%e]
:exp{E:l);L/_weiﬂden(y)}/exp{—E:l);l/O ei’”’an(y)} )

Thus (3.3.5) will hold if we put

oo

n 0
¥1(p) = exp {Z % L ei”den(y)}

n=1

X yn o]
0 u):exp{—z);/ eiuden(y)} .
n=1 0

These are functions of bounded variation with the required properties since
O (p) = [ etdvg(t) with?

2 a Ab=min(a,b); a Vb= max(a,b).

and



76 3 Independence
=e(t) + Z ),
o A"
= Z;Fn(t/\o), Wo Z? Fo(0)I{t>0y »

n=1

and w*” is the n-fold convolution of w with itself. Let vy (A, ) be defined by
its Fourier transform

/ eMduy (N 1) = = exp {Z / e M dF, (t } (3.3.6)

Then from (3.3.4) we find that
QO z) = )\/ By (z — B)dvy (M 1) (3.3.7)
0

Or if we substitute the value of @;(x) and recall that e(z — t)dvy (t) = dvy(t)
for z > 0,

QA ) = /\/OI /2[1 S —t—2))dv_ (A )dvs(LE), (3.3.8)
where v_ (A, t) = vy (t).
The expression on the right-hand side of (3.3.8) may be transformed by
using
)\/(1 — F(t — 2))dv1(2)
=(A—1v1(0) + /(5(t —2) = AF(t — 2))dvi(z) = va(2),
(1 =Xv1(0) = (1 = Af(0))21(0) = 92(0),
/o va(x — t)dvy (A t) = e(x)
for positive t to obtain
QN x) =e(x) — 02(0)vp (N, z) .

This formula leads to the following expression for Q(/\, w):

OO ) = 1— exp {Z %n /0 " (e _ 1)an($)} . (3.3.9)

Now consider the function

Q1N z,y) = Z/\P{Tm—n%>y} x>0.
k=1
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Extending its definition so that Q1 (A, z,y) = 0 for z < 0, we find similarly to
Eq. (3.3.1) that

Q1N z,y) = A(l—F((x—i—y)—i—))—l—/\/Ql(/\,x—z,y)dF(z), z>0. (3.3.10)

This equation differs from (3.3.1) in its free term. Its solution is given by
(3.3.7) with @, (z — t) replaced by @1(z +y — t). Therefore

O\ a,y) :)\/Ox/[l—F((x—i-y—t—z)—i-)]dv()\,z)dm()\,z). (3.3.11)

(a) Semibounded walks. The zero-one law implies that the sup,, ¢, is finite
either with probability 0 or probability 1. In the latter instance, the random
walk is bounded from above. If P{inf, (,, > —oo} = 1, then the walk is
bounded from below.

Theorem 3.3.6. A random walk is bounded from above if and only if

o0

> %P{Cn >0} < oo. (3.3.12)

n=1

Proof. Formula (3.3.9) is true for complex p with Im p > 0. We replace p in
it by ip with g > 0. This gives

/oo e " dQ(N\,z) =1 —exp {Z %” /00(67#90 - 1)an(x)} :
n=1 0

0

Since Q(A,0—) = 0 by definition and the integrals are over regions that include
zero, the left-hand integral is equal to Q(A, O)+f0°i e~ P*dQ(A, x). This integral
approaches zero as i — oo. Therefore

o — 1
1,\1%1)\ * = I{ryco0}s P{mo <00} =1—exp {—; EP{Cn > 0}} . (3.3.13)

Consider the pairs (79,70), (Tél),vél)), ... defined sequentially as follows: if

To < 00, then Tél) and fy(gl) are the time and size of the first overshoot of

zero by the random walk Q(Lz) = (2) — (2) and so on. It is easy to show
Ty ' +n To

that the distribution of the pair Ték) , (()k), if it is determined under the

condition that (79,7%0), - - -, (Ték_l), 'y(()k_l)) have been specified, coincides with

the distribution of (79,70). Let condition (3.3.12) hold. Then on the basis of
(3.3.13),

P {sup(n < oo} > P{ry) = o0} =exp {— Z %P{QL > O}} >0
n n=1
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and thus P {sup,, ¢, < o0} = 1.

Now let the series in (3.3.12) be divergent. Then P{7y < co} =1 and all
7(8) and ) are well defined, independent and identically distributed and
P{”yék) > 0} = 1. Therefore

P{suan = OO} =P{Zm§k) = oo} =1, %) =9
k=0

n

This follows by the three-series theorem since P{vék) >ct=P{y>c} >0
for some positive ¢ and hence ) P{’yék) > ¢} = o0. O

3.4 Processes with Independent Increments

3.4.1 Definition

Let T C R. A process £(t), t € T, with values in a measurable linear space
(X, B) is called a process with independent increments if for any choice of tg <
t1 < ...<t,in T, the random variables £(t), £(t1) —&(to), - . -, &(tn) —&(tn—1)
with values in X are mutually independent. A linear space X with o-algebra
B is said to be measurable if the mapping of X x X into X, defined by the
sum x + y, is measurable. The difference of two random variables will, also be
a random variable. A random walk with 7' = {0, 1,...} exemplifies a process
with independent increments. We shall concentrate on real-valued processes.
Introduce the characteristic functions f(¢,z) = Eexp{iz{(¢)} and
g(s,t,2) = Eexp{iz(§(t) — &(s))}, t,s € T and s < t. They satisfy the fol-
lowing: 1. f(t,2) = g(s,t,2)f(s,2) for s < t; 2. g(s,u,2) = g(s,t,2)g(t, u, 2)
for s <t < u. The characteristic functions f(t, z) and g(s,t, z) determine the
finite-dimensional distributions of the process. If t; <t < ... < t,, then

E exp {izzmk)} = Bexp {izn(E(tn) — £(tn-1))
k=1

Filzn + 2n1) (€t = Eltn2)) + o i1 o+ z0)E() }
=f(t1,z1+ ...+ 2z0)g(t1,to, 20+ oo+ 25) oo g(En—1, tn, 2n) -
Thus describing processes with independent increments reduces to describing

the above characteristic functions. We shall assume that 7" is Ry. Evidently,
§(0) may be anything. Therefore the problem becomes one of finding g(s, t, z).

(a) Discrete processes with independent increments. Let {ty,k =1,2,...} bea
sequence in R. Let §k+ and £, be two independent sequences of independent
random variables such that the series

S In<né, and Y T anéy
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converge for all ¢t € R, and their sums are independent of the order of the
terms (by analyzing the proof of the three-series theorem, one can convince
oneself that the latter will hold if

> sty (B L <o) + 1EE Tep <) < o) -

The process

E) = In<nbe + > Tn<n&l

has independent increments. A sequence n,, — oo may be selected so that
the process

)= Y Tne<née + Y Tueenél

k<nm k<nm,

converges uniformly with probability 1 as m — oco. To this end, it suffices that
3 / / 1
P sup |£m(t) - gm—i—l(t)‘ > 9 <00
m t<am m

for some sequence a,, T co. The probability being summed can be estimated
using the inequalities in Sect. 3.2.3. If £'(t) is understood to be the limit of
& (t) (€(t) is determined up to modification; see Chap. 4, Sect. 4.1), then
&'(t) is continuous everywhere except at the points tx, k = 1,2,.... In this
connection, & = &'(ty+) — &' (ty) and & = &' (ty) — &' (tx—).

(b) Stochastically continuous processes. A stochastic process £(t) is stochas-
tically continuous at to if £(t,) — &(tp) in probability as t, — to. Let £(t) be
defined for ¢ € [a,b] and stochastically continuous at each point. Then given
any € > 0 and p > 0, there exists a 6 > 0 such that P{|{(¢1) —&(t2)| > e} < p
for [t; —ta] < 0. This property is termed uniform stochastic continuity. If this
were not so, then there would exist two sequences ¢, and ¢ with ¢}, —t!! — 0
such that P{|£(¢)) — €(t)| > €} > p, for some € > 0 and p > 0. With no
loss of generality, we could assume that t!, — to and t!! — to with ¢y € [a, D].
But then &(¢),) — &(to), £(t) — &(to) and so &(t)) — £(t),) — 0 in probability
contradicting the assumption.

(¢) Lévy’s decomposition.

Theorem 3.4.1. Let £(t) be any process with independent increments. There
exists a nonrandom function a(t) such that £(t) = a(t) + &'(t) + &"(t), where
&'(t) and £"(t) are independent processes with independent increments, &'(t)
being discrete and &' (t) being stochastically continuous.

Proof. Let a(t) = tan(E arctan £(t)). Then one can show that the function

q1(s,t,2) = exp{—i(a(t) — a(s))z}g(s,t, 2)
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has right-hand and left-hand limits in s and in ¢. In other words, it has at
most jump discontinuities. If {¢;} are all the discontinuities, then g(t—,tx, 2)
and g(tx, tx+,z) will be characteristic functions of certain variables. These
variables can be defined to be the limits of &(tx) — £(tx — h) and &(t; +
h) — &(tk) in probability as h — 0. Denoting the respective limits by &, and
E:, one can show that they are independent random variables. If £'(¢) is the
discrete process formed from these variables, then &”(t) = &(t) — &'(¢) will
be a stochastically continuous process with independent increments that is
independent of &’(t). O

3.4.2 Stochastically Continuous Processes

Let &(t) be a stochastically continuous process on Ri. Let D, be the set
of all nonnegative binary rational numbers. It can be shown that lim &(t,,)
exists with probability 1 for every monotone decreasing sequence ¢, € D.
Since the process is stochastically continuous, this limit equals £(lim¢,,) with
probability 1. Extending £(¢) from D in the stated way, we arrive at a right-
continuous modification £(t). It has a left-hand limit at each point so that it
will be a process with at most jump discontinuities.

Let z(t) be a numerical-valued function defined on the set T'. We shall say
that x(t) has k e-oscillations if there exist ¢y < t; < ... < ¢} in T such that
|x(t;) — x(ti—1)| > €,4=1,...,k, and no k + 2 points exist with the same
property. The function z(t) has at most jump discontinuities if and only if it
has finitely many e-oscillations for all positive €.

Lemma 3.4.1. Let £(t) be a process with independent increments defined on
Ay ={t1,... ty} with t; < ... <1y, and let P{[£(t,) — E(te)] > S} < a < 3
for all k. If ve is the number of e-oscillations of £(t) on A, then Ev, <
a/(1 - 2a).

Proof. The event {v. > m} implies one of the events

ﬂf;ll{k“(tj) —&(t)| < SIn{I¢(tk) —&(t1)| > 53N {the number of e-oscillations
of £(t) on A, N[tg, 00[> m —1}. These events are mutually exclusive, the last
event in the intersection is independent of the first k events and its probability
does not exceed P{v. > m — 1}. Thus

P{v. 2 m} < Plv. 2 m— )P {suplé(un) - &(0)| > 5 |

(07

SP{I/Eme].}

l—«

(we have made use of Corollary 2 of Sect. 3.2.2). Hence

« m > « m «
P{v.>ml< (-2 Ev. < < .
{Vem}<1—a>’ ngz::l(l—o) = 1-2a
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Applying this lemma, we can say the following. If h is chosen so that
P{|¢(s) — &(t)] > £} < 3 for |s —t| < h and s,t < T, then £(t) has finitely
many e-oscillations on Dy N[0, 7] with probability 1 (since this will hold for
any finite subset of [kh, (k+ 1)h] and the expected number of e-oscillations is
uniformly bounded).

Lemma 3.4.2. Let &.(t) = ngt(g(s) — f(s—))I{‘g(s),g(s,)ba} and fa(t) =
E(t) — &(t). Then &.(t) and &(t) are mutually independent processes with
independent increments.

Proof. Let F; be the o-algebra generated by &(u) — &(s) with s < u < ¢.
For tg < t; < ... < t,, the o-algebras fff,ftt;?...,ff:’l are independent.
Clearly, &.(t) — €.(s) and £_(t) — £.(s) are Ff-measurable. Therefore to com-
plete the proof, it suffices to show that & (t) — &.(s) and £_(t) — £.(s) are
independent. With no loss of generality, we may assume that s = 0 and
£(0) = 0. Let us prove that &.(t) and £_(¢) are independent.

Let tnr = %t. For all ¢ > 0, with the possible exception of
a countable set, & () = limpoo Y pog&nk, where &up = (E(tnr) —
Etnk— ) I{jet )= (tnr_r)>e} and E(t) = limy o0 Y op_y Mk, where 7, =
E(tng) — E(tng—1) — Enk- Therefore

’Eeiugs(t)m;(t) _ Eeiufs(t)Eeivga(t)‘

n

n
_ H Eeivwnktivine _ H Eettnk

k=1

Eezugnkernnk Eezuﬁnk Uk |

M- HM:

|Eeiu§nk 4 Eeivnnk —1— Eeiuénk Eeiv"]nk|

™~
Il
-

n
§ Eelugnk _ |Ee”)"]nk _ 1‘
k=1

(eH&nkFivnnk — giubnk 4 ik 1 gince &, Mk = 0). The last sum is majorized
by

sup |Ee“”’"’“ —1] Z |Ee“‘£"" — 1]
k=1

< 2sup [Eexp{iv(€(tnr) = £(tnr-1)} = 1| > P{IE(tr) — E(tar—1)] > €}
’ k=1

Lemma 3.4.1 can be applied to obtain a bound for the sum that is uniform in
n and the factor in front of the sum approaches zero by the uniform stochastic
continuity of £(t). O
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Corollary. Let 0 < &, < e,.1 < ... < 1. Then & (1),&, (1) —
Ee,  (B)y o &y (t) — &, (t) and &, (t) are independent processes with inde-
pendent increments.

Proof. €. (t) is independent of & (t) and thus also of & (t) —
&, (t),...,&, (), which are expressible in terms of it. This is because
&, (t) — &.,._, (t) is the sum of the jumps in £(¢) that occur up to time ¢ inclu-
sively and their absolute values lie in the interval Jey, e_1]. If £(¢) = &, (2),
then &, (t) = &,.(t) — &, ,(t). This fact can be used to show that

e (1) = &epl 1 (1), &, () — &ep s (B), ..., &, (t) are independent processes for
all values of k. O

Lemma 3.4.3. E(£_(t) — £.(0) and V(E.(t) — £.(0)) emist for any e > 0. A
sequence &, | 0 may be chosen so that for all t the processes &, (t) — &, (0) —
E(&, (t) — &,(0) converge uniformly to a process &y(t) with probability 1.
This process is continuous and has independent increments.

Proof. Assume that £(0) = 0. Let the 7, be the variables introduced in the
proof of Lemma 3.4.2. The symmetrization method and part 2 of Kolmogorov’s
theorem imply that EE_(t) and V() exist. Now, &, (t) = &, (t) — (&, () —
€, (t)) if €2 < €1 and the terms on the right-hand side are independent. Thus
VEL (1) = VE, (1) +V (&, (t) =&, (t) and hence VE_(t) is decreasing together
with . Choose the sequence ¢, so that

S nt[VE, (n) - VE,,, (n)] <

(this is possible because VE_(t) — V& (t) — 0 for all ¢ as € and €’ — 0). Then
by Kolmogorov’s inequality,

P{ sup |gsn+1 (t) - E€€1L+1 (t) + Egefn(t” > 12}
t<n n
S n4V(§_5n+1 (t) - f_en (t)) = n4V€_5n (n) - Vgsn+1 (n)) )

Kolmogorov’s inequality is employed first for values of t = 2%, k <n2™ and
then let m — oo (the processes £_(t) are right-continuous and the supremum
over binary rationals ¢ equals the supremum over all t).

Now apply the Borel-Cantelli lemma: starting with some subscript n,
SUp;<, |§_En+1(t) - Eg‘w + Ef_sn(t) - f_sn(t)| < 1/n% and so the series
Yo (t) — EE, () + EE (t) — &, ()) is uniformly convergent. This
implies the uniform convergence of the sequence &, (t) — E¢., (t) on each fi-
nite interval. Consequently, the limiting process £y(¢) has no jumps greater
than €, no matter what n is. Thus, the process &(¢) is continuous. It has
independent increments, being the limit of such processes, and since &, (t) is
independent of &.(¢) if €, < € the limit &y(¢) will also not depend on &.(t). O
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Corollary. With probability 1, lim,,—, oo &, (t) + E(&, (t) — &, (t))] exists uni-
formly on each bounded interval. If this limit is §'(t), then £(t) = &o(t)+&' (1) +
E¢., (t). The process &' (t) is referred to as the discontinuous part of £(t).

Since &(t) is the limit of random variables with zero expectations and
bounded variances, it follows that E&y(¢t) = 0. The stochastic continuity of
&, (t) and boundedness of E|&., (t)|? imply that EE., (¢) is continuous.

We have obtained a decomposition into a sum of a continuous process with
zero mean, a discontinuous part and a nonrandom continuous function.

3.4.3 Lévy’s Formula

We now find an expression for the characteristic function of a stochastically
continuous process with independent increments. We shall assume that £(0) =
0.

(a) Poisson process. Let &(t) be a process having a finite number of jumps on
each bounded interval. It is constant between discontinuities and each jump
is of size 1. £(t) assumes only nonnegative integer values. Certainly, £(¢) has
a Poisson distribution: there exists a nondecreasing continuous function A(t)
with A(0) = 0 such that

P{c(t) =m} = QO x| (3.4.1)

Let us prove this.

The stochastic continuity implies that po(t) = P{£(¢) = 0} is a continuous
function. Since po(s+1t) = po(s) x P{{(s+t) — &(s) = 0} and the probability
on the right is nonvanishing for ¢ sufficiently small, the set {¢ : po(¢t) = 0} is
both open and closed. But pg(0) = 1 and so this set is empty. The function
A(t) = —Inpg(t) is defined for all ¢, it is nonnegative and continuous and it is
nondecreasing since po(t) is nondecreasing. With this choice of A(¢), formula
(3.4.1) holds for m = 0. Observe that

P{E(t) — £(s) > 0} = 1 — e~ MO
= A(t) = A(s) + O((A(t) = A(5))?), t>s.

If tnr = ¢, then P{supj<, (£(tnr) —&(tnk—1)) < 1} — 1 as n — oo and hence
HZ:l(l - P{g(tnk) - g(tnk—l) > 1}) — L

This last relation implies that
T}L%’;P{g(tnk) —&(tpg—1) > 1} =0. (3.4.2)

For m > 0, it now follows that
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P(E(t) = m} = lim 3" P{E(tu 1) = m — FP{E(tuk) — Eltunr) = 1)
k=1
+0 (Z P{E(tur) = E(tue-1) > 1}) = Jm 3 P{E(tr) =m—1)
k=1 k=1

xP{&(tnrr1) = E(tar) > 1} = Tim (i P{{(tnk—1) =m — 1}>
k=1

n

X[A(tnk41) = Altnr)] + O (Z()\(tnk+l) - (%k))

k=1
:/O P{E(t) = m — 1}dA(t) .

Formula (3.4.1) is obtained from this by induction.

(b) Brownian motion (Wiener process). We now consider a continuous process
&o(t) with independent increments. It is known by the two different names.
Using the fact that P{sup;, |{o(tnk) — &o(tnk—1)] < €} — 1 for every positive
e, one can show that

Tim 3" P{J6o(tnk) — Eoltur—1)| > €} =0 (3.4.3)
k=1

(the derivation of (3.4.3) is analogous to that of (3.4.2)). Let &, — 0 be chosen
so that (3.4.3) holds with e replaced by &,. Then writing

ke = [€o(tnk — §o(bnk—1)L{ €0 (tns—€o(tnr—1]<en} 5

we have

p {fo(t) = 0k # 0} Z {I€o(tnk) — &o(tnk—1)[ > €n} — 0
k=1 =1

and hence

E ¢#®) — lim H Ec® = lim e** 2 Ennk H Eet?(nk—Ennk)

n—00 n—00
k=1

- 22
= nl;ngo exp {zzz Ennk} H <1 — 5V77nk(1 + O(z—:n)>

k=1 k=1
n 22 n
= n11_>ngc exp {zz; Ennr — 5 ;V%k} (1+0(en) + O(m]?XVnnk.)) .

From the existence of the limit, it follows that it has the form exp{iza(t) —
éb(t)}. In other words &(¢) is normally distributed for all ¢ > 0 with mean
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a(t) and variance b(t). Now &y(t) — &o(s) also is normally distributed with
mean a(t) — a(s) and variance b(t) — b(s), ¢ > s. Thus b(t) is nondecreasing
and the stochastic continuity of &y(¢) implies the continuity of a(t) and b(t).

The standard Wiener process (or simply Wiener process) is the process
w(t) for which a(t) = 0 and b(¢t) = t. The process w(t) is continuous with
independent increments and w(0) = 0. For ¢ > 0 and h > 0, the increment
w(t 4+ h) — w(t) is normally distributed with mean 0 and variance h.

(¢) Jump component. Let A be a Borel set in R lying at a positive distance
from the origin. Let £(A,t) denote the sum of the jumps of a process which
happen up to time ¢ inclusively with values lying in A. Let v(A,t) be the
number of such jumps. Then as functions of ¢, both processes are stochas-
tically continuous with independent increments. The process v(A,t) is Pois-
son. Put II(t, A) = Ev(A,t). II(t, A) is a nondecreasing continuous function
of t and a measure with respect to A. If Ay, As,..., A, are pairwise dis-
joint, then the processes £(A1,t),&(As,t),...,&(Ap,t) are independent (this
is proved in exactly the same way as Lemma 3.4.2 and its Corollary). Hence,
v(A1,t),v(As,t),...,v(A,,t) are also independent. Let A be a bounded closed
interval not containing the origin. Let A = UZ:1 Apk, where the A,,; are pair-
wise disjoint and maxy diam A, — 0 as n — oo, and x,; € A,k. Then

E(A, t) = nll_}rl;o Z mnkl/(Anky t) P

and

n—0o0

Ee#¢(A1) — lim H exp{(e”*ms — )T (t, Ank)}
k=1

= exp {/A(em - I)H(t,d:c)} : (3.4.4)

(We have made use of the fact that the characteristic function of a Poisson
distribution with parameter a is exp{a(e** — 1)}.) Differentiating (3.4.4) and
setting z = 0, we find that

E{(A,t):/ xII(t,dx)

A

and

VE(A L) = / 2211 (t, dx)

A

Therefore

E[E, ()~ &, (0] = | 21(t, do),

en<|z|<en—1

and

V{Eo, () — o, (1)) = / Pt dz)

5n<|$|gen—l
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(d) General form of a characteristic function. By the uniform boundedness

of VI&, (t) — &, ()],
/ 2?11 (t,dx) < oo
0<|z|<er

for all positive 1. Let e;1 = 1. Lemma 3.4.3 and its Corollary may be utilized
to obtain the following formula for the characteristic function of £(t):

Ec'*¢(®) = exp {iza(t) - ;ZQb(t)} +/ (e = 1)II(t, dx)
|z|>1

+ /z|<1(6”x — 1 —dza)II(t;dx) . (3.4.5)

This is Lévy’s formula. The characteristic function for an increment in the
process can be deduced from (3.4.5) by way of division. Thus, we have proved
the following.

Theorem 3.4.2. Let £(t) be a stochastically continuous process with indepen-
dent increments and £(0) = 0. There exist (i) a continuous function a(t),
(#7) a nondecreasing continuous function b(t), (iii) a function I1(t, A), which
is a o-finite measure on A satisfying [(2*/(1 + 2?)II(t,dz) < oo and non-
decreasing and continuous in t for A bounded away from 0, such that (3.4.5)
holds.

Remark. A process £(t),t € Ry, is said to have stationary independent in-
crements if £(0) = 0 and the distribution of {(t + h) — £(t) is independent
of ¢ for all positive h. For this process, the functions a(t), b(¢t) and I1(¢, A) in
(3.4.5) are proportional to ¢. Therefore there exist positive a and b and a mea-
sure II(dz) satisfying [2?/(1 4 2?)II(dz) < oo such that the characteristic
function of £(t) is expressible in the form

. b )
Ee'#®) = exp {t [iaz - 522 + /(em’ —1- isz{w|§1})H(dz:)] } . (3.4.6)

3.5 Product Measures

3.5.1 Definition

Let (X,,B,),n = 1,2,..., be a sequence of measurable spaces and let p,
be a probability measure on B,,. The product of the measures u,, denoted
by p = X3, is called the product measure. It is defined on the product
Hff’:l X, of the spaces with the o-algebra ®72,B,,. The latter is the smallest
o-algebra containing the cylinder sets of the form C = {(z1,22,...) : 1 €
A1, ...,z € Ag} with A; € B;. In addition,
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1(C) = (A1) - . p(Ap) - (3.5.1)

The existence of a product measure, that is, a measure satisfying (3.5.1)
for all k and A; € B; with identical (X, B,), follows by Kolmogorov’s theo-
rem, which carries over to this case with slight changes. To consider a product
measure is equivalent to considering a sequence of independent random ele-
ments &,(w) assuming values in the respective spaces (X, B,). Of interest
is a probability measure in a measurable space (Y,C) for which there exists
a measurable mapping of (Y,C) into ([ ~; X,,®52,B,) which carries that
measure into a product measure.

(a) Gaussian measures. Consider a Gaussian measure in a separable Hilbert
space (H, By). This is a measure which is specified by the characteristic func-
tional ¢(z) = exp{i(a,z) — 1(Bz,2)}, where a € H and B is a kernel operator
from H to H. Let a; be a sequence in H and consider the mapping from H
to R defined by z — ((z,a1), (z,a2),...). If z is a random variable with the
distribution p, then the joint distribution of the variables (z,a1),..., (x,ay)
is given by their joint characteristic function

/exp {iZsk(:r,ak)} w(dx)

k=1
n

1 n
= exp zZskaak 52%81 Bag,a;) p s € R.
k=1

From this formula, it follows that (x,a;),(z,as2),... are independent if
B(ag,a;) =0 for k # 1. This is possible to have, for instance, by choosing the
a’s to be eigenvectors of the operator B. This choice is not unique since any
sequence may be orthogonalized by the Gram- Schmidt process with (Bz,y)
viewed as the inner product. With such a choice of a, the specified mapping
(it is linear) sends p into a product measure on R*. It is expressible in the
form X2, pn, where u, is a Gaussian measure on R with mean (ay,, a,) and
variance (Bay, ap).

3.5.2 Absolute Continuity and Singularity of Measures

Let p and v be two given measures on a measurable space (X, B) (only the
case of finite measures will be of interest to us). The measure v is said to be
absolutely continuous with respect to p if v(A) = 0 for all A € B for which
p1(A) = 0. A measure v is singular with respect to u (in which case py is also
singular with respect to v) if a set S € B exists such that u(S) = 0 and
v(X \ S) = 0. The following is a well-known result of measure theory.

Radon-Nikodym Theorem. If v is absolutely continuous with respect to u,

then there exists a B-measurable p-integrable function f(x) such that for all
A€ B,
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— [ fauldo): (35.2)
A

the representation (3.5.2) is sufficient for v to be absolutely continuous with
respect to p.

The function f is called the density of v or derivative of v with respect to
w1 and is denoted by d—”( ). If f > 0 almost everywhere with respect to y, then
w is also absolutely continuous with respect to v and d‘; = 1. The measures
v and p are then said to be equivalent. The relation (3.5.2) is equivalent to

the following:
/mmwmo:/éwvwmwm (3.53)

with g(x) any bounded measurable function. The notation v < p is used if
v is absolutely continuous with respect to g and v L p if the measures are
mutually singular (they are then also called orthogonal).

If pu, and v are any finite measures on B, then the following representation
always holds:

/f p(dz) +v(ANS), (3.5.4)

where f is integrable with respect to u and p(S) = 0. The function f is again
called the derivative of v with respect to p and is denoted by . The rep-
resentation (3.5.4) gives a decomposition of v into an absolutely contlnuous
component and a singular component with respect to p (the Jordan decom-
position).

3.5.3 Kakutani’s Theorem

Let X = X1 X Xo,B=08B1® By, it = p1 X po, and v = v1 X vy, where p; and
v; are measures on B;. In order for v < p, it is necessary and sufficient that
v; < i with

dv dl/ du
—(z1,22) = = (x1) > (22), m €X; .
dp dy, H2 ' '
This statement is a simple consequence of Fubini’s theorem and formula (3.5.3)
with g(x) the function g(z1, z2) = g(x1)g(x2) and the fact that such functions
form a complete set. The above statement clearly carries over to any finite
number of factors. Kakutani’s theorem concerns two infinite products of mea-
sures, that is, product measures.

Kakutani’s Theorem. Given measures p = X ji, and v = X~ v, on
(Hzozl Xn, ®521B,) with py, and v, probability measures on B,,. In order for
v & 1, it is necessary and sufficient that the following two conditions hold:
(a) vp < pin, for all n and

(b) the numerical infinite product
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o dv,, 1/2
d 5.
I/ (5e) 359

should converge.

Proof. The necessity of (a) follows because for every n, the measure u may be
expressed as the product of uy X ... X p, and ﬂ;o:nﬂ i The same is true
forv. f v < p, then 80 is vy X vg X ... X vy K 1 X 2 ... X fiy. (b) Let v < p.
Then for all n,

dv B % dv,

@(1‘171‘2, .. ) = d‘ul (l‘l) - an+1($n+1, .. ) ,
where
d X Vi
k=n-+1
Pt (Tasts ) = L ().
d X g
k=n-+1

It is easy to show that [ pp41(Tnt1,...)du =1 and that Um ppiq1(znt1,...)
n—oo

exists almost everywhere with respect to p and is a constant by virtue of the
zero-one law. Therefore

FIRES | - ChE (3.5.6)

1/2
The integral [ (g—:(azl,...)> dp coincides with limy, o [ (%(ml)

1/2
g:: (xn)) du, ..., du, and so with (3.5.5) (taking the limit under the inte-

gral sign is permissible because the integral of the limiting integrand squared
equals 1). The necessity of the hypotheses of the theorem has been proved.

Sufficiency. Suppose that we can establish the p-convergence of the infinite
product on the right-hand side of (3.5.6) and the relation

lim/ 11 %(xk)duzl. (3.5.7)

— d
e k=n-+1 ok

Then if g(x1,...,x,,) is any bounded measurable function, we obtain
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duy,
/g(xla ~7xm) d k (xk)du
1 Wk
m dV )
— [ gtaren) [T s di
i1 Gk
dl/k dl/}C 00
/ H (Tr)dpm+1 - - / H d (X jZpg1itk)
k= TYL-I—l k= n—i—l
/ (x T )dyy .. dy, / H dyk
1y-- TYL 1- m
k=n-+1 d'uk
Letting n — oo, we find that
= dv,
/g(ﬂcl, ey Tm) H ﬁ(xk)d,u = /g(ml, e T )dyy - dugy,
k=1

= /g(ml,...,xm)dy,

that is, the right-hand side of (3.5.6) equals —”

dvy,

We now show that [, ( i (Jin)) : converges in the mean-square. Let
m < n. Then

(L ()1 ()

k=1 k=1
de L de . dl/k 1/2
= [ 1] =) (14— Il @) -2 ] ((u)) dp
/k_ld km+1d'uk =1 \HE
n d 1/2
=22 [] /(d”’“(a;k)> dp— 0
k=m+1 Hk

as n and m — oo. By Fatou’s lemma,

/H a:kdu<hm/ H dyk (z)dp <1,

k= m+1 n=m-+1

and by Cauchy’s inequality,

[0 e (] 1 (500) o)
<L (/ () o)

k=m+1

2
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and the expression on the right approaches 1 as m — oo. The last equality
: _ - , 1/2
follows because the integral of the functions [[,Z, ., (gﬂi (xk)) squared
with respect to p equals 1. Therefore these functions are uniformly integrable
and so taking the limit under the integral sign is permissible. The sufficiency
of (3.5.7) has been established and thus the right-hand side of (3.5.6) equals
dv O
m
3.5.4 Absolute Continuity of Gaussian Product Measures

For all n, let X;,, = R and B,, = Br and let p,, and v, be Gaussian measures
with means a,, and a,, and variances b,, and b,,. Then

dv,, (2) b, . 22 /1 1 n a, Qn vt a% d%
= =— €X —_— —_— = = = — —_— — == .
dpin B P12 \b By by b 2b,  2b,
Integration yields
v, 1/2 2b1/2 1/2 (an — i)
/<dun( )) : (bn+bn p{ 4(bn+bn)}

1/2
The product []>7, [ (;{Z) dy, is convergent if and only if

2

oo T 2 o0 ~
Z(b"b_b”> < 00, Zi(a”;a") <o00.
n o n

Let &t and 7 be Gaussian measures in H with charactistic functionals
1 .
o(z) = exp {i(mz) - 2(Bz7z)} , plz) = exp{ (a,z — (Bz,z)} .

Choose a sequence of vectors ¢, € H such that (Bey,¢;) = 0 and (Bey, ¢;) = 0
for k # j. Then the mapping © — ((z,c1), (z,c2),...) sends H into R* and
i and v into Gaussian product measures p = Xzozlun and v = Xzozlun;
tn, has mean (c,,a) and variance (Bey, ¢,), vy, has mean (¢, a) and variance
(Ben, ¢,) and v < p if

00 ~
(BCn, Cn) _ (BC»,L, Cn —a C,L
Z ( (Bcy, ¢n) < o, Z (Be <oo. (3.5.8)

n=1 nH Cn

The next result is a consequence of these two conditions and the fact that
v < p if and only if 7 < fi.

Theorem. v < i if and only zf there exists a symmetmc Hilbert-Schmidt
operator D such that B — B = B:DB? and a —a = Bd withd € H.

Deriving these conditions from (3.5.8) is a purely technical matter.



4

General Theory of Stochastic Processes
and Random Functions

4.1 Regular Modifications

Let (£2, F,P) be a probability space, © a parameter set and (X, B) a measur-
able space. Consider a random function z(f,w) defined on @ with values in
(X,B). If *(0,w) is another such function such that

P{z*(0,w) =2(0,w)} =1, 0€0O,

then 2* (0, w) and x (0, w) are said to be stochastically equivalent. One also says
that 2*(0,w) and z(f,w) are modifications of each other (or modifications of
one and the same process). From the second standpoint, a random variable is
a class of functions {¢(w)} with any two of its representatives & (w) and &2 (w)
satisfying P{&; (w) = &(w)} = 1. When viewed as functions of 8, modifications
may be essentially different.

Example. Suppose that © = R, 7 is a random variable in R with absolutely
continuous distribution and A is a Borel set in R of Lebesgue measure 0.
Define & (t) = Ia(t — 7) and &(t) = 0. Then P{&;(¢) = 0} = 1 and thus & (¢)
and &5 (t) are stochastically equivalent. But £(t) is a continuous process with
P{sup, & (t) = 0} = 1, while & (¢) has points of discontinuity, the boundary
A’ of A (possibly R), and P{sup, £ (¢t) = 1} = 1 providing A is not empty.

The second process is obviously a more natural modification (for instance,
it is continuous). The question arises at to whether a given random function
has a modification that possesses pre-assigned regularity properties (continu-
ity, monotonicity, at most jump discontinuities, differentiability and so on).
A reasonable way to answer the question is in terms of the finite-dimensional
distributions of the process. We now make the statement of the problem more
precise.

Let X% be the space of all functions from © to X, C(X,©) the cylinder
o-algebra of subsets of this set, and F" some subset of regular functions of
X% Given a consistent family of finite-dimensional distribution functions,
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construct with respect to them a probability measure p on C(X, ©) (as in the
proof of Kolmogorov’s theorem; see p. 49). If F" € C(X,©), then one may
speak of the probability that a random function is regular. This is u(F").
However, for the interesting regularity properties (continuity, at most jump
discontinuities, boundedness and so on), the corresponding set F" does not
belong to C(X, ©). This is because C(X, ©) contains those sets for which the
values of the functions on a countable subset of @ determine if they belong to
C(X,©) (continuity of a function, for example, cannot be determined from its
values on a countable set). What is of interest is this: When does there exist
a modification z*(f,w) of a random function such that z*(6,w) € F" for all
w? Such a modification will be called an F"-modification. The answer to the
question must only utilize the measure 1 and the set F.
Let * be the outer measure formed from p: For all F' € X?,

pr(F) = inf > u(Cy),

U CyDF
where the C}’s are cylinder sets in C(X, ©).

Theorem 4.1.1. There exists an F"-modification with finite-dimensional dis-
tributions generating p if and only if w*(F") = 1.

Proof. Assume that such a modification z*(6,w) exists. Then
Pz*(f,w) e C) =1

for every C' € C(X,0) such that C D F". Thus p*(F") = 1. Now assume
that this condition holds. Let C" be the o-algebra of subsets of F" of the
form F = CNF" with C € C(X,0). If C; N F" = CyN F", then [(Cy \
Cg) U (CQ \ Cl)] NF" = @ and therefore [L[(Ol \ Cg) U (02 \ Cl)] =0 (the
condition p*(F") = 1 entails that pu(C) = 0 for all C such that C N F" = {).)
Therefore pu(Cy) = pu(Cz). Consequently, a measure can be introduced on
C": w(F) =p(C)if F=CnNEF". If we view (F",C", 1) as the probability
space and we put z*(0,w) = @(0) with @(f) € F", then we obtain an F’-
modification on this specific probability space. a

4.1.1 Separable Random Functions

Doob proposed a procedure for selecting regular modifications. Let © be a
separable topological space, A a denumerable everywhere dense subset of ©
and X a topological space. Consider any open U C © and closed FF C X. A
function z(0) from © to X is said to be A-separable if z(0) € F for § € U
when z(0) € F for 6 € U N A.

A random function z(f,w) with phase space X defined on a probability
space ({2, F,P) is said to be A-separable if there exists an S € F with P(S) =
0 such that
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N {w:z0,w) e F}\ [{w:z(0,w)e F}C S (4.1.1)

0cUNA 0cU

for all open U C © and closed F' C X. In that case, if w € 2\ S, the function
z(-,w) will be A-separable.

If X is a complete separable metric space with metric r(-,-) and x(6) is a
A-separable function, then

1. x(@) is uniformly continuous on a closed subset ©; of © if and only if z(6)
is uniformly continuous on ©1 N 4;

2. z(0) is bounded if and only if it is bounded on 4;

3. if © is an interval of the line, then z(f) has at most jump discontinuities.

If z(0) has finitely many e-oscillations on A for each ¢ > 0, this means that
to any € > 0 there exists a k such that for n > k,

inf[r(x(60;),z(0;+1)),i=0,1,...,n—1] <e

for any choice of 8y < 0, < ... <6, in A.
The following theorem was proved by Doob.

Theorem 4.1.2. If © is a separable metric space and X is a compact space,
then to every random function there exists a separable modification. That is,
there is a denumerable dense subset A of @ for which a A-separable modifica-
tion exists.

The proof relies on the following considerations. It is sufficient that re-
lation (4.1.1) hold for a denumerable family of open sets U, C © (forming
an open base in ©) and a denumerable family of closed sets Fj, C X (whose
complements form an open base in X).

If to each pair k,m, we can construct a set Ay, such that

P ﬂ {w:z"(0,w) € Fi} \ ﬂ {w:z"(O,w) e F,, | =0, (4.1.2)

0cUrNAk, m 0cUy

where z* is some modification of z, and if we take A = J,, ,,, Ar,m and

S=U ﬂ {w:z"(0,w) € Fin} \ ﬂ {w:z"(0,w) € Fi} |
k,m \O€ULNAg m 60U}
(4.1.3)
then we can show that P(S) = 0.
The problem now reduces to constructing sets Ay ,, so that (4.1.2) holds
and finding the modification x* itself.

Lemma. To any Uy and F,,, it is possible to form sets Ay, so that for all
0 € Uy,

P{z(0,w) € F,,, 0 € Ay, z(0) ¢ F,,} =0.
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Proof. Assuming that 61,05, ..., 0, have already been selected, choose 6,11 €
U, so that

P{z(0;,w) € F,,i=1,2,...,n,2(0p11,w) ¢ F,,}

1
> - sup P{x(@l,w) € Fp,i= 1,n,m(9,w) ¢ Fm} :
20€U)€

The sum of the probabilities on the left converges since it involves the prob-
abilities of mutually exclusive events. Therefore its general term approaches
zero. On putting Ay, = {61,062, ...}, we can complete the proof of the lemma.

We now form the required modification. Let Ay = J,, Ak,m and Dy (w) be
the closure of {x(6,w),0 € A} (it depends on w). Put D?(w) = Nu,50 Dr(w).
This set is nonempty since X is a compact space. Let z*(0,w) = z(0,w) if
2(6,w) € DY(w) and let 2*(0,w) € D?(w) be chosen arbitrarily if (0, w) ¢ D?.
This then is the required modification. a

4.1.2 Continuous Stochastic Processes

Now consider the case of a stochastic process x(t,w) defined on a subset T' of
R with values in a complete separable metric space X. If it has a continuous
modification, then we shall simply say that it is continuous. To prove the
continuity of a process on 7', it suffices to show that it is uniformly continuous
on a denumerable dense subset Ty of T, that is,

P ¢ lim sup r(z(t,w), z(te,w)) =0p =1. (4.1.4)
0204 theTy, [t1—t2]|<6
In that case,

li t =zt
t,eTi{g,%w( ,w) =" (t,w)

exists with probability 1 for all t € T and 2* (¢, w) is a continuous modification.

Theorem 4.1.3 (Kolmogorov). Let T = [0,1] and suppose that there exist
positive o, B and k such that

E(r(z(t;,w), z(ta, w))? < K|ty -t (4.1.5)
Then x(t,w) is a continuous process.

Proof. Let Ty be the set of binary rational numbers. Let us show that z(¢,w)
is uniformly continuous on 7. Put

(= (5r) = ()
= sup r|lz|—w],z|—,w .
= 2h on on
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Then for 0 < a < 1,
> i i1
P{n, >a"} < ;P{T (1‘ (2"’“) ,\ T <2n,w>> >a"}
PRV i i1
<X 5 (+ (34) » (5+))

1 1 \"
< on. 72—n(1+o¢) _ )
- anb aPB2e

Now choose a > 27%/#. Then S P{n, > a"} < oo and so 7, < a” for n
sufficiently large by the Borel-Cantelli lemma. It remains to observe that if
t1 = i/2™, |t; — ta] < 1/2™, ty = k/2™, n > m, then r(z(t;,w), x(t2,w)) <
Dm+1 + -« - + 1. Therefore r(z(t1,w), z(t2,w)) < 2 Zf:mﬂ 7k for any ¢; and
ty in Ty where m is such that 1/2™ > |ty —t1] > 1/2™F1. The theorem follows
from this last statement. O

4.1.3 Processes With at Most Jump Discontinuities

Consider again a stochastic process on [0,1] with phase space X which is
a complete separable metric space. A stochastic process z(t,w) has at most
jump discontinuities if

lim  z(t,w), lim  z(t,w),
1, t€Ty tLt, t'€Ty
exist on a dense set Ty for almost all w. These limits will be denoted hereafter
by z(t—,w) and z(t+,w). In that case, if we put z*(t,w) = z(t—,w) when
the process is stochastically left-continuous at ¢, z*(t,w) = x(t+,w) when
stochastically right-continuous at ¢ (but not from the left) and z*(t,w) =
x(t,w) if there is no stochastic continuity from the left or right, we arrive at a
modification of z(¢,w) with at most jump discontinuities. It exists if and only
if (¢, w) has finitely many e-oscillations on Ty with probability 1.

Theorem 4.1.4. The process x(t,w) has at most jump discontinuities with
probability 1 if

E[r(z(t1,w), #(ta, w))r(z(ta, w), 2(ts, w))]” < klts — t1]'
for some o > 0,8 >0,k >0 and t; < ta < t3.

Proof. We have
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ol (5o (2D (o)
< EZ:P {7’ <x (i;nl,w> , T (;n,w>> AT (m <2in7w> T (z;l,w>> > a”}
Erl (5o () (5 () =)

1 1+«
< ka= ( > M < ki (2%2P), k= k- 21t

2n—1

If 24a?? > 1 with a < 1, then

()5 e () ()

for all n sufficiently large by virtue of the Borel-Cantelli lemma. It can be
shown that if there is a function z(t) satisfying

(e (%) () e (0 () # (55)) =

for n > ng and a < 1, then it has finitely many e-oscillations for all positive
€. The theorem follows from this. a

A second theorem makes use of conditional distributions.
Let x(t,w) be a process on [0, 1] with values in X. Let F; be the o-algebra
generated by z(s,w), s < t.

Theorem 4.1.5. Suppose that there exists a function p.(h)] 0 as h]0 such
that

P{r(z(t + h,w),z(t,w)) > e|F} < pe(h)

with probability 1 for any € > 0 and all t € [0,1]. Then z(t,w) has at most
Jump discontinuities.

Proof. Similarly to the proof of Lemma 3.4.1 on p. 80, an upper bound for
the expected number of e-oscillations v, of the sequence z(t1,w), ..., z(t,,w)
with ¢, —t; < h and @ /4(h) < 1/2 is Eve < @e/4(h)/(1 — 2. /4(h)). This
implies that the number of e-oscillations of x(¢,w) is finite on any countable
subset Ty of [0,1].

4.1.4 Markov Processes

Let (X, B) be a measurable space and T C R. A stochastic process z(t,w)
with phase space (X, B) defined on T is said to be a Markov process if and
there exists a function P(s,z,t, E) defined for z € X, F € B, and s < t with
s and t € T such that



4.1 Regular Modifications 99

1. it is a probability measure with respect to £ and B-measurable in z,
2. the Chapman-Kolmogorov equation holds: for s < t < w, with s, t, and
u €T,

P(s,z,u,E) = /P(t,y,u,E)P(s,x,t,dy) , (4.1.6)

3. if F; is the o-algebra generated by z(s,w), s € T, s < ¢, then
P(z(u,w) € E|F}) = P(t,z(t,w),u, E) (4.1.7)
for t and u € T, t < u, with probability 1

P(s,x,t, E) is called the transition probability of the process. It determines
the conditional finite-dimensional distributions of the process. If tg < t; <
. <tp,witht; €T, and Ey,...,E, € B, then

{ (t1) € En,...,x(ty) € En |x(t0)}
/ /Pto, (to),t1,dx1) ... P(tn—1,Tp—1,tn,dx,) . (4.1.8)
E,

This formula results by applying (4.1.7) repeatedly. If T has a smallest (ini-
tial) point tg, then to specify the finite-dimensional distributions of a Markov
process, it suffices to give the distribution of x(ty) (the initial distribution)
and the transition probability. Markov processes describe the evolution of
dynamic systems undergoing independent random perturbations at different
moments of time.

Theorem 4.1.5 leads to a condition for a Markov process to have at most
jump discontinuities.

Theorem 4.1.6. Suppose that X is a complete separable metric space and
=[0,1]. Let S,(x) be the ball of radius p centered at x. Put
@P(h) = sup sup P<S7.'I},t,X \ Sp(l')) :

rxeX 0<t—s<h
t,s€[0,1]

If 0,(04) = 0 for all p > 0, then the Markov process x(t,w) has at most jump
discontinuities.

This is a consequence of Theorem 4.1.5 and formula (4.1.7).

Corollary. A stochastically continuous process with independent increments
i a separable Banach space X has at most jump discontinuities.

For, if z(t,w) is such a process, then it is a Markov process with transition
probability P(s,z,t, E) = P{z(t,w) — z(s,w) + = € E}. Hence, P(s,z,t, X \
Sy(z)) = P{|z(t,w) — x(s,w)| > p} (| - | is the norm in X') and so

eolh) = swp P{la(t,w) — o(s,w)| > p} .

0<t—s<h
t,s€[0,1]

It remains to observe that stochastic continuity implies uniform stochastic
continuity.
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4.2 Measurability

Let (©,C) and (X, B) be two measurable spaces and let (£2, F,P) be a prob-
ability space. A random function z(6,w) defined on © with phase space X is
said to be measurable if the mapping z(0,w) : © x 2 — X is measurable with
respect to C®F. In other words, {(6,w) € O x 2 : 2(0,w) € B} € C®F for all
B € B. If random function z(#,w) is measurable, then z(f,w) is measurable
with respect to the o-algebra C for all w € £2. If g(x) is a bounded measurable
scalar function and v is a measure on C, then [ g(z(6,w))r(df) is defined for
all w. It is an F-measurable (random) variable and

E / o(2(0, w))w(d8) = / Eg(2(0,w))v(d0) . (4.2.1)

All of these statements are consequences of Fubini’s theorem.

4.2.1 Existence of a Measurable Modification

We shall assume that the o-algebras B in X and C in © are countably gen-
erated. Let x(f,w) be a random function and let g(z) be a B-measurable
function from X to [0, 1]. We shall say that x(0,w) is countably generated if
the space of random variables of the form 7 = g(x(0,w)), 8 € ©, with the
metric

r(n1,m2) = Elm — 2|, (4.2.2)

is separable.
A measurable space (X, B) is called a Borel space if it is separable and
metric, it is a Borel subset of its completion and B is its Borel o-algebra.

Theorem 4.2.1. In order for a random function x(0,w) to have a measurable
modification, it is necessary and, if (X, B) is a Borel space, also sufficient that
the following conditions hold: (a) x(6,w) is countably generated and (b) for
any choice of By and By € B and 0 and § € ©, the numerical function

P{z(0,w) € By,z(0,w) € By} = Elp, (2(0,w))Ip,(x(0,w))
is C-measurable with respect to 6.

Necessity. That (b) is necessary follows from Fubini’s theorem and the mea-
surability of the function Iz (x(6,w)). To prove the necessity of (a), it suffices
to show that if 2(0,w) is measurable, then I (x(0,w)) is countably generated
for any choice of B € B. Since {(f,w) : z(f,w) € B} € C ® B, there are
sequences of sets Cy € C and Ay € F for which that set belongs to the o-
algebra generated by the rectangles Cj, x Ay, k > 1. Then the closure of the
set of random variables {I4, (w)} in the metric r contains all of the variables
{Ip(z(0,w)),0 € O}, which means Ig(z(f,w)) is countably generated.
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Sufficiency. A Borel space may be mapped into [0,1] in one-one fashion by
a Borel function. Therefore z(f,w) may be assumed to take values in [0, 1]
(with Bpg 1) the o-algebra of Borel sets). Let H be the closure in Lo (2, P) of
the linear span of the variables Ip(x(6,w)), with B € Byg,1;. H is a separable
Hilbert space and z(6,w) is a measurable function with values in H. To such
a function, there exists a sequence of simple H-valued functions

w) = &uw)lc,, (9), CueC
k

such that x,(0,w) converges to x(f,w) in H for all 6, that is,
E|z,(0,w) — z(0,w)|* = 0.

The function A\, (0) = E|z,(0,w) — 2(0,w)|? is measurable.
Define the measurable functions

nm(0) = inf{k : \p(0) < 27™},
xm(&w) = xnm(G) (97 W) = Zn Zk gnk(W) Chnk (G)I{nm (9) 71}
Since E|Z,,(0,w) — z(0,w)|> < 27™, it follows that

ZP{|;%m(97w) —z(0,w)| >} < 2522_7" < oo (4.2.3)

for all # and positive € and so Z,,(0,w) — z(6,w) — 0 with probability 1.
Putting 2* (0, w) = lim &,, (0, w) if the limit exists, and 2* (0, w) = 0 otherwise,
we obtain our required modification. a

4.2.2 Mean-Square Integration

Let © be a compact metric space and m a finite measure on C. Assume
further that z(6,w) is a random function defined on © taking values in R and
that E|z(0,w)|? < oo for all § € ©. Write a(f) = Ez(0,w) and R(0y,0,) =
Ez(01,w)x(b2,w) — a(61)a(f2). They are the mean and covariance function of
2(0,w). We are interested in conditions under which the Riemann sums

= 2(0k, w)m(Cy) (4.2.4)
k=1

have a limit in the mean square as maxy diam Cy — 0, where C; N C; = ()
for i # j, U, Ci = O, 0, € Cy, and C; € C, and it must be independent
of the choice of 0, and Cj. If this limit exists, then it is natural to call it
the Riemann mean-square integral of (6, w) with respect to the measure
m(df). The integral will also be denoted by [, 2(6,w)m(df) (like an ordinary
integral). Observe that the integral sums (4.2.4) coincide with probability 1
for different modifications. Therefore the values of the integrals of different
modifications are the same with probability 1. It is shown below that the
Riemann mean-square integral of a measurable modification coincides with
its ordinary one.
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Theorem 4.2.2. A random function is mean-square Riemann integrable if
and only if a(0) is Riemann integrable with respect to the measure m(df) and
R(61,02) is Riemann integrable with respect to the measure m(df)m(d6fs).

Proof. This theorem is a consequence of the fact that the partial sums S,
converge in the mean-square if and only if the following limits exist:
lim ES,, lim ES,.S,. ,

n—oo
m— oo

ES,, is the Riemann sum for a(f) with respect to m(df) and ES,S,, is the
Riemann sum for R(61,63) + a(f1)a(f2) with respect to m(df;)m(dfz). O

Corollary. If x(0,w) is Riemann mean-square integrable, then the functions
a(f) and R(01,02) are continuous almost everywhere with respect to the re-
spective measures m(df) and m(df;)m(dbs).

Theorem 4.2.3. Suppose that x(0,w) is a measurable function that is Rie-
mann mean-square integrable. Then the Riemann integral [ x(6,w)m(df) co-
incides with the ordinary integral.

Proof. The Riemann integrability of a(f) and R(6;,62) implies that they are
bounded and thus

E/|x(9,w)\m(d0) :/E|x(9,w)|m(d9)

(the integral here is Lebesgue and we have made use of Fubini’s theorem).
Therefore [ (0, w)m(df) exists with probability 1. Using the Riemann inte-
grability and that Riemann integrable (nonrandom) functions have coinciding
Riemann and Lebesgue integrals, we can show that

lim ES? = ( / a(e)m<d9))2 + / / R(01,02)m(d6: )m(doy),

lim ES,, [ z(0,w)m(df)

n—oo

= lim l/a(@)m(d@)Za(@k)m(Ck)—i—/ZR(G,Hk)m(Ck)m(dﬂ)}

k=1 k=1
- ( / a(G)m(d9)>2 + / / R(0',0")ym(d6")m(dp") .
Therefore
lim E (Sn - / a:(9,w)m(d€))2

= lim ES? — 2 lim Esn/:c(a,w)m(do) +E (/x(e,w)m(d0)>2 =0.

n—oo n— oo
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4.2.3 Expansion of a Random Function in an Orthogonal Series

Let (©,C) be the same as in the preceding section and let the random function
2(0,w) be continuous in the mean-square:

lim E|z(0,w) — 2(p,w)|* =0, V€O .
9—)90

Then the mean a(f) and covariance function R(6;,62) are continuous. There-
fore 2(f,w) is Riemann mean-square integrable. If fi(z) and fo(x) are any
bounded continuous functions, then E(f1(x(01,w) X f2(x(6,w)) is continuous
in #; and 65 and so it is measurable in 85 for all 8;. The set F of functions
for which such measurability holds is closed under bounded convergence (a
sequence g, converges boundedly to g if sup,, ,, [g,(z)| < oo and g, () — g(x)
for all ). Thus F contains all bounded Borel functions and particularly the
indicator functions of Borel sets. Thus, by virtue of Theorem 4.2.1, z(0,w)
has a measurable modification. We shall view it as z(0,w) itself .

Let L2(©,m) be the space of numerical C-measurable functions g(z) such
that [ g2(6)m(df) < oo. It is a Hilbert space with the inner product (g1, g2) =
[ 91(0)g2(8)m(dh). Since

/ E22(0,w)m(df) = B / 22(0,w)m(df) < oo |

z(-,w) € La(O,m) for almost all w. If {gr(#)} is an orthonormal basis in
L2(©,m), then every h(f) € L2(©,m) can be represented as

h6) = 3" angn(®). ax = [ hO)gr(O)m(do). (42,5)
Therefore
2(0,0) = Y 6)n0), () = [ al6.0)guOmds) . (1.20)

The series (4.2.5) and (4.2.6) converge in Ly(6,m) (the second one for almost
all w). Since by Parseval’s equality,

Zé,%(w) = /x2(9,w)m(d9) and E/x2(97w)m(d9) < o0,
k=1
it follows that
Z E&(w) < 00 .
k=1

Consequently
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n

2(0,w) =D &r(w)gr(0)

lim
n—oo

m(df) = lim_ > E&(w)=0.

k=n+1

Thus the series (4.2.6) converges in L2(©,m) in the mean-square.

Let a(g) = 0. The integral operator Rg() = [ R(6,0")g(0")m(d¢’) is com-
pletely continuous, symmetric and nonnegative in Lo(@,m). Let {pr} be a
complete orthogonal system of its eigenfunctions. Then

=Y meanl0), m= [ a(6.0)on(Omlad)

and the n;’s are uncorrelated. Namely, for k # [,
Enin =B [ [ o(0,0)2(6' ) 0)1(6m(@8)m(d0)
~ [[ 7O.#)00000 () m(as)
i [ on®)O)mas) =
Ak in this is the eigenvalue of R corresponding to to the eigenfunction .
In addition, Ay > 0 and Y A\, = [ R(,60)m(df). In particular, if z(0,w) is a
Gaussian random function, the {n;} also have a joint Gaussian distribution.

Therefore n, = /Ar&k, where {{} is a sequence of independent Gaussian
random variables with E&, = 0 and V&, = 1.

Ezpansion of a Wiener process on [0,1]. Let w(t), t € [0,1], be a Wiener
process, that is, a Gaussian process with independent increments such that
Ew(t) = 0 and Vw(t) = t. Then Ew(t)w(s) =t A s.

The eigenfunctions of the operator R are determined from the equation

Ap(t) = /Ol(t A 8)p(s)ds = /Ot sp(s)ds + t/tl w(s)ds .

This gives p(0) =0, ¢'(1) = 0 and A" (t) + ¢(t) = 0. Therefore

= kZ:O T 2k - — =2 _gsin— (Zk +1)t, (4.2.7)

where the £’s are independent Gaussian variables with E; = 0 and V&, = 1.

4.3 Adapted Processes

The number of theorems on measurability of stochastic processes can be ex-
panded considerably if use is made of the ordering in the parameter space.
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We shall consider stochastic processes defined on R,. With each R, we as-
sociate a o-algebra of events F; which is a subalgebra of the algebra F of
the probability space (£2, F,P). This F; will be interpreted as the o-algebra
of events observed up to time t inclusively. Thus F;, C F;, when t; < ts.
We now impose some additional conditions on the collection {F;}. First, F
is complete with respect to the measure P (that is, if A € F and P(A) =0,
then B € F for all B C A) and the o-algebra Fy contains all sets in F of
P-measure zero. This is the completeness condition. Second is the following
condition of right-continuity: For all t € R

]:t-i-:ﬂ]:s:]:t-

s>t

This collection of o-algebras is called a flow. In what follows, the flow of o-
algebras is viewed as fixed. Processes x(¢,w) will be studied for which for each
fixed t the random variable x(t,w) is Fi-measurable. Such processes are said
to be adapted to the flow {F;}.

4.3.1 Stopping Times

A random variable 7 taking nonnegative values including oo is called a stop-
ping time if {T < t} € F for all t € R, where Fo = \/, F;. Associated
with 7 is the o-algebra F. of events A € F, such that AN{r <t} € F; for
all t € Ry. The properties of F; are preserved in a sense if t is replaced by
stopping times. Let us establish some of these properties.

Theorem 4.3.1. 1. If m;, and 7 are stopping times, then 7 V 7o and 7 N\ o
are also stopping times.

2. If m <19 and 71 and T2 are stopping times, then F, C F.,.

3. If i, L 7 and the 7,’s are stopping times, then T is a stopping time and
Fr.=NFr,-

4. If 7, is a stopping time and T, T T, then T is a stopping time. If 7, < T,
then \/, Fr, = F-—, where F._ is the o-algebra generated by the events
AN {r >t}, witht € Ry and A; € F;.

Proof. Statement 1 is trivial.

2.If A e Fr, then AnN{m <t} = An{n <t} N{r <t} € F since
ANn{n <t} € F; and 75 is a stopping time.

3. {7 < s} = U, {m < s} € Fo. But {r < s} = Moy {r<s+4} €
Foys- Therefore {r < s} € (), Fop1 = For + Fs. Since 7 < 7, it
follows that F. C (), Fr,.. Let A €, Fr,. Then AN {7, <t} € F, and
An{r <t} =An(U,{m <t}) =U, An{rm, <t} € F;. In other words,
Aﬂ{TSt}E}_H:]:t WlthAef-,—

4. {r <t} =N, {mm <tyeF. Let Ac . . Then A=, An{r, < k/m}
for all m. Hence,
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A= g0g0{7> k“}m{{m< Z}OA}

U, U, {T > %}O{Tn < %} = {2 because 7, < 7). Since {Tn < %}OA €
Frrm—1, we have

(oo ([ B ) e

We have shown that \/,, F., C F,_.
Now let A € F,_ and consider an A of the form A, N {7 > ¢}. Then

A_Um{7n>t+l]<;}mf4t~
k n

Observe that {Tn >t 4+ %} N A, € F., since {Tn >t 4+ %} NAN{r, < s}is
empty for s < t+% and equals Atﬂ{tJr% <Tn§s} e F for s > t+%.
Thus for all &,

Uﬂ{7n<t+ }mAte\/]—'Tn, Ae\/}}n.

O

A stopping time 7 is said to be predictable if there exists a sequence of
stopping times 7, such that P{r, < 7} = 1 and 7,, — 7. A stopping time ¢
is said to be completely unpredictable if P{T = ¢} = 0 for every predictable
stopping time 7.

4.3.2 Progressive Measurability

This concept relates measurability and adaptedness. A process z(t,w) with
values in a measurable phase space (X, B) is progressivly measurable if z(s,w)
is a Bjp,1) ® Fi-measurable function on [0,¢] x 2 for all £ € R, where Bjg 1) is
the o-algebra of Borel sets in [0,¢]. An important consequence of progressive
measurability is the following property. For any stopping time 7, if z(s,w)
is a progressively measurable process, then x(7,w) is Fr-measurable. In fact,
{z(1,w) € B}N{r < t} belongs to F; for all t € R, because of the measurabil-
ity of a composition of measurable functions and the By ;) ® Fi-measurability
of z(s,w) for s < t.
The next result gives sufficient conditions for progressive measurability.

Theorem 4.3.2. A right- (left-) continuous adapted process in a topological
phase space is progressively measurable.
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Proof. Let t be fixed. We have to show that the process z(s,w), s € [0,1], is
Bjo, @ Fr-measurable. A process of the form x, (s, w) = @, x(w) with £¢ < s <
Lt which is left- or right-continuous, will be Bjg , ® Fi-measurable if the
Tn,i(w)’s are Fy-measurable. Choosing =, (w) = z (£t,w) if 2(s,w) is left-

continuous and z,, (w) = z (£t w) if 2(s,w) is right-continuous, we arrive
at a sequence of Bjy; ® Fi-measurable processes that converges to z(s,w).

4.3.3 Completely Measurable and Predictable o-Algebras
Let 7 and 75 be stopping times. The set
{(t,iw) :m(w) <t <m(w)} € Br, @F

is called a stochastic interval and will be denoted by [r1, 72[. The stochastic
intervals |71, 72], |71, 2] and [r1, 2] are defined in similar fashion.

Definition. The o-algebra of completely measurable sets is the o-algebra W
in Ry x {2 generated by the stochastic intervals [, m2[.

Theorem 4.3.3. 1. W is the smallest o-algebra relative to which all adapted
right-continuous numerical processes are measurable.

2. W is generated by intervals of the form [[ta, o], where t € Ry, A € Fy,
ta=t,weA andty =oco,w ¢ A (it is a stopping time).

Proof. 1. Let W, be the o-algebra relative to which all adapted right-
continuous processes are measurable. I, -, is such a process and hence it
is Wy-measurable, [r1, 2][€ Wy and W C Wy. Let us show that an adapted
right-continuous process z(t,w) is W-measurable. Choose ¢ > 0 and form a
(generally speaking, transfinite) sequence of stopping times

1 = inf{t: |2(0,w) — z(t,w)| >}
(we consider the inf () = oo). If 7§ < oo, put
75 = inf{t > 77 : |z(7,w) — z(t,w)| > €},

and if 7f = oo, then also 75 = oo and so on. It is easy to see that 7 is a
stopping time. Put x°(t) = x(7;) for ¢t € [r, 75, [ (7§ = 0). This process is
W-measurable:

{(t,w):2°(t) < a} = | JIri i [{w s 2(7) < a} x Ry

Since z(t, w) is right-continuous, it is progressively measurable and so z(t,w) is
F--measurable if 7 is a stopping time. Put 7 = 7 for 2(7f) < a and 7} = o0
otherwise. Then 7} is a stopping time because {w : x(77) < a} € Fr¢ and
so {(t,w) : 2°(t) < a} = U, [, mipr[€ W. Thus, 2°(t,w) is W-measurable.
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By construction, [2°(t,w) — x(t,w)| < e. Being the limit of WW-measurable
processes, x(t,w) is also YW-measurable.

2. Let W, denote the o-algebra generated by the intervals [t 4, oo with
t € Ry. Clearly, Wy C W. Observe that {r >t} € F; if 7 is a stopping time.
Therefore

[t>0y,00le Wa, [ osli= ) [[(fj){wi} ,oo[[ W,

k,n
and hence W C W;. O

Let P be the o-algebra generated by the stochastic intervals [71, o[, where
the 7;’s are predictable stopping times. This is the o-algebra of predictable sets.

Theorem 4.3.4. 1. P is generated also by stochastic intervals |1, 7] =
{t,w) : m(w) <t < 7p(w)} with 1 and 7o stopping times.

2. P is generated by adapted left-continuous scalar processes.

3. P is generated by adapted continuous scalar processes.

Proof. 1. Let 7 be a stopping time. Then 7 + s is also a stopping time for
positive s. Therefore it is a predictable stopping time: 7+s = lim(7+s—n"1).
Hence, [0,7+s[€ P, [0,7] =, [0, 7+ 2] € P, ]r1, 2] = [0,72] \ [0,71] € P.
On the other hand, if 7 is a predictable stopping time, 7,, < 7 for positive T
and 7, — 7, then [0, 7[= {J,,[0, 7]

2. If P; is a o-algebra generated by adapted left-continuous processes,
then the P-measurability of I}, .,; and left-continuity of this process imply
that P C P;. Let us show that an adapted left-continuous process x(t,w)
is P-measurable. Define z,(¢t,w) = z(k/n,w) for k/n < s < (k4 1)/n and
2n(0,w) = 2(0,w). Since z(t,w) = limx, (¢,w), the P-measurability of z(t,w)
follows from the P-measurability of z,(¢,w). The latter is a consequence of
the relation

k k+1
{(@,1)  an(tw) < a} = ﬂ Z ﬂ
Y <"){x<ﬁ,w><a} n

since (%) (2% w)<a is a stopping time; by what has been proved, the stochas-
tic intervals on the right belong to P.
This results from part 1 and the following fact. If 7 is a stopping time, then

10, 7] ={(t,w) :exp{OV (t —7)} =1} .

4.3.4 Completely Measurable and Predictable Processes

A stochastic process z(t,w) defined on R, taking values in a measurable space
(X, B) and adapted to the flow {F;} is said to be completely measurable if it
is W-measurable and it is predictable if it is P-measurable. In what follows,
we shall consider only countably-generated o-algebras B.
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(a) Indistiguishability. We shall say that two processes z1(t,w) and za(t,w)
are indistiguishable if x1(t,w) = z2(t,w) for almost all w and for all ¢. If
A C 2 x Ry, then 7(A) is the projection of A on 2: w € 7(A) if {w} xR NA
is not empty, with {w} a singleton. In measure theory, it is proved that if P
is a complete measure, then 7(A) € F if A € F ® B, . This fact may be used
to show that x;(t,w) and x5 (¢, w) are indistinguishable if

P(r({(wst) : a1(t,w) # wa(t,w)}) = 0.

Theorem 4.3.5. Let z1(t,w) and xo(t,w) be two W-measurable (or P-
measurable) processes. If for every stopping time 7 (or predictable stopping
time 7) x1(t,w) = z2(t,w) almost everywhere on {T < 0o}, then x1(t,w) and
xo(t,w) are indistinguishable.

The proof of this statement rests on the following fact.

Lemma. If A € W (or P) and P(n(A)) > 0, then to each positive € there
corresponds a stopping time T (predictable stopping time 7) such that P{(w :
T(w)) € A} > P(n(A)) —e.

Proof. Consider the case A € W. Let K be the class of sets B € W for
which {t : (w;t) € B} contains its infimum. Denote it by deb B and notice
that it is a stopping time. Next let K be the collection of sets A € W for
which to every positive €, there corresponds a B, € K such that B, C A
and P(m(A)) < P(m(B.)) 4 . One can show that K is a monotone collection
and since K contains an algebra generated by stochastic intervals, K=w.1f
AeW, B. C A, B, € K and P(n(4) < P(n(B:)) + ¢, then deb B is the
required stopping time. |

Proof of the theorem. If P(n({(w;t) : 21(t,w) # x2(t,w)})) > 0, there would
be a stopping time 7 (predictable stopping time 7) such that P((w;7) €
{(w,t) : z1(t,w) # x2(t,w)}) > 0. In other words, P{z1(t,w) # x2(t,w)} >0
which contradicts the hypothesis. a

(b) Existence of measurable modifications.

Theorem 4.3.6. 1. Let x(t,w) be an adapted measurable process in a Borel
space (X,B). Then it has a W-measurable modification. 2. If in addition
x(t,w) is Fi_-measurable for allt € Ry, where Fo_ = Fo and Fy— =\, Fs,
t > 0, then it has a P-measurable modification.

Proof. Just as in Theorem 4.2.1 of Sect. 4.2.1, we can confine ourselves to a
process z(t,w) with values in [0, 1]. Let H be a Hilbert space as in that theo-
rem, and let H; be the subspace of H generated by the variables Ig(z(s(w)),
s < t, Let P; denote projection on H;. If {(¢,w) as a function with values in
H is measurable, then the same thing will be true of the function P;(&(¢,w)).
Let x,(t,w) be just as in Theorem 4.2.1 of Sect. 4.2.1. It suffices to prove the
existence of a WW-measurable modification for the processes



110 4 General Theory of Stochastic Processes and Random Functions
Ptxn(tvw) - Z ICn,k (t)Ptgnk 5

and to this end, for the processes P;&, k-

The process P&, = E(£,k|F:) is a martingale (see Sect. 4.4 below); and
so on the basis of Sect. 4.4.3, it has a right-continuous modification. It is
W-measurable by virtue of Theorem 4.3.3.

2. Write 2" (t,w) = P;_pvox(t,w). This is also measurable in H. Since by
hypothesis

lim E|z(t,w) — ™ (t,w)]> =0,

h—0
it suffices to prove the existence of a P-measurable modification for z"(¢,w)
and to this end for P;_,&,%. This is a martingale adapted to the flow F;_pvo
and its right-continuous modification is predictable since every Fi_pvo-
adapted step-process has that property. |

4.4 Martingales

4.4.1 Definition and Simplest Properties

Let T C R and to each t € T, let there correspond a o-algebra F; so that
Fi C Fs when t < s. A family of numerical random variables {&,t € T'} is a
martingale with respect to {F;} if: (i) & is F;-measurable for all t € T (ii) E&;
exists; (iii) E(&|Fs) = & for s < t (equality of random variables is understood
everywhere to be with probability 1) Sometimes, one says that {&, F:,t € T'}
is a martingale. It is possible to speak about martingales without mentioning
o-algebras. It is then kept in mind that the F,’s are the o-algebras generated
by {&s,s < t,s € T}. We shall be primarily interested in three cases: T is a
finite set, T is the set Z; of nonnegative integers and T'= R, .

A very simple example of a martingale is a process with independent in-
crements in which the expectation of an increment is zero. Less trivial are the
following examples.

Ezample 4.4.1. Let n(t),t € R4 be a process with stationary independent
increments for which Eexp{An(t)} exists for some A. Then Eexp{An(t)} =
exp{ta()\)}, where a()) is some number. The process

§(t) = exp{An(t) — ta(A)}
is a martingale with respect to the flow {F;} generated by 7n(s), s < t.

Ezample 4.4.2. Let T be arbitrary and let {F;} satisfy the monotonicity condi-
tion. Suppose that 1 is an arbitrary random variable in R for which E|n| < co.
If & = E(n|F;), then {&, F,t € T} is a martingale.



4.4 Martingales 111

If {&:} obeys (i), (ii) and (iii') E(&|Fs) < & for s < t, then it is called a
supermartingale. And if it obeys (i), (ii) and (iii"”) E(&|Fs) > & for s < ¢, it
is called a submartingale. Both are also termed semimartingales. It is easy to
verify the following properties.

I. If {&:} is a martingale and g(x) is convex down, then g(&;) is a submartin-
gale (for instance, |&;] and £2).

IT. If {&} is a supermartingale and g(x) is convex up and increasing, then
g(&:) is also a supermartingale.

More important is that (iii), (iii’) and (iii”) continue to hold for stopping
times under certain additional restrictions. These restrictions disappear if T
is a finite set. Stopping times are understood here to be random variables
7 taking values in T U {oo} for which {r < t} € F;. When T is at most
countable, it means that {7 =t} € F; for all t € T. We shall say that 7 is a
stopping time in T'.

Theorem 4.4.1. Suppose that T is a finite set and 71 and T are stopping
times in T. Then on the set {m1 < 7o}, E(&r,|Fr,) < & if {&} is a super-
martingale, E(&r,|Fr) = &r, if {&} is a martingale, and E(&.,|Fr,) > &, if
{&} is a submartingale. F., is the o-algebra of sets A such that AN {m =
th € Fy forallt € T.

Proof. All three relations are proved in similar fashion. Let {£;} be a martin-
gale. Notice that {r; < 2} € Fy, since {r < n}n{m =t} ={n =t}n{r >
t}. We have to show that

EIAsz = EIA€T1

forall A € F,,, A C {71 < 72}. There is no loss of generality in assuming that
T={0,1,...,n} and A C {m =k} N {2 > k}. Then

n—1

Ta&r, = 1a Z (§m+1 - €m)l{”rz>m} + 1a&s, -

m=k

Since Ial{;,>m) 18 Fp-measurable if m >k, it follows that
Elalir,>myéms1 = Elal{r,>m1&m- Taking the expectation, we arrive at our
required result. O

4.4.2 Inequalities. Existence of the Limit

We concentrate first on finite sequences &1, . . . , &, of random variables forming
a martingale, a submartingale or a supermartingale. {Fi,...,F,} are the
corresponding o-algebras.
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(a) Inequalities for the mazimum.

Theorem 4.4.2. 1. If {&, Fr, k = x1,...,2,} is a submartingale, then

aP{m}gXék >a} <E(,VO0). (4.4.1)

2. If {&, Fr, k = x1,...,2n} is a supermartingale, then

aP{mkaxfk >a} <E& —E(, NO) . (4.4.2)

Proof. 1. Let 1=k <nif& >a,&k-1 <a,...,& <aandlet T =nif§,_; <
a,...,& < a. Then 7 is a stopping time relative to {Fy} since {7 = k} € Fy.
Let A be the event {maxy & > a}. A € F; because AN {1 =k} € Fj. Hence
on the basis of Theorem 4.4.1,

E¢,I4 > E& Iy > aP(A) .

It remains to observe that E§,I4 < E(&, V0)I4 < E(&, V0).
2. Retaining the preceding notation, we have E¢, < E&y and

E¢, = B¢ Iy + EG (1 — I4) 2 aP(A) + B¢, (1 — L) .
Therefore
aP(A) S E& — E&n (1 — 14) < EG — E(§ A 0)(1 - La) < Eg — E(§, A 0).
O
Corollary. If {&k, Fr,k =1,...,n} is a supermartingale, then

aP{st}ip 1€ > a} < E|&| + E|&,|.

(b) Inequalities for the number of crossings. A numerical sequence w1,
Ta,..., Ty is sald to cross the band [a,b](a < b) at least k times downward
from above if there are numbers iy < iy < ... < d9x_1 < {9, such that
iy L0,y Q... Tiy, 4 < a, T, > b2y, > 0,00, 74, > b. The number of
crossings upward from below is defined in similar fashion and their sum is the
number of crossings of [a, b] by the sequence z1, ..., z,.

Theorem 4.4.3. Let {&, Fr, k= 1,...,n} be a supermartingale. If vy[a,b] is
the number of times the sequence &1, ...,&, crosses [a,b] upward from below,
then

(b—a)Evyfa,b] <E(a—¢&,) VO (4.4.3)
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Proof. Consider stopping times in {1,2,...,n} defined by 71 = inf({i : & <
a}U{n}), o =inf({i > 7 : & > b} U {n}) and so on. Let A,, = {vi]a,b] >
m} = {rom—1 <n}N{&m > b}, {rom—1 <n} € F,, _,. Therefore

0 2 E(f‘er - £T2m—l)I{T2mfl<n}
> (b—a)P(An) + E(&r,,, — @) (ry, <ne,, <b)
> (b — a)P(Am) +E(&, — a)I{TQm—1<n75rzm<b}'

Since the events {1o;m—1 < n,&r,,, < b} C {T2m-1 < n, T2, = n} are mutually
exclusive, it follows that

(b—a) 3} P(An) < E[(a—&) VO
X 2 Ly 1 <nyram=n} < El(a = &) V0].
But
> P(Ay) =Evi[a,b]. 0

(¢) Limit theorem. We next consider an infinite sequence {&, Fi, k =1,2,...}
which is either a super- or submartingale. We wish to find conditions under
which the sequence has a limit with probability 1.

Theorem 4.4.4. Let {&, Fr,k = 1,2,...} be a supermartingale for which
inf, E(§, A0) > —oco. Then lim &, exists with probability 1.
n—oo

Proof. If {x,} is a numerical sequence, then it has a limit if (a) it is bounded
and (b) it crosses any [ri, 73], with 1 < 75 rational numbers, finitely many

times. Write nt = max{¢&;,...,&.},m, = max{—&,..., =&, ,nT = lim nt,
n—oo
and n~ = lim 7n,. Let v™[r1,r2] be the number of times the sequence
n—oo
&1,...,&, crosses [r1,73] and v[ry,re] = lim v™[ry, 7o) the number of times
n—oo

that the infinite sequence crosses [ri,rs]. Since {—&;} is a submartingale,
Theorem 4.4.2 implies for positive a that

aP{} > 0} < Bé ~ B(6,A0), aP{y* > a} < BG — inf (&, A0),

aP{U; 2 a’} < E(_fn) V0= _E(fn A 0)7
aP{n~ >a} < —inf E(&, A 0).

Hence, P{sup |¢| > a} < L1(E& — 2infE(, A 0)). The sequence {&} is
k n

bounded almost surely. Since v™[rq,ro] < 2v4[r1,r2] + 1,

1 .
Byl S = (1 +2(|a] — inf B(&, A 0))) <

on the basis of Theorem 4.4.3. m|

Corollary. A nonnegative supermartingale has a limit with probability 1.
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Remark. Let {&,, Fn,n =1,2,...} be a uniformly integrable martingale. Then
sup,, E|¢,| < oo and by Theorem 4.4.4, lim §,, = & exists. If A, € Fp,
n—oo

E¢cla,, = nh—>H;o Eénla,, = E&nla,,

(taking the limit under the integral sign is permissible in view of the uniform
integrability). Thus

Em = E(€so| Fin)- (4.4.4)

Conversely, if {£,} is representable as (4.4.4), then it is a uniformly integrable
martingale. That it is a martingale is obvious. The uniform integrability is a
consequence of the next assertion.

Lemma. Let E|§| < oo and let {Fyp,0 € O} be a collection of o-algebras
with Fy C F. Then the family of random variables {ny = E(£|Fy),0 € O} is
uniformly integrable.

Proof. Clearly Elng| < E[£]. P{|ng| > ¢*} < ¢ 2E|¢|. Therefore

EnolI{je1>c2y = EEEFo) | Ijng1>c2r < EE(IE]|Fo)I{n>c2}
= E[{{jny1>c2y = ElSH g1 <c1 I ng|>c2)

| |
+ Bl g5 e I ngl>c2} < =5 + El[I{jg>c}

The right-hand side does not depend on # and approaches zero as ¢ — co. O
Corollary. Let F,, C Fpi1, Foo =\, Fn and E|§| < co. Then

with probability 1.

4.4.3 Continuous Parameter

Let T C R4. Assume that {F},t € Ry} is a flow of o-algebras.

Theorem 4.4.5. Suppose that {&, Fi,t € Ry} is a supermartingale and that
the family {&,t < s} is uniformly integrable for any s. Then & has a right-
continuous modification if BEE; is right-continuous.

Proof. Let Dy be the set of nonnegative rationals. Using Theorem 4.4.2 and

4.4.3, one can show that  sup |&] is finite with probability 1 for every s.
te D N[0,s]

The same is true for v(D, N[0, s],r1,72), the number of crossings of the band

[r1,72] by the collection {&,t € Dy N[0, s]}; it is defined as the supremum of

the number of crossings of the band [r1,72] by {&1,...,&,} over all n and all

t; <tg <...t, in Dy N[0, s]. Therefore
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lim &, =¢&

ueDt ult

exists for all t. Let us show that & = & with probability 1. Let w, | t
with w,, € Dy. Then EI4,, < EI4& for all A € F;. Utilizing the uniform
integrability, we see that EI4& < EI4& so that £ < & with probability 1.
But E¢f = limE¢, = E&; and hence P{& =&} = 1. |

Corollary. If {&,Fi,t € Ry} is a martingale, then & has a right-continuous
modification.

4.5 Stochastic Integrals and Integral Representations of
Random Functions

We shall consider complex-valued random variables on a given probability
space ({2, F,P) that belong to Lo(£2,P), as well as random functions with
such values. L2(f2, P) is now a complex Hilbert space with the inner product

(€&,n) = E&n.

4.5.1 Random Measures

Let (X, B) be a measurable space. Consider a complex-valued function u(B)
defined on B that satisfies the following:
A. There exists a finite measure m on B such that

E/.L(Bl)/,l,(Bg) = m(31 N Bg), Bl, By eB. (451)

Then p(B) is called a random measure. This term is warranted for the follow-
ing reasons.

B.If By and B; € B, By N By = @, then ,u(Bl ] Bg) = ,u(Bl) +,U(B2). To
see this, consider

E|u(B1U Bs) — u(B1) — p(By)|?
= m(31 @] Bg) - 2m(Bl) — 2m(Bg) + m(Bl) + m(Bg) =0.

C.If {B,,n>1} C B, BiNB; =0 for i # j, then

K <U Bn) = Z,u(Bn) : (4.5.2)

This is a consequence of the relation

(Us) -

n=1

E
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We point out one further important property which can be used to extend
stochastic measures.

D. Let By be a subalgebra of B generating 5 and let p(B) be given on By
and satisfy (4.5.1) for By and Bs € By. Finally, let m be a finite measure on
B. Then there exists an extension of u(B) to a stochastic measure on B. This
extension can be determined by taking the limit over a monotone sequence
of sets: lim u(B,,) exists for each monotone sequence B,,. For example, for an
increasing sequence, with n < k, E|u(Bg) — u(B,)|> = m(By — By,) — 0.

(a) Stochastic integrals. Let Lo(m) be the space of complex-valued B-
measurable functions ¢(z) defined on X for which [ |¢(z)|*m(z)dz < oo
It is also a complex Hilbert space. Let Ha(p) be the subspace of Lo(£2,P)
generated by {u(B), B € B} and let H%(u1) be the linear span of this set. Fi-
nally, let By(X) be the space of simple functions in Ls(m), that is, the linear
span of {Iz(z), B € B}. Define a mapping I from By(X) to H°(u) by

I (Z ckIBk) = ch,u(Bk) .

I is a linear isometry. If the By’s are disjoint, then

J I vt @) miae) = S fe () = B[S cun()

Therefore I can be extended to La(m) as an isometry and it is a bijection
from Lo(m) to Ha(p).

The random variable I(yp) defines the stochastic integral of a function ¢
with respect to the measure p and it is denoted by [ ¢du = [ o(z)p(dz).

A stochastic integral is uniquely determined by its following properties:
1. [Ipdp = pu(B); 2. a stochastic integral is a homogenous linear function; 3.

E [duf ¢dp = [ ppdm.

‘ 2

4.5.2 Karhunen’s Theorem

A stochastic integral can be used to express a random function defined on ©
with values in Lo(f2, P) as follows:

€)= [ Ko.putdy) (45.3)

where k(6,y) as a function of y belongs to Ls(m) for all # € ©. Consider the
function

(01, 62) = E(61)€(62) - (4.5.4)

If £(0) has the representation (4.5.3), then by property 3, r(6y,62) can be
expressed as

r(01.05) / k(01 9)k (0, y)m(dy) (4.5.5)

A more profound result is due to Karhunen.
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Theorem 4.5.1. Suppose that £(0) is a random function for which E|£(0)|? <
oo and that the function r(61,60s) defined by (4.5.4) has the representation
(4.5.5) with m a finite measure and k(6,-) € Lay(m) for all @ € ©. Then there
exists a random measure p such that £(0) is representable as (4.5.3).

Proof. Let Ky C La(m) be the linear span of the set of functions {k(6,-),0 €
O} and K its closure. Let H°(€) be the linear span of the random variables
{£(0),0 € ©} and Hs(&) its closure in La(£2, P). There is no loss of generality
in assuming that the Hilbert space Lo(£2,P) © Hy () is of dimensionality no
less than that of Lo(m) © K. This is because the original probability space
may always be expanded by replacing it by (2 x 2/, F ® F',P x P’), where
(2, F',P') is arbitrary. Now define a mapping S : La(m) — L2(§2,P) as
follows: Sk(6,-) = £(0),0 € O, and Sy, = 14, where {@,} is an orthonormal
system in Lo (m)© K and {1, } is an orthonormal system in Ly (2, P) S H(E).
Then S can be extended linearly. From (4.5.4) and (4.5.5), it follows that S
is an isometry. Define SIp = p(B). Then

Eu(BORBz) = [ L ()L (0)m(ds) = m(By 1 B)

Hence, p(B) is a random measure. Let Ha(u ) be deﬁned as in Sect. 4.5.1.
Then S maps La(m) onto Ha(p) and S, = [ ¢(y . Thus

&w:ﬂhJ:/uawM@»
O

Remark. Let IT be orthogonal projection of Hg( ) on Hg(f) and f(B) =
ITj(B). Since ITE(0) = £(0), it follows that £(0) = [ k(0,y)ia(dy); i is also
a random measure and satisfies Ef(By)j(B2) = m(31 N Bs) = E|Tu(B1 N
B3)|?> < m(B;NBy). Using this fact, we can confirm the truth of the following
statement:

If (4.5.5) holds for R(61, 02) with some finite measure m, then a represen-
tation (4.5.5) exists with /m the smallest measure of all those for which this

representation is possible; the random measure [ is the one taking values in
Hy () for which Ef(By)i(B2) = m(B1 N Bsy), and

£0) = /(9@(@)

4.5.3 Spectral Representation of Some Random Functions

(a) Stationary sequences. Consider a complex-valued random sequence
{&n,m =0,41,+2 .. .}. Tt is (wide-sense) stationary if E|¢,|? < oo, EE,, does
not depend on n and E¢,.&, depends only on n — k. Let 7, = E&.& — |al?,
where a = E&,.
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Then 7, is a positive-definite sequence (this means that the quadratic form
S j—1Tk—j2KZ; is nonnegative-definite for all n). By Bochner’s theorem be-

low, 7, can be expressed as 7, = ["_e"*Ado(X), where () is a nondecreasing
bounded function on [—, 7[.
Hence,

E&ié) = |af? +/ e do(N)

—T

and by Karhunen’s theorem, there exists a random measure p(dA) on [—m, [
for which E|u(d\)[* = do(X) and & = a+ [7_e* u(d)).

(b) Stationary processes. Consider a complex-valued random process £(t),
t € R. Tt is (wide-sense) stationary if: 1. E|¢(t)|* < oo, t € Ry; 2. E&(t) does
not depend on ¢; 3. E£(t)£(s) depends on the difference ¢ — s. Let a = E£(t)
and let r(t) = E£(¢)£(0) be the covariance function; it is positive-definite.

Bochner’s Theorem. If r(t) is continuous at 0, then it can be represented
in the form

r(t) = / eMda(\) |

where a(A) is a nondecreasing bounded function.

By Karhunen'’s theorem, there exists a stochastic measure p(d\) such that

&) = /ei)‘t,u(d)\) +a.
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Limit Theorems

In Chapter 1 it was pointed out that probability laws manifest themselves
when considering a large number of random objects. The main instrument
for exposing these laws are the limit theorems of probability theory. They
comprise a considerable part of the theory and have remained a principal
area of its development. Examples of limit theorems may be found in Chap. 2,
Sect. 2.1.3 and in Chap. 3, Sects. 3.1-3.3. The present chapter furnishes some
general results on the convergence of distributions as well as on two important
classes: ergodic theorems and central limit theorems.

5.1 Weak Convergence of Distributions

5.1.1 Weak Convergence of Measures in Metric Spaces

Let X be a complete separable metric space and B a Borel o-algebra. Let M
denote the set of finite measures on B and C the space of bounded continuous
functions from X to R.

Definition. A sequence of measures u,, € M converges weakly to a measure
w if limy, oo [ fdp, = [ fdp for all f € C (this fact will be denoted by
fin = [1).

We now give a characterization of weak convergence in terms of conver-
gence of measures on sets.

Theorem 5.1.1. In order that p, = o it is necessary and sufficient that
lim 1, (X) = po(X) and Tt 1, (F) < po(F) (5.1.1)
n—oQ

n—oo
for every closed set F.
Necessity. Let f € C and let f > Ip. Then
Tin 1, (F) < Jima_ [ fds, = [ fo

n— oo
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But the infimum of the right-hand side over all f > I'r is uo(F'). The necessity
of the first part of (5.1.1) is obvious.

Sufficiency. Let G be an open set. It follows from (5.1.1) that lim,,_, . pn(G) >
to(G). Let A € B and let int A, [4], and A’ be the interior, closure and
boundary of A, respectively. Then

po(int A) < lim pin(A) < Tim pun(A) < po([A])

n—oo
= po(int A) + p1o(4').
Hence, when po(A’) =0,
lim i, (A) = po(A).

n— oo

To any f € C and positive €, there are a9 < a1 < ... < a,, such that
ag < f < am, po({z: f(x) =a;})=0,i=0,1,...,m and a; —a;—1 < . Thus
forn=20,1,2,...

[ = s 0= 110 < )| < 0
nlLrgO Yoaipn({za; < f(z) <aipl})
= aipo({x 2 a; < f(x) < aiq1}),

and so

T ‘ / Fdpin — fduo

< 2ep10(X).
O

Remark 5.1.1. A is called a continuity set for measure g if po(A’) = 0. The
proof of the theorem establishes that when u, = uo, then p,(A) = uo(A4)
for all continuity sets of the measure pq.

Remark 5.1.2. Let x,(w), mn=0,1,2,..., be asequence of X-valued random
elements such that z, (w) — z(w) in probability and let u,, be the distribution
of z,(w). Then

o = o / fditn = B (20(w)) > Bf (zo(w / fduo.

The converse is also true in the following sense.

Theorem 5.1.2. If pu, = po and the ., are probability distributions on B,
then there exists a sequence of X-valued random elements x,(w) such that
Tp(w) = xo(w) in probability and p., is the distribution of x,(w).

Proof. To each € > 0, it is possible to partition X into countably many subsets
{Ug,k = 1,2,...} so that diam (Uf) < ¢ and p,(Ug) — po(Ug). Choose a
point z in each Uj. Take ([0, 1], Bj,1j,m) to be the probability space, where
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m is Lebesgue measure. Let AZ, be an interval in [0,1] of length u,, (Uf), where
A%y = (0,4, (UT)) and A5, and A5, have a common boundary point. The
intervals are uniquely determined by these properties. Put z%(w) = af if
w € A, Then 25 (w) — x§(w) for all w not lying at the endpoints of the
intervals Af,. For f € C

Ef(a;,w) = Y f@i)uo(UF), (5.1.2)

and the right-hand side converges to [ fdu, as e — 0. Consider a sequence
of such partitions of X corresponding to € — 0. One can determine z57 (w) to
satisfy (5.1.2) with € = ¢, and so that p(xfr(w), 255 (w)) < €5 for &, < €5 and
all w (p is the metric in X). Taking z,(w) = lim,_, 57 (w), we arrive at the
required random elements. a

The finite measures on B are Radon measures. This means that p € M
possesses the property that to every € > 0, there is a compact set K C X
such that u(X \ K) < e. Measures having this property are said to be tight.

A subset M; of measures of M is uniformly tight if to every € > 0, there
corresponds a compact subset K of X such that u(X \ K) < ¢ for all p € M;.

Theorem 5.1.3. If p,, = o, then {u,,n > 1} is uniformly tight.

Proof. Assume the contrary. Let K° = {y : p(y, K) < 6}. It is easy to see that
if to alle > 0 and § > 0, there were a compact K such that sup,, 1, (X \ K°) <
¢, then {u,} would be uniformly tight. Thus, by assumption, there exist ¢ > 0
and ¢ > 0 such that sup,, p, (X \ K?%) > ¢ for all compact sets K. Choose K
so that (X \ K;) < e. One can find an ny such that p,,(X \ K9) > e. Then
using the tightness of ji,, on X \ K¢, one can find a compact set Ko C X\ K?
such that ji,,(K2) > /2. Since sup,, pn (X \ (K1 U K>3)°) > €, one can find an
n3 and a compact set K3 C X \ (K1 U K3)?) such that ji,,(K3) > /2. Thus
we can form a sequence p,, and compact sets K; such that pu,,(K;) > /2
and the distance between each two compact sets is at least 6. Let x; € C with
xi(z) =1if ¢ € K; and y;(x) = 0 if p(x, K;) > 6/2. Then Xx;(x) € C. For
all m,

iy 3 (e () = / 3 xlen(a).

The right-hand side approaches zero as m — oo but

|3 w5,
k=m

a contradiction. O

Remark. Suppose that lim [ fdpu,, exists for all f € C. Then {p,,n > 1} is
also uniformly tight. For, if this were not so, one could find a sequence n; and
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form functions xx(x) as indicated in the proof of the theorem. Define v, (z) =

> heq Xpr (@), where p is a prime. ¢, (z) € C and thus limy, o [ ¥p (@) pn (dz)
exists. It is easy to see that prdunpi > ¢/2 for all ¢ which implies that

hm /1/)p Yy, > €/2.

Therefore
Jm [ Sy =oe, v,
p

and again we have a contradiction.

5.1.2 Weak Compactness

Definition. A subset M of M is weakly compact if every sequence p,, € M;
contains a weakly convergent subsequence.

Every weakly compact sequence having a single limit point is weakly con-
vergent. In particular, p, converges weakly to some limit if {u,,n > 1} is a
weakly compact set and lim,, f fdu, exists for f € T C C, where C is a
complete set of functions. We now give conditions for the weak compactness
of a set of measures.

Theorem 5.1.4. A set of measures My C M is weakly compact if and only
f (1) {u(X), p € M1} is bounded and (i) M is uniformly tight.

Proof. The necessity of (i) is obvious and (ii) follows from Theorem 5.1.3. O

Sufficiency. Let K, be a sequence of compact subsets of X for which u(X \
K,) < 27" with p € M; and let ¢ = sup{u(X),u € M1}. Let C(K,,) be
the space of continuous functions on K,. It is a separable space. Therefore,
it is possible to find a sequence f,, € C such that to all f € C, there exists a

subsequence fp,, satisfying supy, || fm, || < oo (|| - || is the norm in C) and
Jm s [, () = f(@)] = 0
— 0 e K
for all n.

Let p; € M and limiﬂooffmdpi exist for all m. If f € C and f,,, has
been determined as indicated above, then

lirn‘/fdui—/fduj < th/ fdui—/ fd;

+2|fI127" < hm

/ S ity — / S it

(z) = f(z)

+ 2¢ sup
zeK,

+2) 127"
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The first term on the right equals zero and the remaining two may be made
arbitrarily small by the choice of n and k. Thus, lim [ fdu; exists for all f € C.

Given any sequence p; € My, one can extract a subsequence p;, for which
lim,, oo ffmduin exists and hence lim,,_, o f fdp;,, exists for all f € C. Write
I(f) =limy,—0 | fdpi,. Using the form of a linear functional on C(K), where
K is a compact set, one can see that I(f) = [ fduo with pg € M.

5.1.3 Weak Convergence of Measures in R%

Since compact sets in R? are bounded closed sets, Theorem 5.1.4 leads to the
following result. A subset of measures M; of M in R? is weakly compact if
and only if (i) {u(R?), n € M} is a bounded set and (ii) to every € > 0, there
is an 7 such that u(R?\ S,) < € where S, is a ball of radius r. Notice that
{ei(z’x), z € R4} is a complete set of functions. Starting with these two facts,
one can establish the next assertion.

Theorem 5.1.5. Let {un,n = 0,1,2,...} be a sequence of probability dis-
tributions in R? and let n(2) = [expi(z,x)u,(dz) be their characteristic
functions.

1. If pn = po, then o, (2) = po(z) uniformly on each bounded set;
2. If n(2) = Y¥(2) and (z) is a continuous function, then p, = uo, where
Lo ts some probability measure.

Proof. Statement 1 follows because ¢, (z) — ¢o(z) for all z and because
0al2) = palel € [ 1669 = ey () + 22
< 7|z — 22| + 2¢

if r is chosen so that u,(S,) > 1 — ¢ for all n.
Let us show that {u,,n > 1} is weakly compact under hypothesis 2. Let

2', ..., z%and 2!, ..., 2% be the respective coordinates of z and z. Then
(215)61 /2 .. /i exp{iXaF2FYdzt .. dz? = kl;[l sh;j;z:k ,
(215>d/2 . /Z on(2)dzt ... dz% = /Iill %un(daj) ,
() [ [t [ (1122 o

Using the convergence of ¢, (2) to a continuous function ¢(z) and the fact
that ¢, (0) = ¥(0) = 1, we can choose a § > 0 so that
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d .
1)
sup | (1 -1 Sl}}f’“) pin(d) < .
n e1 c

Then

d . At
SxF
sup pn (X \ Sr) <e | 1— sup ”51;17]? .
n |x|>rk=1 Y

From the convergence of the characteristic functions and the completeness of
the set of functions {expi(z,x), z € R4}, it follows that i, converges weakly
to a measure pg. a

5.2 Ergodic Theorems

The simplest illustration of an ergodic theorem is the strong law of large num-
bers for independent and identically distributed random variables (Chap. 3,
Sect. 3.2.4). Such theorems assert the existence of the limits of the means
along the path of a stochastic process. We shall only consider processes with
discrete time and we shall discuss the existence of the limit of the means of
random sequences.

5.2.1 Measure-Preserving Transformations

Let there be given a o-finite measure p on a measurable space (X, B) and a
measurable mapping 7" from (X, B) to (X, B). Denote the image of x under T
by Tz (we are not assuming that X has a linear structure and so this notation
should cause no confusion). The transformation T preserves u if u(T~'B) =
u(B) for B € B, where T~ !B is the pre-image of B under T'. Transformations
that preserve a measure usually occur when considering dynamical systems.
They also arise in probability theory in a natural way.

(a) Strict-sense stationary sequences. Let (X, B) be a measurable space and
let {¢,, n = 0,1,2,...} be a sequence of random elements with values in
(X, B). It is called stationary in the strict sense if for all n the joint distri-
butions of &, ..., &, and &1, ..., &, 41 are the same. It easily follows from this
that the joint distribution of &gy,...,&, and &,,...,&+m are the same for
any m. In other words, the distribution of a segment of the sequence does
not depend on the shifting of time (or the starting reference point). Many
systems in the absence of external effects become almost stationary after the
passage of a long enough time. This section will examine stationarity in the
strict sense.

Let X° be the space of sequences (zg, 21, ...) and let B> be the cylinder
o-algebra in X°°. The finite-dimensional distribution functions of the sequence
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{&,, n =0,1,2,...} generate a probability measure p on B*>. Let T be the
shifting operator on X°° defined by

T(a?(),.%‘l,...) == (.Tl,.’l,‘g,...) .

The stationarity of a sequence is equivalent to T’ preserving the measure pu.
Observe that: 1. a sequence of independent and identically distributed ran-
dom variables {§,, n = 0,1,2,...} is stationary; 2. if f(zo,z1,...) is B°-
measurable, then 0, = f(&, Eky1, - . .) is stationary when {&,, n=0,1,2,...}
is stationary.

(b) Homogeneous Markov chains. A function Q(¢, B) defined on X x B and
assuming values in [0,1] is called a transition probability if: 1. it is B-
measurable for fixed B € B; 2. it is a probability distribution on B for fixed
r € X. If Q1 and Q)2 are two transition probabilities, then their composition
Q1%Q2(z, B) = [ Q1(x, dy)Q2(y, B) is well defined; it is also a transition prob-
ability. A random sequence {&,, n =0,1,2,...} is said to be a homogeneous
Markov chain (or a Markov chain with stationary transition probabilities) if

P{¢{u41 € B &,-.-,&} = Q(&,, B) with probability 1

for all n, where @ is a transition probability. If & is viewed as the state of a
system at time k, then for a Markov sequence the probability of being in some
state at the nth step depends only on the state at the preceding moment of
time (this is the Markov property) and it does not depend on the moment of
time (this is the stationarity in time).

Let vg be the distribution of ;. The stated definition leads to the following
formula for the finite-dimensional distributions of a Markov sequence:

P{¢ € By, &1 € By,...,¢&, € By}
z/ v(dzg) Q(zo,dzy) .. / Q(zp—1,dzy) . (5.2.1)
Bo B, B,

The transition probability @) appearing in (5.2.1) is the transition probability
of the chain {&,, n =0,1,2,...}. When is this chain a stationary sequence?
A o-finite measure v is said to be invariant under a transition probability

Q i
v(B) = /Q(x,B)u(d:U)

for all B € B. It is easy to see that a Markov chain with transition probablility
@ is stationary if and only the distribution vy of & is invariant under Q.

We now state a simple and widely-used condition for the existence of
invariant measures.

Lemma. Let X be a compact space and B the o-algebra of its Borel sets. If
Q(z, B) has the property that [ f(y)Q(xz,dy) € C for all f € C, then there

exist invariant probability measures under Q.
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Proof. Define

@ =Q Quii(w.B)= / Qu (. dy)Q(y. B)

For all n and f € C,

/ F(1)Qu(z,dy) € C.

Put

R, (z,B) = % Qr(z, B) .
k=1

The sequence of measures R,,(z,-) is weakly compact for any x. Let n; be a
sequence such that R,,(x,-) = v. Since R,, is a transition probability, v is a
probability measure. For f € C it follows that

[ vt [ Qw.d2)se

n;

=1l d dz)
iggo/mZQkx y/Qy, 2)

= lim — /Qk+1 x,dz) f(2)

1—00 nl

_‘li>m<n L/Qkxdz —*/ledz z)
1
+ni/Qni+1(x7dz)f(Z)) .

If (B) = [ Q(y, B)v(dy), then [ f(z) = [f(2) U =v and so v is
1nvar1ant under Q. O

5.2.2 Birkhoff’s Theorem

Let (X, B) be a measurable space and let T be a transformation preserving o-
additive measure ;. Denote by T*z the k-fold application of T' to x; Tz = .
The sequence {x,Tx,T?x,...} is the path (or orbit) of the point x. We are
interested in the behavior of

Zf Tkz) = Su(f, )

as n — oo where f is a B-measurable scalar function. Let Ly (X, u) be the
space of B-measurable and p-integrable scalar functions.
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Theorem 5.2.1. Suppose that
n
Up={2:S.(f,2) 20}, Vo=|JUx and V=JV,.

If f € Li(X, ), then [, f(z)u(dz) >

This result is known as the maximal ergodic theorem.

Proof. Let

(fv )*mgxsk(fv )

Clearly, V;,, = {z : S,,(f, ) > 0}. If we write T* f(z) = f(Tx), then

§n+1(fa z) = f(z) + S*n(T*f, x)I{Sn(T*f,x)zo} :

The second term is nonnegative and so

/v Spi1(f, ) p(dx)
< /V - f(x)u(dz) + / ST f,2) 5, (e f.2y> 0y 14(d)

:/VW f(CU)M(d:E)+/Sn(faif)f{gnf}zzo}u(dx) (5.2.2)

(we have made use of the invariance of p by virtue of which the integrals in
the last equation coincide).

Since S’n(f, x) < Sn+1(fax>7
/V St (f, z)u(dx) :/Sn-i—l(fvI)I{Sn+1(f,$)20}u(dx)

From (5.2.2) and (5.2.3), it follows that

| r@ntn 20
Vg1

Letting n — oo, we complete the proof.
The maximal ergodic theorem leads readily to the following ratio theorem.

Theorem 5.2.2. Let f and g € Li(X, p) with g positive and let > g(T*z) =
oo p-almost everywhere. Then k=1
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1. limy, 00 (Sn(f, )/ Sn(g, x)) exists p-almost everywhere;

2. if this limit is denoted by f*(x), then f*(Tx) = f*(x) p-almost everywhere
and

/ f(@)u(dr) = / o) f* (@) () (5.2.4)

Proof. Let ZP be the set of x for which

> 9(TFe) = oo, Tim (Su(f,2)/Sn(g,2)) > 5.
k=1

n—oo

This set is invariant under 7' (A is invariant under T' if T(A) C A). Let Z,
be the set of « for which

Y 9(T*a) = oo, lim (S,(f,)/Sn(g.2)) <

k:1 n—oo
This set is also invariant under T and thus so is Z, N Z#. Clearly T may be
applied to any invariant A and it will preserve the restriction of the measure

u to A. Consider T on Z, N Z”. Then

U{w — Bg(TFz) >0} N ZaN 2P = Zon 2P |

and by Theorem 5.2.1

| )~ pateputan) 2 0.
VA aVA

or

/ F@)u(dz) > B g(2)uldz) . (5.2.5)
ZoNZB

ZaNZP

Applying Theorem 5.2.1 to ag(x) — f(x) one can show that

|t <a [ gt (5.26)
ZoNZB ZoNZB

e

Therefore

With 8 < «, we find from this that

/ g(x)uldr) = 0,
ZoNZB
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in other words, u(Z, N Z”) = 0 since g > 0. From (5.2.5) and (5.2.6), it also

fOllOWS lhal
Ze ‘”| 7 7

/Z glanldr) < % / F@)lu(dz), B>0,

Since g(z) > 0,
/i(ﬂ Za) =u|[()2°] =0

a<0 B>0

(5.2.7)

Hence, im(S,,(f,z)/Sn(g,2)) and Lim(S,(f,x)/Sn(g,)) are finite and are
equal p-almost everywhere. Statement 1 has been proved.

To deduce statement 2, observe that if D = {x : f*(z) € |a, B[}, then as
in the proof of (5.2.6) and (5.2.7),

B[ g@u(de) = [ f(z)u(dz) Za/ﬁg(w)u(dw),
D5 Dg

3
D5

utie) = [ 5@t < (3-) [ s@td).

o

Taking h to be arbitrary and positive, we have

\ [ r@utan - [ 5 @g@nian

: Z ~/D(k+1)h f(x)M(dl') a \/D(k-%—l)h f* (I)g($)ﬂ(d(£)

k=—o00

<h2/(k+1>h pu(d) _h/

This implies (5.2.4) and so f*(Tz) = f*(x) if 3. g(T*z) = 0. O

Denote by T the o-algebra generated by the invariant sets and the sets of p-
measure zero. A function ¢(z) is T-measurable if p({z : v(Tz) # ¢¥(x)}) = 0.
The limit of the ratio occurring in Theorem 5.2.2 is T-measurable.

In probability theory, the most interesting case is that of a probability
measure .

Theorem 5.2.3. Suppose that u(X) =1 and f € Ly(x,p). Then

lim S (f,x) = f"(x) (5.2.8)

n—,oo M

exists p-almost everywhere, where f*(x) = E,(f(x) | T), E, is expectation
on the probability space (X, B, 1) and E,(- | T) is the conditional expectation
given the o-algebra T .



130 5 Limit Theorems

Proof. Relation (5.2.8) follows from Theorem 5.2.2 by taking g = 1 ([ gdu =
w(X) < 00).

The function f* is T-measurable. Let A € 7. Then I4(T*z) = Ia(x)
p-almost everywhere. Thus

lim lSn(fIA,:L’) =1Isf"(2).

n—o00 N,

Applying (5.2.3), we obtain (with g = 1)

/ F@)u(da) = / Fopds), AeT.
A A
O

Corollary. Let {&,, n = 0,1,2,...} be a scalar stationary sequence with
E|éo| < co. Then with probability 1

T 36 =B() | 7).
k=1

(2, F,P) is viewed as the space (X°°, B, u) formed in Sect. 5.2.1a with T
the shifting transformation).

5.2.3 Metric Transitivity

When does the law of large numbers hold in the sense that the limits in
Theorem 5.2.2 and 5.2.3 are constants? Observe that the limit f*(z) in The-
orem 5.2.2 (and hence in Theorem 5.2.3) may turn out to be any bounded
T-measurable function. To this end, we need only take f(z) = f*(x)g(z).
T-measurable functions are p-almost constant if and only if o-algebra T is
trivial under the measure u, that is, it is generated by sets of measure zero.

A transformation T is metrically transitive under a measure p, which it
preserves, if 7 is trivial for p. In that event, p is said to be ergodic for T. A
stationary process is ergodic if the probability measure generated by it on the
space of sequences is ergodic for the sequence shift transformation.

If i is ergodic for T, then f*(x) in Theorem 5.2.2 is a constant f* and so

- o] fo

This result may be stated as follows for a stationary process.

Theorem 5.2.4. Suppose that {&,, n = 0,1,...} is a scalar stationary er-
godic process for which E|&| < co. Then with probability 1

n—1
1
nlggog;ﬁk =E& .
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Remark. If p is a probability measure that is ergodic for T and f € L1(X, u),
then the sequence {f(z), f(Tx),...} is stationary and ergodic on the proba-
bility space (X, B, 1) and Theorem 5.2.4 is applicable to it. If it is ergodic for
all f € Li(X, ), then p is also ergodic for T

Theorem 5.2.5. Suppose that {&,, n = 0,1,2,...} is a stationary sequence
in the measurable space (X, B). It is ergodic if and only if

e
lim —Z(P{ﬁo € AO» 51 eAlv"wgm € Am7 gk € AO?
i1 € Ao Erpm € An} — (P{& € Ag, ... Em € A })?) =
(5.2.9)

for any m and Ay, ..., A, € B.

Proof. Let {n} be a bounded scalar stationary sequence. For n™' Y7, n; to
converge to a constant with probability 1 (we know that the limit exists), it
is necessary and sufficient that V(n=1 > p_y k) — 0. Using the stationarity
(Enkn; = Enonj_y for j > k), we find that

-
( Zm) = —[En — (Eno)? EZ Enonie — (Eno)?)
k=1

Z (Enoni — (Eno)?) -
k=1

The condition

is necessary and sufficient for V(n='>"7_ n,) — 0. Taking n, = Ia, (&)
.. 14, (&mn), we conclude that the condition (5.2.9) is necessary.

Now let (5.2.9) hold and let (Y,C,u) be the space X with cylinder o-
algebra and measure generated by the stationary sequence. Denote by L{(Y, 1)
the subset of functions f(y) € L1 (Y, u) of the form f(y) = fm(zo,...,Zm),
y = (zo,21,...,). It is dense in L;i(Y, p). Furthermore, let Fy be the set of
functions in the linear span of the indicator functions of the cylinder sets. For
f € Fy it follows from (5.2.9) that

1 n
>ty - [ s
n
k=1
Since Fp is dense in LY(Y, ), (5.2.10) holds for all f € Ly(Y, u). Hence it

follows that every T-measurable function is a constant p-almost everywhere.
O

lim
n—oo

u(dy) = 0. (5.2.10)
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5.3 Central Limit Theorem and Invariance Principle

The central limit theorem says that the distribution of a sum of independent
random variables approaches the normal distribution as the number of vari-
ables is increased indefinitely. This statement has to be made more precise. If
the sums of independent random variables are bounded in probability, then
the convergence of the distributions entails the convergence of the series. The
limiting distribution equals the distribution of the sum of the series. It will
be normal only if the terms have normal distributions. Therefore the prob-
lem is posed differently. Let {£,,} be a sequence of independent scalar random
variables and let &, = & + ... + &,. Of interest is the case where the &, are
unbounded in probability. We shall study conditions under which there ex-
ist constants a, and b, such that the distribution of b, 1(£n — ayn) converges
weakly to the normal distribution.

5.3.1 Identically Distributed Terms

Let the & have identical distributions with E&; = a and V&, = b < co. Then
&, has expectation na and variance nb. It is reasonable to take a,, = na and
b, = V/nb so that 1, = (nb)~/2(£, — na) has expectation 0 and variance 1.

Theorem 5.3.1. As n — oo, the distribution of 0, converges to the normal
distribution with mean 0 and variance 1.

Proof. Denote the characteristic function of 7,, by f,,(z). Then
az n
w(z) = Eexplizn,} = expin— [ (znbil/Q)] ,
2l2) = Bexpliznn} = exp { i A [o (0

where ¢(z) = Ee'*%1. By Theorem 5.1.5 of Sect. 5.1.3, it suffices to prove that
falz) = e=%/2 (this is the characteristic function of a normal distribution
with mean 0 and variance 1). The existence of V&; implies that ¢(z) is twice
continuously differentiable and

—iaz b

e " Pp(z)=1- 5220z(z) ,

where a(z) — 1 as z — 0. Therefore
1 z " z
n(2) = 1— —22%a | —— — ez .
fe) = (155 (73))

Corollary. Suppose that the & ’s assume the value 1 with probability p and 0
with probability 1 —p, 0 < p < 1. Then for all x

M)

a

lim P {Z{k < /np(l —p)x+ np} = P(x), (5.3.1)

n—o0
k=1

where () = (2m)~% [*_ e~ 2" du.
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We next make use of Remark 5.1.2, Theorem 5.1.1 of Sect. 5.1.1. Consider

a sequence of independent trials in each of which an event may occur with

probability p. By defining &, = I 4, , where Ay, is the event in question in the k-

th trial, we have a sequence of variables for which (5.3.1) holds. Furthermore,

n~t 37, & = vy, is the relative frequency of occurrence of the event in the
n trials. From (5.3.1) we find for a < b that

[p(1 —p) [ >
lim P < w—p<b / —ut/2g
i { Yn =P n } Vor v

(5.3.2)

5.3.2 Lindeberg’s Theorem

Let {&,} be a sequence of independent random variables with E¢;, = a5 and
and V&, = b < co. Define

We are interested in conditions under which the distribution of 7, will con-
verge to the normal distribution with mean 0 and variance 1. One such con-
dition was found by Lindeberg and it bears his name. Write ¢, = >.7_, by,

Lindeberg’s Condition. For any € > 0

n

lim ¢, Y E(& — ar)*I{jg, —ap|>eyer) = 0. (5.3.3)

n—oo
k=1
Theorem 5.3.2. If Lindeberg’s condition holds, then
lgn P{n, <z} = &(x) (5.3.4)
for all .

Proof. With no loss of generality, we may assume that a; = 0. Write pg(z) =
Eei*¢c and f,(z) = Ee**"». Then

H‘pk ~1/2,)

Let

ank(€) = ¢, "BE e, |5 v} (5.3.5)

By condition (5.3.3), > p_; ani(e) — 0 for every ¢ > 0. Since by/c, < e+
ank(€), it follows that
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by,

lim max — =0
n—oo 1<k<n Cp,

and hence ¢,, — oco.
Condition (5.3.3) implies that

2
op(z) =1— %bk + Br(2),

, 1
where limy, o0 Y 1 |Bk(zcn 2)| = 0. But
[[uwe=]]w
k=1 k=1
for |ux| <1 and |vg| < 1. Thus

Hsok 22) H( bkz)

k=1

n

SZ|Uk—Uk

lim
n—o0

It remains to observe that

O

Remark. Lindeberg’s condition assures that the contribution of each separate
term in the overall sum approaches zero in probability:

P {1@%5’“\/;’“' > s} ZP{@ —ax| > ey/Cn}

\ N

526 ZElfk*ak\ Hjgx—ar|>eyery = 0-

A consequence of Lindeberg’s theorem is Lyapunov’s theorem (it was
proved earlier and is more useful in applications).

Theorem 5.3.3. Suppose that

n
: —-1-5 _ 24a _
nh_}rréo ¢ T2 E E|&, — ag 0 (5.3.6)

for some positive . Then (5.3.4) holds.
Proof. Again assume that ay = 0. If a,,(€) is given by (5.3.5), then
ank(e) < e T TEEIG T

Therefore (5.3.3) results from (5.3.6). O
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5.3.3 Donsker-Prokhorov Theorem

(a) Random polygonal paths. Let {&} be a sequence of independent random
variables with E{; = 0 and V&, = bg, and let Lindeberg’s condition be
satisfied. Put

k k
1 —
lnk = :Z b, tny =0, Cnk = Cn1/2 E &is Cno =0.
" i=1 i=1

Denote by ¢, (t) the random polygonal line with vertices at (tnx, Cnk):

t t—tnk
— ) + C k+1,— ;5
tnk+1 - tnk " tnk+1 - tnk

tnk+1 —

Cn (t) = (nk

3 tnk: S t S tnkJrl .

¢n(t) is a continuous random process. Associated with it is a probability mea-
sure on Cj 1}, the space of scalar continuous functions. Denote it by p,. Let
pw be the measure on Cjg 1) corresponding to the standard Wiener process
w(t) (or more precisely, its continuous modification) (see pp. 84-85).

Theorem 5.3.4. (Yu.V. Prokhorov) ji, = pi in Cpg q.
A special but most important case in practical applications is that of
identically distributed & considered by Donsker.

(b) Invariance principle. Assume that the &;’s are identically distributed with
V¢, = 1. Then ¢, = n, Lindeberg’s condition holds automatically, t,r = k/n,
Cnk = n2 Zf:l & and (,0 = 0. Various functionals of the sequential sums
may be expressed as functions of (,(¢). Thus

= t
I]glggck Vnmax G (t),

max |¢| = v/nmax [, (t),
k<n t

n 1
S [Gel ~ it / G (1),
k=1 0

The invariance principle says that under suitable normalization functionals of
this kind do not depend on the distributions of the variables &;. Therefore by
selecting the distribution of & (usually, £, = £1 with probabilities 1/2), the
limiting distribution of the functional is determined. The distribution turns
out to coincide with the distribution of the same functional of the Wiener
process. The next result serves as an example of this kind of theorem.

Theorem 5.3.5.

2 x
lim P{max(y <z <Vn}= \/7/ e du.
kSn T 0

n— oo

The right-hand side coincides with the distribution of supg<,<q w(t).
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(c) Weak compactness of a family of probability measures in Cig 1. We shall
make use of Theorem 5.1.4 of Sect. 5.1.2. To derive effective conditions for
weak compactness, we must be able to give an efficacious description of a
sufficiently broad class of compact sets in Cjg 1j.

Let §(t) be defined for ¢ > 0 with §(¢) > 0 for ¢t # 0 and §(¢) L0 as t 0.
Let K(d,c) be the subset of functions z(t) of Cjg,1j such that |z()| < ¢ and
|z(t1) — z(ta)] < 5(|t1 — t2|) for all ¢, ¢; and to.

Lemma 5.3.1. K(6,c) is a compact set in Co 1) and to every compact K in
Cio,1] there exist a 0(-) and c such that K C K(4,c).

Proof. The first statement follows by Arzela’s theorem. If K is a compact set,
take d(t) = sup{|x(t1) —x(t2)], |t1 —t2| < t,2(-) € K'}. Then by Dini’s theorem,
0(t) 10 as t10. If ¢ = sup{|z(t)|, ¢t € [0,1],z(-) € K}, then K C K(§,¢). O

Theorem 5.1.4 of Sect. 5.1.2 and the lemma yield the following result.

Theorem 5.3.6. Let {&,(t)} be a sequence of continuous numerical processes
defined on [0,1]. The sequence of measures {v,} on Cp ] corresponding to
these processes is weakly compact if:

1. £,(0) is bounded in probability.

2. for every e >0

lim Tm P{ sup [6u(t1) — Enlta)] > 6 =0. (5.3.7)
h—0 n—oo |t17t2|§h

Proof. From (5.3.7) it follows that

lim sup P sup  |&n(t1) —&n(t2)| >pp =0
h—0 n |t1—t2‘§h

for all positive p. Choose sequences hy — 0 and pr — 0 so that

ZSUPP{ sup  [&n(t1) — &n(t2)] > Pk:} <e/2.
P [t1—t2|<hy
If 6(t) = pg for hgy1 <t < hy and 6(t) = (1 + h1)p1/hy for t > hq, then for
all n

P{ sup  [€n(t1) — Enlta)] < 8(s),0 < s < 1} >1- 2.

[t1—t2|<s

\]

If now P{|£,(0)] > c1} < &/2, then

+h
hl P1,

1
P{ sup £,(0)] < 1 +
t

sup  |€n(t1) — &nl(te)] < (s),0< s < 1} >1—¢.

[t1—t2|<s

Thus pn(K(6,¢)) >1—cife=c1+ (1 4+ h1)p1/h1. O
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(d) Proof of Prokhorov’s theorem. Let us verify that the processes (, (t) satisfy
the hypotheses of Theorem 5.3.6. Since ¢,,(0) = 0, it is only necessary to check
part 2.

The proof of Theorem 5.3.2 shows that §, = maxy(tnr — thk-1) =
maxy (b /ci) — 0. Since

sup |<n(t1) - Cn(tZ)l S sup |<n(tnk) - Cn(tnj)| 3

[t1—t2|<h [tk —tn;| <h+2d,

it suffices to prove that

h—0mn—00 [tnk—tnj|<h

lim lim P{ sup [Cn (trk) — Cn(tng)] >5} =0.

Let s,,(t) = inf{t, : tnr > t}. Then |s,(t) — t| < 6, and

Sup |Cn(tnk) - Cn(tnj)| <2 sup nn(k’h)a
|tnk7tnj|§h k<h—1

where 0, (k, h) = sup{|C.(tn;) — Cu(sn(kR))| : tn; € [sn(kh), sn(kh) +2h]}. To
prove that the p,,’s are weakly compact, it suffices to show that

lim lim P{ sup nn(k,h)>€}:0,

h—0n—o0 k<h-1

for every positive e, or that

lim nlgg{)k;’rl P{nn(k,h) >e} =0.

Since

P{[Cn(tnk) = Cultnj)| > p} < pi (Caltn) = Cn(tng))? < tnkp2nj 7

it follows that

P {[Ca(tns) = Galtn)] > 5} < %

for 16h < &2 providing |t,, — tnj| < 2h. Hence, on the basis of Sect. 3.2 of
Chapter 3,

P{n.(k,z) > ¢} < 2P {Kn((sn(kh) F2R) A1) = Cul(sn(kR))| > %} .

Using the independence of (,(tnk,), Cn(tnks) — Cn(tnky)y- -y Cn(tnk,) —
Cn(tnk,_,) for tug, < tnk, < ...<tnk,, Lindeberg’s theorem and

Sup ICn(t) = Cul(sn(t))] < max = |§k|

in probability, one can demonstrate that the following statement is true.
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Lemma 5.3.2. 1. The distribution of

Ca((sn(kh) +2R) A1) = Gu(sn(kh))

converges to the distribution of w((k +2)h A1) — w(kh).
2. The joint distribution of (,(t1),Cn(t2),. .., Cu(t) with t; € [0,1] converges
to the joint distribution of w(ty),w(t2), ..., w(t;).

Proof. Applying part 1, we find that

Tm Y Pk ) >el<2 > P {|w((k: + 2R A1) — w(kh)| > g}
k<h—1 k<h—1

16
<92 ZElw((k+2)h A1) —w(kh)|*
< k; [w((k +2)h A 1) —w(kh)

< gh*1(3(2h)2) —Oh).

This expression approaches zero. Hence, the set {u,} is compact. By state-

ment 2,
[ tdun = [ g

for any function f(z(-)) of the form

f(x() = 2(2(tr), .., 2(tr)) ,

where [,t1,...,t; € [0,1] and § € C’f% are arbitrary. The collection of f’s forms
a complete set in Cjg 1). Therefore p, = fi,. O



Historic and Bibliographic Comments

The philosphical foundations of probability theory are discussed in Borel
(1963). It contains a popular account of the author’s views on the essence
of probability theory and its possible applications (translation of a book pub-
lished in French in 1956).

The now-accepted axiomatic treatment of probability theory was first pro-
posed in an article by Kolmogorov in 1933 (see Kolmogorov (1974)).

A presentation of the basic concepts of probability may be found in
Borovkov (1976), Feller (1968, 1971), Halmos (1956), Loev (1963), Neveu
(1965), and Prokhorov (1973). The first volume of Feller (1968) involves el-
ementary probability theory with very many interesting problems that are
helpful in understanding the sources of concepts and methods. The second
volume (1971) gives an account of the main results on limit theorems, ran-
dom walks, Markov processes and stationary processes. Loev (1963) contains
a fundamental presentation of probability theory, independent and dependent
random variables as well as elements of the theory of stochastic processes.
Attention is given in Neveu (1965) mainly to rigorous definitions of the basic
notions of probability. It gives a fairly complete development of ergodic the-
ory. Shiryaev (1980) gives a contemporary treatment of the basic notions of
probability theory, limit theorems and ergodic theory, stationary sequences,
martingales and Markov chains. Borovkov (1976) presents basic information
about probability theory (limit theorems, random walks, Markov chains and
the simplest stochastic processes). Prokhorov (1973) is more of a handbook
and pays attention mainly to limit theorems and stochastic processes.

Dellachérie (1972), Doob (1953), Gikhman (1977), Meyer (1966), Rozanov
(1963) and Skorokhod (1986) consider various aspects of the theory of stochas-
tic processes. The first most complete presentation of stochastic processes is
found in Doob (1953). Its treatment of ergodic theory for Markov chains
should especially be noted. Gikhman (1977) gives the foundations of stochas-
tic processes including an axiomatic treatment, conditional probabilities, in-
dependence, general theory of random functions, information about the ba-
sic classes of stochastic processes and limit theorems. Meyer (1966) and the
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closely-related Doob (1953) are devoted to studying currents of o-algebras on
probability spaces and the related stopping times, measurability of stochas-
tic processes, martingales and supermartingales. Rozanov (1967) presents the
spectral theory of wide-sense stationary processes with applications to extrap-
olation and filtering, as well as the ergodic theory of strict-sense stationary
processes. Skorokhod (1986) gives basic facts about processes with indepen-
dent increments (including those with discrete time, that is, random walks).

The main subject of Ibragimov (1965) is the extension of limit theorems
for independent random variables to dependent variables.

Halmos (1956) contains the basic notions and theorems of ergodic theory
in a form that is accessible to a wide range of mathematicians.

Finally, Skorokhod (1975) studies ways of constructing measures, transfor-
mations of measures by smooth mappings, conditions for absolute continuity
and quasi-invariant measures.
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Introduction

In 1931, Kolmogorov published his article “On analytic methods in proba-
bility theory”. In that paper, he introduced a class of stochastic processes
which have since been called Markov processes. To study their probabilistic
parameters (namely, the transition probabilities), he proposed using differen-
tial equations. For processes with a finite or denumerable phase space, the
transition probabilities satisfy finite or denumerable systems of ordinary dif-
ferential equations and for processes with a finite-dimensional phase space,
second-order parabolic partial differential equations. The creation of this new
powerful method made it possible to solve other problems involving stochas-
tic processes and to deduce new kinds of limit theorems (for instance, diffu-
sion problems for random walks considered by Kolmogorov, Petrovsky and
Khinchin). Although certain analytic techniques had been used to prove limit
theorems (the Fourier transform), it was precisely due to Kolmogorov’s pa-
pers that analysis came to be applied universally in probability theory. Thus
(at least formally), probability theory could now be viewed as a section of
analysis.

The connection that Kolmogorov established between differential equa-
tions and Markov processes made possible their “reverse” application to dif-
ferential equations. To do this, it was necessary to have ways of studying
Markov processes that were independent of analysis. Such purely probabilis-
tic methods were initially developed for the Wiener process. The formation
of Wiener measures led to the solution of numerous problems in analysis.
The most siginficant step here was Kac’s representation of the solution to the
Cauchy problem for the equation

ou

T AU + U
as an integral with respect to a Wiener measure. It was precisely this result
that demonstrated how probability-theoretic techniques could help to over-
come essential difficulties that are encountered in analysis.

The theory of stochastic differential equations developed by It6 and
Gikhman has led to the construction of a broad class of Markov processes
by probability-theoretic methods which can then be used to solve partial dif-
ferential equations.
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Markov Processes

Markov processes describe the evolution of systems undergoing independent
random perturbations at different moments of time. In this case, the state of
a system at a given moment of time completely determines the probability
parameters of the process that describes the further evolution of the system.
This means that the past behavior of a system has no effect on its future
behavior except for its present state. Discrete sequences of events possessing
this property were introduced by Markov and have come to be called Markov
chains. Processes with continuous time were introduced by Kolmogorov and
he referred to them as stochastically determinate processes. Subsequently they
came to be called Markov processes (by analogy with discrete-time processes).

1.1 Definition and General Properties

1.1.1 Definition of a Markov Process

Let (X, B) be a measurable space. It will play the role of the phase or state
space of a process being considered. We shall examine processes defined on
R;. To define a Markov process, it is natural to consider a whole family
of processes & ,(t), t > s, rather than a single process; & ,(t) describes the
evolution of a system which is in the state = at the initial time s. Let (£2, F) be
a sample space with a o-algebra F. It is convenient to assume that each &, ;(t)
has its own probability measure Py ,(-) on (£2, F). Thus for a Markov process
there will be a family of probability spaces {(£2,F,Ps,),s € Ry, z € X}
whose measures P, , are consistent in a certain way. Let F;, s < t, be the
o-algebra of events observed on [s,t] (in particular, & »(u) with u € [s,1], is
measurable relative to F7). From the above intuitive definition, it follows for
s < u that the conditional distribution of &, ,(¢) on [t,00), given & ,(v) on
[s,u], must be the same as the distribution of the process that begins at time
u at the point & . (v). This property may be stated precisely as follows. With
probability P, , =1,
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Ps,z{g(tl) S Ala cee 7§(tn) S A’I’L|f’rSL}
=Puewié(t) € Ar,... &(tn) € An},
0<s<u<<ti<...<t,, ApLeB (1.1.1)

(&(+) in this denotes a process whose distributions are specified by the measure
operating on &£(-) : Py ¢(u)(C) = Py 2(C)|z=¢(u)). Observe that it is precisely
having different measures that permits one to denote the process by the exact
same symbol. Since we are going to consider processes later on that begin
at different moments of time, we shall utilize the notation &,(¢) for a process
defined for ¢ > s.

Then (1.1.1) can be rewritten as follows:

Ps,z{gs(tl) S Ala e 7£S(tn) € An}lfi}
= Pués(u){fu(tl) €Ay, &u(tn) € Ant. (1.1.2)

Thus a Markov process is defined by

1. a phase space — a measurable space (X, B),

2. a measurable space (§2, F) and family of o-algebras 7 C F,0<s <t <
o0, such that 77 C Fy whenu <s <t <w,

3. a family of functions &s(t) = &(t,w), s € Ry, t > s, with &(f,w) an
F{-measurable mapping from (2 to X for all 0 < s < ¢, and

4. a family of probability measures P, ,(-) on F satisfying
i Psu{&(s)=a}=1forallse Ry and z € X,
ii. relation (1.1.2) with probability P, , =1foralln, 0 <s<u <t; <

.. <tpand A;,..., A, € B,

iii. the function P, ,{&;(t) € A} is measurable in z for s < ¢ and A € B.

The expectation with respect to P, , will be denoted by E; .. Relation
(1.1.2) may be rewritten as follows:

Es,m (H IAk (gs(tk))|]:i> = Eu,és(u) H IAK. (gs(tk)) . (113)

k=1 k=1

Inthiss<u<t <...<t,and Ay € B, k =1,...,n. The relation holds
with probability P, , = 1.

1.1.2 Transition Probability

The function P(s,z,t, A) = P ,{&:(t) € A} is called the transition probabil-
ity. It has these obvious properties.

I. P(s,z,t,A) is defined for 0 < s <t, 2 € X, and is measurable in z.
II. P(s,z,t, A) is a probability measure with respect to A € B.
The next property establishes the Markov nature of the process.



1.1 Definition and General Properties 149

III. P(s,z,t, A) satisfies the equation
P(s,x,t,A) = /P(s,x,u,dz)P(u,z,t,A) (1.1.4)

for 0 < s <wu<t,and A € B (the Chapman-Kolmogorov equation).

For, on making use of part ii of property 4, we find that

P, {&:(t) € A|FS} = Poye,u)(&ult) € A} = P(u,&(u),t, A) .

Taking the expectation of both sides of this equation with respect to Py ;, we
obtain

/ Po {6 (u) € d2}P(u, 2,1, A) = Bo Py o{6o(t) € A|IF)
— P, {60 € A}

This proves (1.1.4).
Using (1.1.3), one can derive the following formula for the finite-
dimensional distributions of £,(¢) in terms of Py ,: For s < t; < ... < tp,

Ps,a:{fs(tl) € Al, s ags(tn) € An}

= ES,IIAl(fs(tl))Es,w <H IAk (fs(tk))’}?>

k=2

= ES,ZIAl (gs(tl))Etlyfs(tl) H IAk{ftl (tk))
k=2

_ /A P(s,,ty, dey)Ee, o, [T Lae (€ () -

k=2

By induction, this yields
Ps,x{gs(tl) S A17 e 7§s(tn) € An}
:/ P('S?xvtlvdzl)/ P(t17x17t27dx2)
Ay

Az

/ P(tn—lazn—lytnydzn) . (115)
An

Thus, the transition probability gives the values of P, , on the o-algebras
C; determined by the events {{(t) € A}, t € [s,u] and A € B. This shows
that the transition probability permits one to construct a Markov process on
a specific (£2,B); 2 is taken to be the space X+ of all X-valued functions
w = w(t) on Ry, F to be a cylinder o-algebra in X+ and &,(w) = w(t) for
t > s. We regard &(w) € C, with C € F, if there exists an @ such that

w(t) =w(t) for t > s and @ € C. F7, where s < t, will denote the o-algebra
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of cylinder sets in F with bases in [s, t]. Conditions 1-3 are clearly satisfied.
We first define the measures P, , on the o-algebra F3  with the help of the
finite-dimensional distribution functions given by (1.1.5). For any C € B, we
regard &, (w) as belonging to C if &,(t,w) = &,(¢, ) for some w € C. Parts i-ii
of property 4 follow from formula (1.1.5) and properties I-III of a transition
probability.

Therefore, in a sense, the study of Markov processes reduces to studying
their transition probabilities P(s, x,t, A), functions satisfying conditions I-II.
Equation (1.1.4) is fundamental there.

Two families of linear transformations can be associated with a transition
probability. One acts in the space B, of bounded B-measurable functions from
X to R. It is a Banach space with norm || f|| = sup, |f(x)|. The other acts in
the space M x of charges (countably-additive functions of bounded variation)
on B. If v is such a charge, then

/ fdv

These families of transformations 7 ; are given by

|lv|| = varv = sup
lflI<1

stf /f S l‘,t,dy) ’ f € Bx s (116)

and

[VTs 1) (A) = /P(s,:z:,t,A)l/(dx) , vEMx. (1.1.7)

The first maps By into Bx while the second maps M x into M x. We shall
denote a transformation by the same letter but applied on the right for mea-
sures and on the left for functions (this is similar to matrix multiplication on
the right for row vectors and on the left for column vectors).

It follows from condition II that ||Ts.|| = 1. Finally, condition III can be
rewritten as follows. For 0 < s < t < u,

Te,tTt,u = Te,u . (118)

Since P(t,z,t, A) = Ia(z), we have T s = I, where [ is the identity operator.
The operators T ; possess one further property. They map nonnegative func-
tions in Bx into nonnegative functions and measures in M x into measures.

We give now a relation between a transition probability and a class of
martingales generated by a Markov process. Let f € Bx and for 0 <t < a,
let

u(t,x) = /P(t,z,a,dy)f(y) . (1.1.9)

Then when ¢ € [s,a], the numerical process (; = u(t,&s(t)) is a martingale
with respect to the flow F7 on the probability space (£2,F,P;,) for any
x € X. In fact, if s < v < t, then
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Es o (u(t, &(0)|F)) = E, ¢, (v)u(t Eo(t

:/u(t,z)P@,&s()tdz /(/P”“dy ())

P(v,&(v), t,dz) = /f(y)/P(%Ss(v),t,d«Z)P(LZ,a,dy)
/f (v,&5(v), a,dy) = u(v,&s(vV)) .

Conversely, if §(t,x) is a bounded function such that &(¢,&,(t)) is a mar-
tingale when ¢ € [s, a], then

é(tvgs(t)) = Es,x(é(a?és(a))‘f;)
=Ei e, ®(t,&(a)) = /¢(t7z)P(t7£s(t),a,dZ) :

Thus formula (1.1.9) gives all of the bounded functions u(t, z) of two variables
that are measurable in z for which wu(t,£(t)) is a martingale with respect to
the measures Py ,

(a) Homogeneous Markov Processes. A Markov process is homogeneous or
has stationary transition probabilities if P(s,x,t, A) depends only on the dif-
ference t — s: P(s,x,t,A) = P(0,z,t— s, A). When a process is homogeneous,
P(0,x,t, A) will be denoted by P(t,z, A) and we shall say that the transi-
tion probability is temporally homogeneous. For a homogeneous process, the
Chapman-Kolmogorov equation takes the form

P(t+s,z,A) = /P(t,x,dz)P(s,z,A) . (1.1.10)

The operators T + depend only on the difference t —s. If we set Ty ; = 1%, then
the family {T%,¢ > 0} is a one-parameter semigroup of operators: Ty45 = T3 T
and the operators T; commute with one another. For a homogeneous process,
formula (1.1.5) becomes

PS,x{gs(tl) € A17 s 7§s(tn) € An}
2/ P(tl—S,l‘,dlj)/ P(t2—t1,$1,d$1)
Ay

Az

. / P(tn - tn—laxn—ldxn) . (1111)
An

This formula shows that the finite-dimensional distributions of (¢ + s) only
depend on z (the initial state) and not on s. Therefore it is possible to con-
centrate on one process £(t) and a family of measures P,, € X, which cor-
respond to a process beginning at time 0 in the state x. For a homogeneous
Markov process, condition (1.1.2) assumes this form: For 0 < u < t1... < tp,
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Pm{g(tl) S Ala cee ag(tn> S An‘fg}
=Pe{é(ti —u) € A1, ... E(tn —u) € Ay} (1.1.12)

Let u(t,x) = Ty f(x). Then the numerical process u(t,£(t — s)) is a mar-
tingale with respect to measure P, for all z € X.

1.1.3 Regularity

We are interested in when a Markov process can be considered continuous
or right-continuous, assuming that it has at most jump discontinuities. The
following general result is a consequence of Theorem 4.1.6 on p. 99. Let X
be a complete metric space with metric o(z,y) and let B be the o-algebra
generated by its balls. Denote by S,.(y) the ball with center at y of radius r.

Theorem 1.1.1. Suppose that the transition probability P(s,z,t,A) is uni-
formly stochastically continuous: For all T

lim sup sup P(s,z,t, X\ S-(z))=0. (1.1.13)
h=0zeX t<T,s<T|t—s|<h

Then there exist functions &s(t,w) such that: 1. gs(t,w)ﬁas at most jump
discontinuities as o function of t > s; 2. Py {&:(t,w) = &(t,w)} =1 for all
s€ Ry andz € X.

Proof. Consider the value of the process &s(¢,w) on the set AN [s,00), where
A are the rationals. As shown in the above-mentioned theorem, £,(¢,w) has a
limit with probability Py, = 1 on AN s, 00) over any decreasing or bounded
increasing sequence of arguments. The process &, (t+,w) = &(t,w) will then
have the necessary requirements. a

Remark. 1t is easy to derive sufficient conditions for the processes {;:S (t) to be
continuous. To this end, it is sufficient for any » > 0, T'> 0 and x € X that

n—1
li P(s, 2, ty, dy)P(te, y, tisr, X \ Sr(y)) =
maxlAI?kHO;)/ (S,I, ks y) (kayv k+1, \S(y)) Oa
s=to<t1 <...<t,=T, Atkztk+1—tk.

The sum in this limit equals
n—1

B 3 (0@t & ()50} -
k=0
and the quantity under the expectation sign tends (for almost all r) to the
number of jumps of the process exceeding r. In particular, the stated condition
will hold if
P(t,z,t +h, X\ Sp(z)) = o(h)

uniformly in ¢ < T and z € X.
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(a) Conditions associated with martingales. Let X be a complete separable
metric space and let Cx be the space of bounded continuous functions with
the usual norm. Assume that the following conditions hold:

@ 1. The operators T, ; map Cx into Cx.
& 2. T, f(x) = f(x) as s — ¢ uniformly on each ball.

Let uy(s,z,t) = Ts, f(z). Then when u < s < t, the process us(s,&,(s),t)
is a martingale. It is possible to choose a modification of this martingale so
that it has at most jump discontinuities and is continuous from the right.
Using this fact, one can select a countable set of continuous functions f, ()
(for instance, r(z,,x), where {z,} is dense in X) which separate the points
in X. One can show that &,(s) also has a modification with at most jump
discontinuities which is continuous from the right.

1.2 Purely Discontinuous Processes

We now assume that a process has a phase space (X, B) such that B contains
all singletons {z}, = € X.

Definition 1.2.1. A Markov process is uniformly purely discontinuous if for
any positive T

1 _
Iﬁ% E(P(t,x,t +h,A) — Ix(x)) = q(t,z, A) (1.2.1)

exists uniformly in x € X, ¢t < T and A € B.

Being the uniform limit of countably additive functions (in A) of bounded
variation, ¢ (¢, z, A) will be the same kind of function. Furthermore, ¢(t, z, {z})
and ¢(t, z, X \ {z}) will be bounded. It follows from (1.2.1) that g(¢,z, X) = 0.
Define

At,x) = —q(t,z,{z}) . (1.2.2)
Then g(t,z, X \ {}) = A(¢,z) and

1

w(t,x, A) = NE )

q(t,z, A\ {z})

is a probability measure with respect to A. (It is defined for A(t,z) > 0;
if A(t,xz) = 0, we take 7w(¢t,x,A) = I4(x).) As already indicated, A(t,x) is
bounded. If A(¢,z) < C, then

1— P{t,z,t+h,{z}) < Ch

or
P(t,z,t+ h,{x)} > e "
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for positive A small enough. Since
P(t,z,u,{x}) > P(t, z,s,{z})P(s,x,u, {z})

when ¢t < s < u (this is a consequence of the Chapman-Kolmogorov equation),

for all z we have
P(s,z,t,{z}) > e~ Ct=s)

or
P(s,z,t, X \ {z}) <1—e ¢t

Viewing X as a discrete metric space, one can see that the process has a
modification with at most jump discontinuities that is right-continuous.

Theorem 1.2.1. Suppose that a Markov process is purely discontinuous and
that &5(t) has at most jump discontinuities and is right-continuous. Denote by
T the first exit time of the process from its initial state. Then

t
P, {7 <t,&(1) € A} = / Au, z)e™ JS AR 70y 0 A)du . (1.2.3)

Proof. Noting that

co k

. k+1
§a(r) = lim DI fectsrivom=a Tiea ot ey omexi oy és < on )
k=0:1=1

(although X is not necessarily linear, we take 0 -z = 0 and 0 + © = z for
x € X), we obtain

[e'S) k
La(&s(r) = lim >~ (H f{@(sﬂ/m—m}) Ie. (s (k1) /2) €A\ (2}
k=0 \i=1

In exactly the same way

0 k

. k

7= lim ; 1: o <| |1 I{ﬁs(s+i/2”)—z}> e, (s+ (k1) /20) 0}
= i=

with probability P, , = 1. For z > 0,

0o k
—2(r—s . —kz/2™
E,oe "7 = By, lim ) et (H f{ss(sww)—w}) Itg, (s+(h+1)/2m) )
k=1

i=1

[e'S) k
. 7]{,‘2 n
Jim B e E,, <H f{£s<s+i/2">—x}> Iig, (s+ (k1) /20 2} -
k=1

i=1

(It is permissible to take E; , under the limit sign because the sum does not
exceed 1. Since
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=

Es,w

Iie, (s+if2m)= z}) Tie, (s (k1) /2m) £}
1

<.
Il

=

P{s+(i— 1)/2”,:v7s+z‘/2"7{w}}>
s+k/2" s+ (k+1)/2", X\ {z})
Mo+ = 1/2%) 2o ()

(s + k/2", 2) (;ﬂ I (;)) ,

S
Il
—

::hw

<
o
(¢

=1

it follows that
E, xe—z(‘r—s)

N PR n n 2k
nlLrI;OWZA(5+k/2,z)exp{ Z)\ s+ (i—1)/2" x) — 2n}

k=1

= /000 exp { /OtS A(s+u, z)du — (t — s)z} A(t, z)dt .

This implies that 7 has a continuous distribution with respect to the measure
P, . with density

¢
%PS@{T <t} = Isg) exp {/ Au, z)du} At, z) . (1.2.4)

By the continuity of the distribution of 7,

k
Iircy g, (ryeay m > (H I{gs(s+i/2")_x}> Tte (s (k+1)/2m)€ A\ {2} }
k+1<2n(t—s) \i

with probability P, , = 1. Thus

ES,II{T<t}I{§s(7)€A}
k
= lim > E. (Hj{és(s+i/2")—z}> g, (s+(k+1) /27 €A\ {s}}
k+1<2n(t—s i=1

)
k
:nli_{glo Z | <HP(8+(i—1)/2",x,s+i/2”,{x})>

k+1<2n(t—s) \i=1
XP(s+k/2" z, s+ (k+1)/2", A\ {z})

S <ﬁ<1—21n)\(s+(i—1)/2n )+0<21n))>

k+1<2m(t—s) \i=1

(t—s)
1 k 1
— — 2" x, A).
><<2n/\<s+2n,x>+o<2n>)7r(s+k/ ,x, A)
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From this we obtain (1.2.3). O
Remark. For s < t, formulas (1.2.3) and (1.2.4) give

w(t,z, A) =P, . {&(7) € AT =1t} .

1.2.1 Kolmogorov’s Equations

Theorem 1.2.2. The transition probability of a purely discontinuous process
obeying (1.2.1) satisfies each of the following equations:

—gP(s,xﬂf, A) = /q(s,x,dy)P(s,yj, A), s<t, (1.2.5)
s

0

ap(57x’ t? A) = P(S’ x’ dy)q(t, y7 A), t > S ) (1.2'6)

Equation (1.2.5) is called the backward (or first) Kolmogorov equation and
(1.2.6) is the forward (or second) Kolmogorov equation.

Proof. We have
P(s—h,z,t,A) — P(s,x,t, A)

= /[P(s —h,x,8,d2) — I{zeq1|P(s, 2,1, A) .
Therefore

|P(s— h,z,t,A) — P(s,x,t, A)]
<var|P(s — h,x,s,") — I15] .

The right-hand side involves the variation of a difference of measures, Iy,}
being a measure concentrated at x and equaling 1 there. Clearly,

var|P(s — h,z,8,") = I1z3| < (1= P(s — h,x,s,{r})
+P(s—h,x,8, X\ {z}) =2|1 — P(s— h,z,s,{z})|
<2(1—e .
Thus P(s,z,t, A) is continuous in s. The continuity of P(s,z,t, A) in ¢ and
jointly in s and t may be established in similar fashion. The continuity in ¢

of the pre-limiting expression on the left-hand side of (1.2.1) and the uniform
convergence entail the continuity of ¢(¢,z, A) in t. We then have

1
E(P(s — h,x,t, A) — P(s,x,t, A))

= /%(P(S —h,z, Sadz) 7I{$Edz})P(szata A) :



1.2 Purely Discontinuous Processes 157

By (1.2.1), the right-hand limit exists and equals the right-hand side of (1.2.5).
Therefore the limit of the left-hand side also exists and it is the left-hand par-
tial derivative of P(s,x,t, A) with respect to s. But this derivative is contin-
uous in s and so it is the same as the regular partial derivative. Thus (1.2.5)
holds. In similar fashion, starting from the relation

1(Psxt+hA) P(s,xz,t, A))

/Ps x,t, dy) ( (t,y,t+h,A) —Is(y))

one can derive (1.2.6). O

Remark. The functions A(s, z) and 7 (s, x, A) can be used to rewrite (1.2.5) as
follows:

—%P(s, x,t, A) = =A(s,2)P(s,xz,t, A)

(s, ) / w(s,x,dy) P(s,y.t, A) .
Since

—%P(s7 x,t, A) + A(s,z)P(s,z,t, A)

— —exp{—/:/\(u x)d } aﬁ ( p{/:)\(umc)du} P(s,x,t,A))
/: exp {—/Ut/\(u,a;)du} P(v,z,t, A)dv

— Ia(z) — exp {/t A, a:)du} Pls,zt, A)

we arrive at the following integral equation for P(s,z,t, A):

P(s,z,t,A) = I4(x) exp {— /: )\(u,x)du} (1.2.7)

// fuxexp{ /)\(u,z)du}ﬂ(v,x,dy)P(U,y,t,A)dv

Equation (1.2.7) can be solved by the method of successive approxima-
tions. If we let

t
Qo(s,z,t, A) = exp {—/ A(mx)du} Iy(x),
Qn(s,z,t, A)

:/:/)\(U,x)exp{—/vt)\(u,x)du} (v, z, dy)

xanl(vaaA)dU , 1 >1 ’

and

(1.2.8)
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then
P(s,x,t, A) ZQnsxtA (1.2.9)

Equation (1.2.7) is meaningful and has a unique solution determined by
(1.2.8), (1.2.9) even under the broader conditions:

(i) A(t,x) is measurable jointly in its arguments, it is nonnegative and it
is bounded,

(ii) 7 (¢, z, A) is a probability measure with respect to A4; (¢, z,{z}) =0
when A\(¢,2) > 0 and 7(¢, z, {x}) = 1 when A(t, z) = 0; 7 (¢, 2, A) is measurable
int,z for all A € B.

If the transition probability of a Markov process satisfies (1.2.7) in which
A and 7 obey (i) and (ii), then the process is said to be purely discontinuous.

(a) Processes with a finite set of states. Let X be a finite set and B the o-
algebra of all its subsets. The transition probability is determined upon giving
the function

p(s,z,t,y) = P(s,z,t,{y}), z,y € X, 0<s<t,

since

P(s,z,t,A) = Zpsa:ty

yeA

Condition I of Sect.1.1.2 holds automatically and condition IT reduces to

pls,z,ty) >0, Y p(s,aty)=1.
yeX

The Chapman-Kolmogorov equation assumes this form: For s < t < u,

p(sﬂx7 u7y) = Zp(57x7t7 Z)p(t7 Z7u7y) *
zeX

The process is regular if to every € > 0 and T > 0, there exists a § > 0 such
that 1 —p(s,z,t,y) <dfor s <T,0<t—s < dandall z € X. Operators T,
may be defined as follows. Enumerate the elements in X, to wit, x1,z2, ..., Tm.
The space Bx is determined by the vectors (f1, fa,..., fm), where fi is the
value of function f at zj, and the space Mx, by the vectors (p1,...,pm),
where p; is the value of a (signed) measure at z;. Then

m

Ts,tf(mk) = ZP(S,JSk,t,SCj)fj

j=1

and

pTei({ai}) = plae)p(s, zn, t, a;) -
k
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Let ], ; be the matrix with elements p(s, zy, ¢, ;) (in the k-th row and j-th
column). Then T, acts on functions like this matrix does on columns and it
acts on measures like this matrix on rows.

The process will be purely discontinuous if

1
lhﬁrol Ep(t7m7t+hay) :a(t,l’,y), x?éy,

exists uniformly in ¢ < T for any positive T. Write a(t,z,z) =

=y a(t, T, Y).
Then Kolmogorov’s backward and forward equations become

0
_%p(saxatvy) = Za(s,x,z)p(s,z,t,y) (1210)
zeX
and 5
oP(5: 0t y) = ;{p(s,x,t,zm(t,z,y) : (1.2.11)

Equation (1.2.10) converts to the following integral equation:
t
panten) = Iy @ e ] [ atwaopi
t t )
+ Z/ exp{/ a(u,x,x)du} a(v,z, z)p(v, z, t,y)dv . (1.2.12)

ze€X VS

(b) Homogeneous processes. A homogeneous process with transition proba-
bility P(t,x, A) is called purely discontinuous if

L. limp, 0 + P(h,z, A) = q(x, A) exists uniformly in A C X \ {z} for every
x € X, where g(x, A) is a measure with respect to A;

2. the function A(z) = ¢(z, X \ {z}) is bounded.

(These conditions are weaker in form than those given on p. 153. However
they are equivalent to them in the homogeneous case.) From the relation
P(h,z,{x}) > e "¢ holding for h sufficiently small, it follows that

P(t,z,{z}) > e ¢

for all t; C' does not depend on z. This inequality implies that the variation
of the set-function

F(P(h,, 4) — La(a)

satisfies 5 5
(1= Pl {a}) < 3 (1 —e") <20

Just as in Theorem 1.2.2, this last relation leads to the derivation of the
backward and forward Kolmogorov equations:
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SR A) = APl A+ [P ), (1213)
%P(th) = —/ P(t,w,dy)/\(y)+/P(t,m,dy)fJ(y,A)- (1.2.14)
A
From (1.2.13), we obtain the following analogue of Eq. (1.2.7):

P(t,z, A) = e O, (x // =A@ p(s gy, A)g(x, dy) . (1.2.15)

With « ¢ A, this gives

t
P(t,z, A) = / e_(t_s)/\(‘”)/ q(z, dy)e=* W ds + O(1?)
0 A
= tq(z, A) + O(t*) ;
P(t,z,{z}) = e @ £ O(#?) .

From these relations, we find that
1
lim 3 (P(b, 2, 4) = La(@)) = (2, 4) = A@) 4 @)
exists uniformly in « and A.

(¢) Denumerable homogeneous processes. In this instance, X = (1,2,...) and
B is the o-algebra of all subsets of X. The transition probability is given by
the collection of functions p;;(t) = P(t,¢,{j}). The Chapman-Kolmogorov
equation assumes the form

p’L] t + 5 szk pkj

The process will be purely discontinuous if

1
(Oé) Qij = hIIl hng (h) exists for 1 %] ;
1
(8) —a;; = lim —(1 — p;;(h))  exists for all 7 ;
h—0 h
0] SI}P(—am‘) < oo and Zaik =0.
3

k

Kolmogorov’s backward and forward equations are

dp;
bi J Zalkpkj (1.2.16)

and

dp
U Z pzk ak:j .
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Let P; be an operator in the space of bounded sequences © = {x} in R acting
according to the formula

(Prz)p = Zpki(t)fﬂi .

Equation (1.2.16) becomes
d

dt
where A is a bounded operator defined by

(A{L‘)k = Zakixi .

From (1.2.17) and the condition Py = I, we obtain

P, = AP, , (1.2.17)

P =exp{tA} =T+ AT (1.2.18)

n=1 "

1.3 Diffusion Processes

We next consider Markov processes with phase space R%. B is the o-algebra
of Borel sets in R?. A transition probability will be assumed to satisfy the
following condition: For all T'> 0 and ¢ > 0,

1
limsupsup sup =P(s,z,t,Vo(x))=0, (1.3.1)
0—=04<T zeX 0<t—s<§

where V. (2) = {y : |z — y| > €}. Section 1.1.3 shows that a continuous mod-
ification exists for the process under this assumption. A continuous Markov
process is capable of serving as model for the motion of a particle colliding
with the chaotically moving molecules of a medium, that is, as a model of the
diffusion or dispersal of alien particles in the medium. This explains the name
given to the class of Markov processes being considered.

Definition 1.3.1. A continuous Markov process with a transition probabil-
ity P(s,x,t, A) satisfying (1.3.1) is called a diffusion process if it fulfills the
following two conditions:

I. There exists a continuous function a(t, z) defined on Ry x R? with values
in R? such that for all € > 0 and T > 0,

1
lim — (y —z)P(t,x,t + h,dy) = a(t, x) (1.3.2)
h—0 h ly—z|<e

uniformly in z € R? and t < T.
II. There exists a continuous function B(t,z) defined on R, x R? with
values in L(R?) such that for all e > 0, 7' > 0 and v, z € R?,
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1
lim 7\/ (y 7$,Z)(y7$,U)P(t,x,t+h, dy)
h—0 h ly—z|<e

= (B(t,z)z,v) . (1.3.3)

The vector function a(t, ) is called the transport coefficient of the diffusion
process. It is the rate of flow in the medium in which the diffusing particle is
located. The function B(t,x) is called the diffusion operator. It characterizes
the variance of the particle deviation from its initial position. B(t,z) is a
nonnegative symmetric operator. B(t, z) and a(t, x) together are the diffusion
coefficients of the process. More precisely, if some basis {e1,...,eq} has been
chosen in RY, then the diffusion coefficients are the coordinates a®(t,z) =
(a(t,z),ex), k =1,...,d, of a(t,x) in this basis and the elements of the matrix
of the operator B(t,z) in this basis,

bik(t,x) = (B(t,x)es, er) , ik <d.
A very simple example of a diffusion process in R? is the Wiener process.
It is a homogeneous process £(t) with independent increments for which £(¢ +

h) — &(t) has a normal distribution with zero mean and identity covariance
matrix. In other words, the distribution of £(¢ + h) — £(t) has the density

1
—d/2 -
(27h) exp { o7 (, x)} .
The transition probability of such a process is given by
P(s,z,t, A) = 2n(t — s))_d/2/ exp —é(y—x y—x)pdy.
) Yy A 2(t _ S) )
A simple computation shows that for all positive m,
[yl Pls.aitidy) =0l - 577
/(y - QL')P(S,LC,t,dy) =0 9
/(y -, Z)(y - .’IT,U)P(S,CEﬂf, dy) = (Z7U)(t - S) .
Therefore £(t) is a diffusion process with a = 0 and B = I, the identity matrix.

1.3.1 Kolmogorov’s Equations

Our goal is to derive differential equations by means of which the transition
probability may be determined. These equations resemble the diffusion equa-
tions of physics, excessive evidence that the term “diffusion process” reflects
the essential aspects of the process. We first prove a preliminary result.



1.3 Diffusion Processes 163

Lemma 1.3.1. If o(z) is a scalar function on R® which is bounded, continu-
ous and twice differentiable in a neighborhood of xo, then

. 1
lim & [ [ )Pt t+ ) — ol
h—0 h

= (a(t,l‘o), (pl(l’o)) + %TI‘B(LI’())QDH(I()) (134)

(¢"(z0) is an operator in L(R®) such that
32
(" (wo)u,v) = Wasgo(xo + tu + SU)|§

0 9
0

and Tr A is the trace of operator A).

Proof. For any positive ¢,

‘/k¢(y)“¢($0»})@,x07t%—h,dy)
- /I i< (p(y) — p(x0))P(t, 0, t + h, dy) + o(h)
= /| i< (@l(xo),y - Z‘o)P(t’x07t+ h, dy)
) 1 1
i /:c—y|§s 5(@ (w0)(y — w0),y — xo) P(t, 20, t + h, dy)

+/Oég|y—$0|2P(t7$07t+hady) +O(h’)7

where
acely — ol* = ¢(y) — ¢(x0)
(@' (0),y — w0) — 3 (" (o) y — 70),y — 7).,
z(md oz)6 — 0 as ¢ — 0. Applying relations (1.3.2) and (1.3.3), we arrive at
1.3.4). a

Theorem 1.3.1. Suppose that ¢ € Cga, the function

u(s, ) = / P(s,z,t, dy)o(y)

is twice differentiable in x and du/0z and 8*u/dx? are continuous in s. Then
for s < t, it satisfies the differential equation

0 1
—%u(s,x) = (a(s,x),us(s,z)) + §Tr B(s, x)uzg (s, x) (1.3.5)

and boundary condition
lim u(s,z) = ¢(x) .

s—t
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Proof. On the basis of Lemma 1.3.1, we have
(s = o)~ u(s,) = [ uls,)P(s — hzs.dy) ~ uls. o)
=h [(a(s,x),ux(s,x)) + %Tr B(s,z)ugz(s,x)| + o(h) .

This implies that u(s,z) has a left-hand partial derivative with respect to s
and its value equals the left-hand side of (1.3.5) taken with a minus. Thus, it
is continuous and so it equals the regular derivative. a

Equation (1.3.5) can be related further to a diffusion process as follows.

Theorem 1.3.2. For s < t, suppose that u(s,z) is continuous, bounded
and has bounded continuous derivatives Ou(s,x)/ds, Ou(s,x)/0x and
0%u(s,x)/0z%. If u(s, ) satisfies (1.3.5), then

u(s,x) = /u(t,y)P(s,z,t,dy) . (1.3.6)

Proof. To show that (1.3.6) holds, it is sufficient to demonstrate that u(s, &(s))
is a martingale. We have

E(u(s+ h,&(s+ h))|€(s) /P ), s+ h,dy)u(s+ h,y)

=u@f@»+u4&a$m+owrg/w&wpw@w»s+de
= s, £(5)) + hluus (s, £(5))) + (a5, €(5)). (s £(5)))
5T B(s, £(5) s (5, €(s)) + 0(R) = (s, £(3)) + o(h)

We have made use of Lemma 1.3.1 and the fact that u(s,z) satisfies (1.3.5).
The last relation easily leads to

E(u(s + nh,&(s +nh))|E(s)) = u(s, &(s)) + no(h) .
If s+nh=wv, then h = (v—3s)/n,n=(v—s)/h and
B(u(v, €0)IE(s)) = uls, €(s) + 7olh)

The left-hand side does not depend on h. Letting h — 0, we obtain

EW@&@M&Q%ﬂ@@@D=/MuwP@ﬂﬁwdw~ 0
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Probability Representation of Solutions of
Partial Differential Equations

Kolmogorov’s equations for diffusion processes establish a connection between
Markov processes and second-order partial differential operators with diffusion
coefficients. If a*(t, ), k = 1, ..., d, are the coordinates of the transport vector
in some basis and b¥*(t,x) are the elements of the matrix of the diffusion
operator in the same basis, then the differential operator has the form

1 Zk 0%u d & ou
Lyu(t, ) —§Zb 1ak(t )JrZa(t,x)ak(t:r) (2.0.1)

d
i,k=1 k=1

(the #*’s are the coordinates of z in the indicated basis). It turns out that
if one is able to construct a diffusion process with the diffusion coefficients
occurring on the right-hand side of (2.0.1) (or in other words, a family of
measures P, ,), then the solution of many problems involving the differential
operator L may be written in the form

E o F(t,6()) -

For fixed t, F'(t,z(-)) is a function defined on C[ ) the space of continuous
functions z(-) on [t,00) taking values in R%. ThlS is the probability represen-
tation of a solution. Such a representation and the properties of a stochastic
process can be used to obtain results about the solutions. In addition, prob-
ability theory has procedures for constructing diffusion processes. Therefore
the formulas of this kind can be used to compute the values of the solution
itself.

2.1 Problems for a Parabolic Equation

In this section, L; is the differential operator given by (2.0.1). The subscript ¢
tells us that the coefficients of the operator are time-dependent. The functions
b*(t,x) and a”(t,z) will be assumed to be bounded and sufficiently smooth
so that solutions of the considered problems exist and are unique.
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2.1.1 Cauchy Problem

(a) Backward Cauchy problem for a nonhomogeneous equation. Let T > 0.
Consider the solution of the problem

9 L = T !
8tu(t,sr:)—|— wu(t,x) = f(t,z), t <T, x € R, (2.1.1)

w(T,z) = p(x) .

The boundary condition is given on the hyperplane ¢ = T. The functions
f(t,x) and p(z) are bounded and continuous.

Theorem 2.1.1. Let &(+) be a Markov diffusion process having diffusion coef-
ficients a(t,z) and B(t,z) with coordinates a* and matriz (b'*) in the standard
basis in RE. If P, . denotes the probability corresponding to the process, then

u(t,z) = By 20(&(T Em/ f(s,&(s (2.1.2)

Proof. Let us show that the numerical process

C(t) = u(t £4(2) /fuﬁs

is a martingale with respect to measure P, , forall0 < s <t <T and z € X.
If t + h < T, we have (in the notation of the preceding chapter)

E.2(C(t+h) = C(H)|F7)
= Eq o (u(t + h, &(t + h)) — ult, (1) F7)

t+h
B, ( / f <u,§s<u>>du|f:>

_E,. <ut<t, €O + (g (8, £4(0)), alt, £ (D)

by Tr e (1,6 (0) B £4(0)h hf(tﬁs(t))lfz*) + o(h) = ofh) .

We have made use of (2.1.1) and Lemma 1.3.1 on p. 163.
If0<s<t<wu<Tandh=(u—t)/n, then summing the equalities

E;(C(t+kh) —C(t+ (k—1)h)] f+(k71)h) =oh), k=1,....n
and then taking the conditional expectation given F;, we obtain

s u—t
B () — COIF) = no(h) = “—Lo(n)
After letting h — 0, we observe that ((¢) is a martingale. Formula (2.1.2)

follows from the relation E, ,¢(T) = E; ,((s) = u(s, ). O
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(b) Forward Cauchy problem for a nonhomgeneous equation. Let T > 0. We
consider solving the problem

0
—u(t,z) — Lyu(t,z) = f(t,z), 0<t<T, x€&R?,

ot (2.1.3)
u(0,z) = p(z) .
The function vr(t, z) = u(T — t, x) satisfies the equation
d
ovur(t, x) & ovur(t, x)
ot TG
k=1
+12d:bik(T—t )M——f(:r—t ) (2.1.4)
2 = R ) - o

Let £7(t) be a diffusion process defined on [0,7] with diffusion coefficients
occurring in (2.1.4). Then applying Theorem 2.1.1, we find that

u(t,x) = vr(T — t,2) = BT ,0(67 (T))

ET_,, / ST — u, €5y () (2.1.5)

Here EI, is the measure corresponding to the process £ (t) that starts at

time s in state x.

Remark. Let Ly = L so that the coefficients of L no longer depend on ¢. Then
the distribution of ¢ (s + t) depends on neither s nor 7. The solution to
problem (2.1.3) can be expressed for all T' by means of the following formula:

u(t,z) = Bup(E() = B, / (o, () ) (2.1.6)

in which £(u) is a homogeneous Markov diffusion process with diffusion coef-
ficients a(z) and B(x) of the operator L.

2.1.2 Kac’s Formula

Let v(t, z) be a bounded continuous function. Consider the backward Cauchy
problem

u(t,z) + Lyu(t, z) + v(t, z)u(t,z) =0, te€[0,1],
u(T,x) = p(z);

the function ¢ is bounded and continuous.

9
ot (2.1.7)
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Theorem 2.1.2. Let £,(t) be the same Markov diffusion process as in Theo-
rem 2.1.1. Then

T
u(t,z) = Ey z0(&(T)) exp {/t v(u,gt(u))du} . (2.1.8)

This result is known as Kac’s formula.

Proof. Let 0 < s <t <T. Consider the process

(1) = u(t, &(t)) exp {/:U(wﬁs(u))dU} : (2.1.9)

Let us show that it is a martingale under the measure P, .. As in Theo-
rem 2.1.1, it suffices to demonstrate that

E; 2 (C(t+h) = C@O)IF) = o(h) .
We have

E2(C(t+h) = C(8)|F}) = exp {/t v(u, ES(U))dU}

XBus (u(t 4 b &a(t £ el P IN ur, g, (1) 77

— exp {/ v, fs(u))du} Eou(u(t + by &o(t + 1))
+hu(t + ha gs(t + h))v(tv gs(t)) - U(t, gs(t)”}?) + O(h)
= exp {/ v(u, Ss(u))du} [us ((t,&s()) + (ua(t,85(1)), alt, &s(t)))

5Tt (1, 60 (0) B £6(0) + ult, €601, & ()]
+o(h) = o(h)

(we have again applied Lemma 2.1.1 on p. 163 and (2.1.7)). Hence, ((¢) is a
martingale and
Es,wC(T) = Es,a:C(S) -
But ¢(s) = u(s,&s(s)) = u(s,z) with probability P, , = 1. From this we
obtain (2.1.8) with s instead of ¢. O

Remark 2.1.1. Let f(t,z) be a bounded continuous function. Then the solu-
tion to the problem

%u(t,x) + Liu(t,z) + v(t, z)u(t,z) = f(t,z), te][0,T],

w(T,z) = p(z) , (2.1.10)

is expressible as
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T
u(t,z) = B p0(&(T)) exp {/t v(u,ft(u))du}

—E;, /tT f(s,&(s)) exp {/ts v(u,ft(u))du} ds. (2.1.11)

The proof of this formula amounts to showing for 0 < s < t < T that the
process

(1) = ult, &) exp { / t v(u,fsw»du}
- /St fu, &s(u)) exp {/u U(t,fs(T))dT} du (2.1.12)

is a martingale. The proof of this is exactly the same as in Theorems 2.1.1
and 2.1.2.

Remark 2.1.2. Let Ly = L (that is, the coefficients are independent of ¢). Then
the solution to the problem
4
QD) pu(t,) it 2)utt,2) = £(0.),
U(O,I) = (p(.TE) ’

is expressible as

ulta) = Bt e { | t (o, €06 |
+E, /Otf(s,f(s))exp{/Osv(u,g(u))du} ds, (2.1.13)

where £(u) is a homogeneous Markov diffusion process like the one in (2.1.6).
Formula (2.1.13) is derived from (2.1.12) just as (2.1.6) was derived from
(2.1.5).

2.1.3 Mixed Backward Problem for a Parabolic Equation

Let 7' > 0. Let G(t, ) be a sufficiently smooth function defined an [0, 7] x R?
for which the equation G(t,z) = 0 defines a smooth surface in [0, 7] x R?. Its
sections Sy by hyperplanes perpendicular to the t-axis are smooth surfaces in
R? each being the boundary of a bounded simply-connected region V;, Let
V ={(t,z) : t € [0,T],z € V;}. We shall examine the following boundary-
value problem in V:

ou(t, x) B
ot + Lyu(t, z) = f(t,x), (2.1.14)
u(t, x) =¢(t,x), 0<t<T, u(l z)=q¢).

€S
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The function (¢, x) is sufficiently smooth, ¢(z) and f(¢,z) are continuous,
and ¢¥(t,x) = p(z) for z € Sp.

Let V' be the boundary of V' (it comprises the surfaces | J,{t} x S; and
Vr). Let 7y denote the first exit time of the process &;(t) from the region V.
v =T if &(t) € V, for t € [s,T). If G(t,x) > 0 for (t,z) € V and if 7 < T,
then 7y is the first time for which G(t,&s(t)) = 0. Clearly, 7y is a stopping
time with respect to the flow F; under the probability measure P, for any
reX.

Theorem 2.1.3. Let u(t, z) be the solution to problem (2.1.14). Then
U(t,l’) = Et,xw(TV/vgt(TV’))I{Tv/ <T}

+ Bt 20 (&(T) ry, =1y — Et,z/t v f(u, &(u))du . (2.1.15)

Proof. Under the assumptions made, u(t,z) can be extended to [0,7] x R?
with bounded continuous derivatives du/ot, du/dz, 0*u/dx? (we are using the
same symbol for the extension). The extended function will now satisfy (2.1.1)
in [0,7] x R%; in [0,T] x R x V, the function f(t,x) is simply set equal to
the left-hand side of (2.1.1) in which the chosen extension of u (¢, x) has been
substituted. As was shown in Theorem 2.1.1, the process

C(t) = ut, .1 /fU£s
is a martingale. Since s < Ty, it follows with probability P, , =1 that

Es,xC(TV’) = Es,xC(s) .
But ((s) = u(s, z) with probability P, =1 and so

u(s, z) = Eg 5C(s) . (2.1.16)
We have

C(rv) = ulryr, Es(vr)) — /TV/ flu,&(u))du (2.1.17)

in which f(u,&s(u)) has the same values as f on V, namely, those values of
f that occur an the right-hand side of (2.1.14). Furthermore if 7y < T, then
u(ryr, &s(vr)) = Y(rvr, s(Tvr)). I 7y = T, then (v, §s(Tv)) = @(&s(T)).
On substituting these values in (2.1.17), we can obtain (2.1.15) from (2.1.16).

O

The next statement can be proved similarly to Theorem (2.1.3).

Theorem 2.1.4. Suppose that the hypotheses of Theorem (2.1.3) hold and
that the function v(t,x) is continuous together with its derivatives Ov/ot,
Ov/0z and 0*v/0x?* in the closure of V. If u(t,x) satisfies the equation
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ou(t, x)
ot

+ Li(u) + v(t, 2)u(t,x) = f(t,x) (2.1.18)

in 'V and the boundary conditions u(t,x) |a:€5't = Y(t,x), 0 <t < T, and
w(T,z) = ¢(x), x € Vp, then u(t,x) is expressible as

u(t,x) = Bz (1vr, & (7)) exp {/t . v(u,f(u))du} Iz, <1}

T
+ Erap(&(T)) exp { /t v(u,ft(u))du} Iy—ry  (2.1.19)
“E.. /;V/ Flu, & (u)) exp {/tu o(r, gt(T))dT} du .

2.2 Boundary-Value Problems for Elliptic Operators

Let a(x) and B(x) be bounded and sufficiently smooth functions with values
in R? and L(R%), respectively; a®(z),k = 1,2,...,d, are the coordinates of
a(z) in the standard basis and b?*(z) are the elements of the matrix of the
operator B(z) in this basis. A Markov diffusion process is assumed to exist
having these diffusion coefficients. Let G be a bounded region in R? with
smooth boundary G’. We shall study the differential operator

d

1
~ 2 %:: 81‘16:1:’“ Z 896’“ (2.2.1)

The fact that the b"%(x) are diffusion coefficients means that the matrix
(b“c (:I:)) is nonnegative-definite. We shall assume that the matrix is positive-
definite. Therefore L is an elliptic operator.

2.2.1 Exit Times from a Bounded Region

Let £(t) be a homogeneous Markov process with diffusion coefficients a(x) and
B(z). Let 7¢ be the first exit time from the bounded region G:

T7¢ = inf {s: p(&(s), X \ G) =0} .

Here p(z, F') is the distance from point x to the set F. If p(&(s), X \ G) > 0
for all s, then we take 7¢ = oo. Our aim in this subsection is to show that
E.7¢ < oo and hence that

P, {r¢ <0} =1.

We first prove a statement which is of interest in its own right.
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Lemma 2.2.1. Let f(x) be a twice continuously differentiable function with
compact support. Then the process

Ct) = FEW) — / Lf(¢(s))ds

is a martingale with respect to the flow F and measure P, for any value of x.

Proof. We have

h
E, (C(t+h) = C()IF)) = Eegwy F(E(R) — fE() — /0 B¢ Lf(E(s))ds .
By Lemma 1.3.1 on p. 163, it follows that
E.f(§(h)) = hLf(z) + han(z) ,
where ay,(z) is bounded and approaches 0 as A — 0 uniformly in z. Next
h h
/0 E,.Lf(&(s)ds = hLf(x) —i—/o [E.Lf(E(s)) — Lf(z)]ds .

It is easy to see that sup,, |E,g(£(s))—g(z)| — 0 as s — 0 for every continuous
g having compact support. Therefore

1 [t
i = [ BLLf(€(s) ~ Li@)lds =0
uniformly in z. Hence
E, (C(t +h) = C()|F) = o(h) , (2.2.2)

in which o(h) depends on £(t) but o(h)/h — 0 uniformly in £(¢). Just as
in Theorem 2.1.1 of Sect. 2.1.1, relation (2.2.2) implies the statement in the
lemma. O

Since G is bounded, it is possible to find a ball S such that G C S. Then
forz € G

P.{ra<ts}t=1.

Thus to study the boundedness of 7¢, it suffices to concentrate on the case
G=S.

Theorem 2.2.1. E, 75 is bounded uniformly in x € S.

Proof. There is no loss of generality in assuming that S = {y : |y| < r}. Let
c € R with |c| = 1 and let
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p(x) = exp{k(c,z)} .

Then
k‘2
Lio(a) = exp(k(c,0)} [b(esao) + 5 (Bla)e.o)|

Write o = sup g |a(z)| and § = inf,cg(B(x)c, c). By the assumed positive-
definiteness of B(x), (3 is positive. Therefore

Ly(x) > exp{—kr} {—ak + k;ﬂ]

and choosing k = 3a/8, we find for x € S that

2
Lo(z) > exp{—?)?d} 32% =c>0.

Let s < 75. Then £(s) € S and Lp(£(s)) > cp. Noting that p(£(t)) —
f(f Lp(&(s))ds is a martingale, we obtain

E, [@(5(75 At)) = /OTSM L@(ﬁ(S))dS] = ¢(z)

or

E. [ U Lp(E(s))ds = Bap(€(rs A1) — ola)
0

and so

c1E;ms At < sup eflem) _ inf ekler) ek
€S €S

This is a uniform upper bound for E, 75 A t. Letting t — oo, we observe that
a bound also holds for 7g:

2 6ar
EJCTS S &gexp{ﬁ} .

2.2.2 Solution of the Interior Boundary-Value Problem
We first concentrate on solving the Dirichlet problem for the equation

Lu(z) =0, z€G, (2.2.3)
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with u(z) = ¢(x) on the boundary G’ of G. Since u(t, z) = u(x) is simultane-
ously a solution to the problem

% —Lu=0, u(t,z)=¢() on G, u(T,z)=u(z)

in the region [0, 7] x G, Theorem 2.1.3 on p. 170 gives

u(z) = Eep(8(76)) [{ro <1} + Eou(§(T)) [{ro>1) -

Letting T — oo in this equation, we obtain

u(m) = Emw(f(TG)) :

A similar approach may be used to solve the more complicated nonhomoge-
nous boundary-value problem for L.

Theorem 2.2.2. Let V(z) < 0 and f(x) be bounded continuous functions and
let u(zx) be a solution of the equation

Lu(z) + V(z)u(z) = f(z) (2.2.4)

with the boundary condition

Then

) = B pletra e { [ vietenas)

- [ e { [ viewala] . @)

Proof. The proof of Theorem 2.1.2, p. 168 (see also Remark 2.1.1 to that
theorem) established that the process

(1) = u(€(t)) exp { / t v<§<u>>du} - " F(E(s)) exp { / t v<e<u>>du} s
is a martingale. Therefore for all positive t,

EIC(t A TG) = EI(C(O)) = U(SU) )

ute) = B A e | [ Viels)is |
& | " pe(s)) exp {[vewafas. @20
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Formula (2.2.5) is derived from (2.2.6) by letting ¢ — oo. It is permissible
to take the limit under the expectation sign because V' < 0 and so

exp{/OtV(g(s))ds} <1.

Hence, for t < 7¢

uenen [ t vieeas|- [ T(E(s)) exp { [Viewpiafa

where ¢; = sup,cq u(), c2 = sup,cq f(x) and Erg < oo by virtue of Theo-
rem 2.2.1 of Sect. 2.2.1. ad

< a+ e,

(a) Equation with V of alternating sign. If V(x) changes sign in equation
(2.2.4) (perhaps it is simply positive), formula (2.2.5) need not hold. For
example, the equation (2.2.4) with f = 0 and ¢ = 0 can have a non-zero
solution but the right-hand side of (2.2.5) vanishes. This happens because the
passage to the limit in (2.2.6) is unjustified. To justify it, we shall need the
finiteness of E,e*"¢ for A > 0.

Lemma 2.2.2. If sup, . E,7¢ < g, then E,e*™ < 0o for A < (eq)™L.

Proof. For ¢ > q and all z € G,

P.{r¢g>c} < g
c

Observe that

Pﬂf{TG > nc} = EII{Tc>nc} = EII{TG>(’IL—1)C}EZL’(I{TG>’ILC}|f(0n71)c}
= Eoliro> -t Be(n-1)e) [{ra>c)

<P fro>m-1ep < (1)

Therefore
oo o0 n
E, eM¢ < Z P {1g > (n—1)c} < € Z (e’\c . Q)
c
n=1 n=0

and the series on the right converges when A < ¢~!In(c/q). The right-hand
side has a maximum when ¢ = qe. a

Lemma 2.2.3. Suppose that a strictly positive solution exists to the equation

Lu(z) + Mu(z) =0, =€, ingu(:r) =c>0,
zTE

for some A\ > 0. Then E e’ < co.
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Proof. Formula (2.2.6) can be applied with V' = X and f = 0. We obtain
u(z) = Egu(§(t A1e)) exp{AtATc)} -
Therefore
E, exp{ A\t AT1g)} < ¢ tu(x) .
On letting t — 0o, we complete the proof of the lemma. O

Theorem 2.2.3. Suppose that E,e)¢ < oo for some A > 0. Then if V(x) <
A, the solution to equation (2.2.4) with boundary condition u(z) = ¢(x) on
G’, is representable by formula (2.2.5).

Proof. Under the assumption made,

exp { | v<s<s>>ds} <o

/Ot/\rc exp {/OS V(f(u))du} ds < exp{\t /;\TG} 1

for s < 7¢. Therefore

and

w(E(t A 7)) exp { / v<f<u>>du}

- /OMTG f(&(s)) exp {/OS V(f(u))du} ds

where ¢; and co are constants. The passage to the limit in (2.2.6). under the
expectation sign is thus permissible. a

< ¢+ cpe?™e

)

2.3 Wiener Measure and the Solution of Equations
Involving the Laplace Operator

2.3.1 Wiener Process in R?

A Wiener process in R? is a homogeneous process w(t) with independent
increments for which w(t + h) — w(t) is normally distributed with mean zero
and covariance operator hI (I is the identity operator in R%). In other words,
the increment has the density

gn(x) = (2h) =¥ exp {—21hat|2} . (2.3.1)
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(a) A Markov process related to a Wiener process. Since a Wiener process has
independent increments, then for 0 <t < ... <t, <t <t+h,

P{w(t+h) € Alw(ty),...,w(t,), w(t)}
=P{w(t+h) —w() € A wt)|w(ts), ..., w(ty), w(t)}
=P{w(t+h) —w(t) e A—w(t)|w(t)}

=P(w(h) —w(0) € A— =z}

Y

z=w(t)

in this, A— 2z = {y : y + x € A} and we have used not only the independence
of the increments but also the homogeneity. Putting

PY(h,z,A) = P{w(h) —w(0) € A — x}
_ 1
= (27h) d/Q/Aexp{Qh|yx|2}ds, (2.3.2)
one can verify that
P{w(t + h) € Alw(ty),...,w(tn), w(t)} = P (h,w(t), A) .

This means that the family of processes w(t) —w(0) +z may be viewed as a
homogeneous Markov process with transition probability (2.3.2). This process
has spatial homogeneity: if it starts at x, the process can be determined from
a process starting at 0 by shifting the latter’s path by amount x. In what
follows, we take w(0) = 0. Then w(¢) is the path of a Markov process starting
at 0. If as previously, P, is the distribution in Cra corresponding to the initial
value x, then spatial homogenity means that

E.f(§()) = Eof(§() + )

for every bounded measurable function f(x(-)) in Cga (here &(-) denotes the
path of a process). If f(x(-)) is measurable, then so is the function f,(z(-)) =
f(x(:) + a). Thus, when a process is spatially homogeneous, it is possible to
consider a single measure instead of a family of measures P,,.

Noting the form of the transition probability, one can show that

PY(h, 2, Va(2)) = P{w(h)| > ¢} < —Blu(h)]”
hm/2

o Elw(1)|™ =o(h), m>2, (2.3.3)

and

/ (y' — 2" )P"(h, =, dy) =/ y' P"(h,0,dy)
ly—z|<e ly|<e

= Ew' (W) {juwn)|<cy = Ew' (h) + Ew' (h)I{jum)><)
= O((Elw(h)|*) 2 (P{|w(h)| > e})'/?) = o(h) (2.3.4)
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(we have made use of the estimate (2.3.3)). Finally, in similar fashion,

/ ) a7 dy) = B (1) + o0
= dih +o(h) .

Thus, w(t) is a diffusion process with constant diffusion coefficients: a = 0
and blk = 6ik-

(b) Wiener measure. A Wiener process w(t) (as stated above, we are as-
suming that w(0) = 0) possesses one further remarkable property, that of
self-similarity. This means that there exists a function ¢ from Ry to R for
which w(At) has the same distribution as ¥ (A)w(t) for every positive value of
. Specifically, for the Wiener process, 1(A\) = VA Indeed, w(At) and v Aw(t)
are homogeneous processes with independent increments and both are nor-
mally distributed with mean 0 and covariance operator AI.

Let PZ be the measure corresponding to a Markov process on the space
Cral0,T] of functions defined on [0, 7] (it is determined by its values on the
cylinder sets with bases in [0,7]; see Part I, pp. 47—48). The homogeneity
and self-similarity imply that every bounded measurable function f(z(-)) on
Cral0, T] satisfies the relation

ELf(€() = EoRraf(£()

where ET is the expectation with respect to PL, Ry, f(x(:)) = f(Rr.x(:))
and Rr,(t) = VTx(t/T) + = is a measurable mapping from Cra[0,1] to
Cra[0, T]. The measure P} on Ca[0, 1] is commonly called a Wiener measure.
It will be denoted by pu,, and an integral with respect to it will be represented
as [ fd,. The measure is determined by its integrals of cylindrical functions.
If &(x1,...,7,) is a measurable numerical function on (R?)" and

fo(ti, .. tn,z(2)) = P(x(t1),. .., z(tn))

is a cylindrical function with base {t1,...,t,} (0 =19 <t1 < ... <t, <1),
then taking xy = 0, we have

o [ fon] L3
te — th—1
X P(21,...,¢p)dxy ... da, . (2.3.5)

The approximation of continuous functions by cylindrical functions makes it
possible to use (2.3.5) to evaluate integrals with respect to a Wiener measure
by passing to the limit.
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Lemma 2.3.1. Let f(z(-)) be a bounded continuous functional on Cra[0,1]
and let 1(ty, ..., tn,21,...,2n,t) be a polygonal line in [0,1] x R? with vertices
(ti,zi), 0=ty <t; <...<t,=1and 0=xzp,21,...,7, € RL. Then

n

/f ))dptw, = lim H(Qﬂ(tk — tk_l))*d/Q

max At —0 6

x/~-~/exp ‘xk_xk i fQUt, sty 1, T, 0))
ty — th—1

x dzry...dz, . (2.3.6)

Proof. Appearing under the limit sign is

/f Uty .y tn,x(tr), ..., x(tn), ) diw

and f(I(t1,. .. tn, z(t1), ..., 2(tn),")) = f(z(-)) as max Aty — 0 for all z(-) €
Cral0,1]. Therefore the lemma follows by virtue of Lebesgue’s theorem. O

2.3.2 Stochastic Integral

Our further exposition requires an integral of the form

[ (s av).

where f(z) is a sufficiently smooth function from R? to RY. It is the spe-
cial case of a stochastic integral with respect to a Wiener process. We shall
concentrate on the case d = 1 in detail.

Lemma 2.3.2. Let f(x) be a continuously differentiable function from R to
R and let f'(x) be bounded. If w(t) is a homogeneous Wiener process, then

D) (E)] e

exists with probability 1.

Proof. Denote the pre-limiting quantity in (2.3.7) by S, (f). Then
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S (f) = Snta(f)
k k+1 k

-1 (v () [ (52) ()
(o () [ (55) o (%) ])
X (o) - (0 G)] [ () - (55)]
Therefore
E[S,(f) = Sni1(f)I? ) .
- 2l (e(x) (o)) [ (F) - (55)]
2 5 efo (o)) (o ()] o (422) o (£20)]

<l (o) -1 (oG )] = () - (57)] -
The second sum vanishes since w((i+1)/2™) —w((2i+1)/27*1) is independent

of the remaining factors and E[w((i + 1)/2™) — w((2i + 1)/2"*!)] = 0. The
factors in the first sum are independent and one term has the form

o (o (B) ()]

For some L, |f(z) — f(y)| < L|z — y|. Thus

2
BIS.(1) - Sun (P <22 3 (i) ez

0<k<2n

Since
P{Sn(f) = Snn(N) =274 <oy 2722 =y 2702,
the lemma follows by virtue of the Borel-Cantelli lemma. O

The limit (2.3.7) is denoted by

/0 Faw(t))du(t)
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Remark 2.3.1. In similar fashion, it can be demonstrated that
1
A(ﬂwmxww»

o X () () () oo

exists with probability 1. In this, w(t) is a Wiener process in R?, f(x) is a
continuously differentiable function from R? to R? and f’(x) is bounded.

Remark 2.3.2. One can define the integral fot(f(w(s)), dw(s)) to be

i 3 () (5) o ()

The proof that this limit exists with probability 1 is the same as that of
Lemma 2.3.2. As usual, we define

t+h t+h t

Lemma 2.3.3. If the function f(x) is bounded, then the following relations
hold:

LB [ (f( (»dw<»:o;

2 B[ (flw ] =E [ |f(w(s))|2ds;
3. E[ I (w } = O(h?);

4. For z € Rd

t+h
Ewp{[ (ﬂw@»@w@»}@ﬁ+h%ﬂdmd
t+h
:sl (Fw(s)), 2)ds + o(h) ;

5. Eexp{ ”’L(f(w(s)),dw(s))} =1+ 0(h).

Proof. We apply the limit process used to define a stochastic integral. The first
three statements can be proved in an obvious way . If |f| < ¢, by employing
the inequality

=n (oo () 2 (57) -+ (B} - (£)
gl (o ()|} o ferta )
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one can deduce that

t+h
| < Bexp {)\/t (f(w(s)),dw(s))} < exp{hA2c?} .

This implies 5. Furthermore,
t+h
Eexp { / (f(w(S)%dw(S))} (w(t + k) = w(t), 2)
t+h
=E (1 + /t (f(w(s)),dw(s))) (w(t+ h) —w(t),z) + Eby

t+h
= E/75 (f(w(s)),z)ds + Eb,, ,

where

t+h
E|0, < E ( / <f<w<s>>,dw<s>>>

t+h t+h
<xp{/ <f<w<s>>,dw<s>>}+exp{ / (f(w(s»,dw(s))})

X|w(t+ h) —w(t), 2)| .

2

A double application of Cauchy’s inequality and parts 3 and 5 show that
E[0n| = o(h). O

(a) Martingales related to a Wiener process.

Theorem 2.3.1. Suppose that f(x) is a bounded continuous function from
R? to R? having bounded continuous derivatives f'(x) and f"(z). If a(x) and
v(z) are bounded continuous functions from R to R* and R to R respectively,
with a'(x) bounded, then the process

6(6) = 10w) + 2) e { [ (ala+ (o) au(s)
+ [ [ote+ 0t - Jlate+ o)) as}
_ /Ot Laof(z + w(s)) exp {/Os(a(x + w(w)), dw(u))
# [ [ote+ wtw) - Hato+ w ] dubas

where
Lowf = A+ (ala), f/(@)) + (@) (), Af =Tr ",

is a martingale.
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Proof. Tt suffices to show that E(((t + h) — ((t)|F?) = o(h) where F} is the
o-algebra generated by w(s),s < ¢. It is easy to see that

B ( [ttt s wsnen ] [ et ). duw)
+ /O [v(x () - 3o + w(u))z} du} ds|}"t0>
= bl wt) exp { [ (ate + ww), du)
4 /Ot [v(m () - gla(e + w(u))ﬂ du} +o(h) .

Then

t+h
alz + w(s)),dw(s))

+/O”h [ (o + w(s)) — glalx + ws M ds}

flz+w(t exp{ alx + w(s (s))

fx+w(t+ h))exp

S—

o

t

+ {v (x+w(s)) — f\a( +w(s))|2} ds}
e [ (ae + w(s)), du(s)) + / t [v(x Fus) - glate + u(o)P| ds)

t+h
X f(w+w(t+h))e><p{/t (a(m+w(5)),dw(8))}

X (1 +h {v(m +w(t)) — %|a(x + w(s))|2} + 0(h)> — flx + w(t))} .
Therefore to complete the proof, it suffices to show that
t+h
E (f(x +w(t+ h))exp {/t (a(z +w(s)), dw(S))} —flz+w(t))

(o) |ole+u(0) = lalero@) ] - hLoufto) | 7)
=o(h) . (2.3.9)

We have
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t+h
E (f($+UJ(t+h))eXp {/ (a(iHW(S)),dw(S))} — flz+w(t)) ‘ﬂ())
t
= E(f(z +w(t+h)) = fz +w(t)|F)

t+h
+E (f(x+w(t+h))f(:z:+w(t)) (exp {/t (a(ztw(s)), dw(s))} 1)

t+h
+E (f(x + w(t)) (exp {/t (a(z + w(s)),dw(s))} - 1) ’]—"?)

= D 0r 7 wl®) 4 hf @+ w(e)ate + ()

f?)

F o e w)late +wB)? + ofh)

We have applied the relation Ef(z+w(h)) = f(z)+ 2 Tr f"(z) +o(h) as well
as Lemma 2.3.3. Upon substituting this last expression into the left-hand side
of (2.3.9) we obtain the required right-hand side. O

2.3.3 Representation of Solutions of Equations
(a) Cauchy problem for a parabolic equation.
Theorem 2.3.2. Suppose that u(t,z) is a solution to the equation

ou(t, )
ot

= %Au(tw) + (a(z,uz(t, x)) +v(x)u(t, x)

with initial condition u(0, ) = ¢(z) where a(x) is a bounded continuous func-
tion from R to R%, a'(x) is bounded, and v(x) is a bounded continuous func-
tion from R% to R. Then

ulta) = Bole + wit) exp { [ (e + (). duls)
+ /Ot [v(x +w(s)) — %\a(m + w(s))|3} ds} .(2.3.10)
Proof. The function
C(6) = ult = s+ wle)exp [ (alo +w) duw)
+ /O [U(x () — gla(e + w(u))|2) du}

is a martingale for all positive ¢ by virtue of Theorem 2.3.1. Since ((0) =
u(t, z), the theorem follows from the relation E((t) = E(0).
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Remark. Formula (2.3.10) may be expressed in terms of an integral with re-
spect to the measure fi,,:

u@x%:/@@+Vhﬂ»mp%ﬁA%dx+¢h@»ﬂﬂﬁ)
+ t/01 [v(x + Vit (s)) — %|a(m + ﬁx(s))|2] ds} Aty -

(b) Dirchlet problem for an elliptic equation. Let G be a region in R? with a
simply-connected bounded smooth boundary G’. Consider the problem

3 Au(a) + (a(@), uz(x)) + v(z)u(z) = f(2),
u(x) = ¢¥(x) on G’

Theorem 2.3.3. Define 7¢(x(-)) on Cgra by
Ta(x()) = sup{t: z(s) € G,s < t}.

If

sup E; exp{Atq} < o0
zeG

for some positive X, where 1¢ = 7¢(x + w(-)), then when

1 1
3 s o)+ sup [o(0) = )] <2
2 zeq z€G 2

the following representation holds:
u(z) = Bexp { | (et o) duts)
<" [v<x Fuls)) - Hlala + w<s>>|ﬂ ds} Pz +w(rg))

Proof. Consider an extension of u(z) which is twice continuously differentiable
and has compact support. On the basis of Theorem 2.3.1, the process

60 = ute+ wyesn | [ (ae + w(s), du(s))
+AtF@+w@»;m@+w@m1d%
-/ tg(x+w(5>)exp{ [ tate+w. dwtu)

[ Jote+ ww) ~ Flote + wial?] au} as.
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where g(z) =0 for € G, is a martingale. Therefore the process

Q@CﬁAnﬂU@+w@Anme®{A " (ale + w(s)), du(s))

1

+2AMW[Mx+ww»—§mu+w@mﬂd%

is also a martingale. Thus
u(z) = E¢G(0) = ECG (1) .

Applying Lemma 2.3.3, we can show that it is permissible to let ¢ — co under
the expectation sign in the last relation. a

Remark. If f(t,z) is continuous and bounded on R, x R? and has bounded
continuous derivatives f/0t, f |0z, and 9* f /0x?, then the theorem remains
true if f(z) is replaced by f(t,z) and L, . f is replaced by

Bouf(t,z) = %Af(t,x) +(al@), folt, 7)) + fi(t, ) + v(2) f(t,2) .



Historic and Bibliographic Comments

Wiener (1923) gave a rigorous development of the Wiener process by means
of a Wiener measure in C.

A broad class of Markov processes was introduced by Kolmogorov (1933).
This paper obtained the equations for a transition probability now bearing
his name.

Petrovsky (1934) developed a method using differential equations to prove
the convergence of Markov random walks to continuous Markov processes.
Feller (1936) considered certain classes of Markov processes and their transi-
tion probabilities starting from Kolmogorov’s equations. Ito (1944) gave the
first definition of a stochastic integral with respect to a Wiener measure. Kac
(1949) derived the first representation of the solution to the heat equation
with a potential as an integral with respect to a Wiener measure.

A complete presentation of the theory of homogeneous Markov processes
is contained in Dynkin’s book (1963). In particular, it gives probability repre-
sentations of solutions to equations containing the generating and character-
istic operators of the Markov processes. Chung’s book (1960) contains a com-
plete presentation of the theory of countable homogeneous chains and Markov
processes. Among other things, Venttsel’ and Freidlin (1979) furnish proba-
bility representations of solutions to boundary-value problems. They also use
Markov processes to analyze asymptotically solutions to boundary-value prob-
lems involving second-order differential operators with small parameter in the
leading coefficients. Khinchin (1937) considered in particular diffusion prob-
lems and related limit theorems.
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Introduction

The applied sections of probability theory may be characterized as the science
of practical applications under conditions of uncertainty. In building models to
solve problems arising in probability, one encounters two kinds of uncertainty:
1. uncertainty caused by random factors and 2. uncertainty due to not knowing
the stochastic parameters of the probability experiments describing a model.
In principle, in order to make practical use of stochastic models, it is necessary
to be able to study the second kind of uncertainty. In other words, on the basis
of experimental data, one has to be able to find an unknown probability. How
to do this is what mathematical statistics studies and so it lies at the basis of
all applications of probability theory.

If we already have a determined stochastic model (that is, all probabil-
ities are known), then its further study can be accomplished by the purely
mathematical methods developed in probability theory.

We are going to examine here three of the most typical areas of applied
probability theory: controlled stochastic processes, transmission of informa-
tion and filtering. They are united by the fact that a basic object in their
study is a certain class of stochastic processes and the problem is to select an
optimum process.

Naturally, in a relatively short article like this, one cannot encompass all of
the aspects of applying the theory. Our aim is to show that such applications
are feasible and to illustrate the nature of these applications.



1

Statistical Methods

Statistics is an independent science concerned with the mathematical process-
ing of statistcal data. Considered in a broad sense, statistics falls outside the
framework of mathematics and encompasses probability theory merely for its
mathematical (or theoretical) justification. In a narrow sense, statistics is a
branch of probability theory and its job is to determine stochastic parameters
from experimental data. We shall examine some of the very simple problems
of this kind in order to illustrate how probability theory “works” in practice.

1.1 Processing of Statistical Data

Sample data are the result of making a series of observations. These obser-
vations may involve recording the presence or absence of some feature (for
example, the sex of a new-born child) or measuring one or several parame-
ters (for example, the weight of corn, the sweetness of fruit and so on). We
shall view such a series as resulting from independent probability experiments.
Statistical problems arise if the probability parameters of an experiment are
unknown.

1.1.1 Relative Frequency and Probability

(a) What is it necessary to know to determine an unknown probability? Sup-
pose that the sample data establish whether or not some event A has occurred
in a series of n experiments (or trials). These data may be expressed by way
of rows of zeroes and ones, a one marking the occurrence of A and a zero its
non-occurrence. The probability of A is unknown. What could one say about
this probability on the basis of the existing data?

Let P(A) = p and P(A) = 1 — p = ¢ (A is the event complementary to
A). If A has happened m times, then one of the events

Bi17~~~77:m7 1§21<22<<1m§n,
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has happened (which means that A has occurred in the experiments numbered
i1,%2,. .., i, and has not occurred in the remaining experiments), and

P(B;,...,im)=p"¢" ™.

Thus, letting B™ = |J  Biy,...,%m, we have
11 <. <l

P(Bi,,... im|B™) = 1/ (Z) _min=m)t (1.1.1)

n!

This probability does not depend on p. Thus, if we know the number of occur-
rences of A in the n experiments, then any additional information telling us
in precisely what trials A occurred furnishes nothing for finding p. Thus all of
the possible information about the unknown probability p of A is contained
in the relative frequency of occurrence of A.

A measurable function of a random sample is called a statistic. Relative
frequency is a statistic. A statistic is sufficient if the conditional distribution
of the random sample, given a fixed value of the statistic, is independent of
the underlying distribution. The relative frequency is a sufficient statistic.

(b) Pointwise estimation of an unknown probability. If we want ro estimate
an unknown probability from sample data, then it is natural to do this by
means of some function of the random sample, that is, a statistic. It is self-
understood that such a function cannot depend on the unknown probability
p. A statistic that estimates an unknown stochastic parameter (in the present
case the probability of A) is called an estimator. To determine the quality of an
estimator necessitates some further concepts. Suppose that p} is an estimator
of p. p} is a function of the rows of length n consisting of ones and zeros and
it takes a value in [0,1]. After n trials have been performed, we have a specific
row of experimental data and p} has a specific value. The estimator p;, is said
to be unbiased if Ep} = p. It is natural to assess the quality of an unbiased
estimator by means of its variance Vp}, which depends on p in general. An
unbiased estimator is admissible if for any other unbiased estimator p; it
cannot be that Vp;, < Vp» for all p and Vp; < Vp} for at least one p. If
an estimator is inadmissible, one can certainly find a better one and so such
estimators are avoided.

Theorem 1.1.1. If p; is an unbiased estimator of p, then there exists an
estimator of the form g(vy,), where v, is relative frequency, which is also
unbiased and for which Vg(v,) < Vpi.

Proof. Let g(v,) = E(p|vy). Then using (1.1.1), we obtain

o()=(5) T e, 012)

i1 <o <l
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E(p}|Bi,,...i,. ) is the value of p¥ on the row having ones in the positions
numbered i1, ..., 4, and zeroes in the remaining places. Therefore the right-
hand side of (1.1.2) does not depend on p and g(v,,) is a statistic. We have

Eg(vn) = EE(p)|vn) =Ep), =p.
Thus g(v,) is an unbiased estimator. Now
Vy(vn) = Eg*(vn) —p* = E(E(p;|vn))* — p”
%2 2 %2 2 *
<EE(@p], |vn) —p° =Ep, —p* =Vp;, .
O

Theorem 1.1.1 implies that estimators of the form g(v,) cannot be im-
proved by way of estimators from a broader class. Therefore one may restrict
oneself to just these estimators.

Theorem 1.1.2. v, is the only unbiased estimator of the form g(vy).

Proof. Let g, = (")g(m/n) If g(v,) is an unbiased estimator, then g,

m
satisfies the relation

n
Do =p)" g =p
m=0

for all p, or

; <1fp>mgm =p(l-p)™".

Let 0 <po<p1...<pn <1, pr(1—pr) ! = a4 and pp(1 — pp)™" = ay.
Then g,, satisfies the system of n 4+ 1 equations

n
szngm:ak, k=0,...,n.

m=0

Since the xj are distinct, the determinant of the system does not vanish and
so its solution is unique.

(¢) Interval estimation. Another way to estimate an unknown probability is to
construct a confidence interval. Let o, and (3 be two statistics with o}, < 3.
The interval (o, 5;) is called a confidence interval for any p of level € > 0 if

Pla, <p< @i} zl-¢. (1.1.3)

The simplest confidence interval for p can be formed by using the estimator
v, and Chebyshev’s inequality. Since Ev,, = p and Vv,, = p(1 —p)/n < 1/4n,
it follows that
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P{|Vn _p| 2 C} g 4TLC2 .

Consequently,

P | > 1 <e
vp—pl 22—, <e.
n P25 Jne
Putting o, = v,,—1/(2y/ne) and 5% = v, +1/(24/ne), we arrive at a confidence
interval of level €. Of all the confidence intervals of a given level one would
obviously like to find the one of shortest length.

1.1.2 Empirical Distribution Function

Suppose now that the sample data consist of a series of measurements of
some variable. The variable is considered to be random and the measure-
ments to be independent observed values. The distribution of the random
variable is unknown. In other words, we are viewing the series of observed
values x1, o,..., T, as a collection of independent and identically distributed
random variables (or a random sample) whose distribution function F'(x) is
unknown. Among the statistical problems are those whose answers are ex-
pressed in terms of functions of x1,...,z, (statistics) and do not depend on
F(z). Generally, there is a priori information known about the nature of the
distribution function. Here we shall examine the case where it is only known
that F'(x) is continuous. Then z1,...,x, are distinct with probability 1.

Let £ have the distribution F'(z) and let A, be the event {{ < x}. Having n
observations of ¢ (the a; may be viewed as such observations), we also have n
observed values from an experiment in which A, does or does not occur. The
relative frequency of occurrence of A, in these n trials is n™' Y7 Iy, <oy
This expression depends on x. As was established in Sect. 1.1.1, it is the only
unbiased estimator of the probability F'(z) and it depends symmetrically on
Iy, <21+ The function

. 1 n
k=1

is called the empirical or sample distribution function. It is a statistic with
values in the space of distribution functions. In addition, it is a sufficient
statistic, that is, the conditional joint distribution of x4, ..., z,, given F), does
not depend on F(z). In order to prove this, we consider the order statistics
or variational series x] < x5 < ...x) of our sample data, where the z
are determined by the fact that the sets {z7,...,z}} and {z1,...,x,} are the
same (we are assuming that all of the observations are distinct). To form order
statistics, it is necessary to arrange the sample data in order of growth. The
x)’s are points of discontinuity of F(x) with F(x*+) — F*(z¥) = 1/n. An
empirical distibution function is completely determined by the order statistics.
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Consider the conditional joint distribution of x4, ..., z, given x7,...,z%. Ob-
viously, the x;’s assume one of the values of the order statistics. Let i1, ..., 4,
be a permutation of 1,...,n. Then the probabilities

Ploy =2} ..., =] |2],...,2}}
are all equal since the order statistics are symmetric functions of z1,...,x,.

Hence, these probabilities all equal (n!)~!. This then proves our assertion.

(a) Sampling parameters of a distribution. F(x) is a distribution function
and it can be used to compute parameters that are commonly studied for
nonrandom distributions. They are termed sampling parameters. The quantity

1 m
_n = - - dF* 1.1.

is the sample mean,

n

2 _
Sp =

1

LS g — 7002 = /xQdF;(x) (@) (1.1.6)
"=
is the sample variance and s, = \/s2 is the sample standard deviation. One
can also consider the sample moments of order «:

m’(a) = %me :/|x|adF:;(x) : (1.1.7)
k=1

Another class of parameters, not expressible by integrals with respect to
E}(z), are the sample quantiles. The sample quantile of order p,0 < p < 1, or
percentile is the smallest solution ¢ (p) of the equation

Fi(z) <p< Fi(z+) .

It is easy to see that ¢} (k/n) = =z} and that ¢} (p) = Tlpl41 P 7 k/n ([] is

the integral part of a number).

1.1.3 Strong Law of Large Numbers and Limiting Behavior of
Sampling Parameters

The strong law of large numbers tells us that the relative frequency v, ap-
proaches p with probability 1 as n — co. We now prove the strong law of
large numbers for an empirical distribution function.

Theorem 1.1.3. With probability 1,

lim sup|F;(z) — F(x)|=0.

n— oo T
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Proof. Recall that F(z) is continuous by assumption. Let z1, ..., z,, be such
that F(z) = k/m, k=1,...,m— 1. The strong law of large numbers for the
relative frequency implies that

lim |F(z) — F(zx)| =0

n—oo

with probability 1. Define

o = max|[F () = F()]

For x < z;

. 1
[ (@) = F@)| < Fi(z) V — < — 41

1
m
for z,_1 <o < 2,

k-1

k 1
F* _Fn < F* - vV _F* — gi mn
[E; () = Fu(@)] < |Fi(20) = — \m S| < =+

and for x > 2,1

1 1
EFr(z)—F, < —V|[1—=Fi(zp-1)| < — n -
(@) = Fu(a)| € — V1= Fi(a0)l € - +1

Thus with probability 1,

lim sup |F(z) — F(z)| <

1
n—oo 4 m'
O

Corollary. Let q, satisfy F(qa) = ,0 < a < 1. For all x < qq, let F(z) < «
and for all © > qq, let F(z) > a. Then g} (a) = qo with probability 1 as
n — oco. If [ |z|*dF(x) < oo, then

n— oo

lim m} («) :/|fc\o‘dF(x).

with probability 1, which is a direct consequence of the strong law of large
numbers and formula (1.1.7).

1.1.4 Kolmogorov-Smirnov Goodness-of-Fit Test

Suppose that certain a apriori data (that is, independent of the existing sample
data) allow one to expect the distribution function of z1, ..., x, to be a given
distribution function Fy(z) (for instance, the normal distribution with mean
0 and variance 1). How does one establish whether such an assumption agrees
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with the existing sample data? To answer this, statistics utilizes goodness-of-
fit tests.

We choose some nonnegative statistic g, (z1,...,z,). We can find its dis-
tribution function if the distribution of the variables zj, is Fy(z). Let it be
Gp(). Let € be a fixed positive number and let 27 be such that Gy, (27) > 1—e.
If the hypothesis that Fy(x) is the true distribution function is valid and
gn(T1,...,Tn) > 20, then in a single experiment measuring g, (z1, ..., x,), an
event has occurred whose probability is less than or equal to e. Therefore in
that case, the hypothesis is rejected. If g,(x1,...,2,) < 22, the sample data
is viewed as not contradicting the hypothesis that Fy(z) is the distribution
function. The choice of € depends on the conditions in each specific problem.

The function g, (z1,. .., 2, ) is also termed a test statistic. We now examine
two such test statistics,

D, = /nsup |Fy(x) — F, ()]
and

Dy = Vnsup(F; (2) = Fo(a)) -

The first one is due to Kolmogorov and the second to Smirnov. These tests
are convenient to use because of the following properties.

1. If Fy(z) is the true distribution function, then the distribution of D,,(D;!)
does not depend on Fy(x).

If 5 has the distribution function Fy(z), then Fy(zy) is uniformly dis-
tributed over [0, 1]. Let &; = Fp(z;) and let F*(x) be the empirical distribution
function of Z;, ¢ = 1,...,n. Then

X (Fo(x ZI{FO(I )< Fo(z)} = Zf{z <y = Fh(2) .
Therefore
D = supAlF; (Fofa)) — Fo(o)] = sup VAIF(0) 1],
xT \t\

and

D = sup va(EL(H) —1).

0<t<1
The right-hand side of each of these last equations does not depend on Fy(x).

2. The limiting distribution functions of D,, and D; exist as n — oo and are

lim P{D, <z} = ) (—1)ke 22" (2> 0) (1.1.8)
k=—o00
lim P{D} <z} =1—¢2" (1.1.9)

n—oo
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The proofs of these formulas are very cumbersome. We shall merely
indicate the idea behind their derivation. Consider the process n,(t) =
Vn(F(t) —t). Applying the central limit theorem, one can establish that for
any t1,ta,...,t, € [0,1] the joint distribution of 7, (¢1), ..., M (tm) converges
to the joint distribution of n(t1),...,n(tm), where n(t),t € [0,1], is a Gaus-
sian stochastic process with mean 0 and covariance function r(t, s) = t(1 — s)
for 0 <t < s < 1. It is easy to see that n(t) = w(t) — tw(l), where w(t)
is a Wiener process. One can show (using the compactness of the measures
corresponding to the 7, (¢) in some metric space) that the distribution of the
functionals sup, n,, (t) and sup, |n,, (t)| converge to the respective distributions
of sup, (w(t) — tw(1)) and sup, |w(t) — tw(1)|. The right-hand sides of (1.1.8)
and (1.1.9) are precisely the distributions of these two random variables.

1.2 Testing of Hypotheses

The preceding section already considered the question of whether existing
sample data were in agreement with the hypothesis that a distribution func-
tion was of a given form. However this does not preclude the possibility that
the sample data may be consistent with other hypotheses about the distribu-
tion function. The question is how to select a proper hypothesis from among
several.

1.2.1 Statement of the Problem

The set of possible distribution functions is assumed to be parametrizable
and we denote it by {Fp,f € O}. One Fp, is singled out from among these
distribution functions and it plays the role of hypothesis to be tested. The
remaining distributions are the alternative hypotheses. On the basis of the
sample data, one has to accept or reject the hypothesis Hy (the null hypothe-
sis): the distribution function of the observed variable is Fy,. It is then natural
to concentrate on the possible alternatives. Each test that accepts or rejects
Hy is specified by a set C C R™. C is a Borel set such that Hy is rejected if
(x1,...,2,) € C and it is called the critical region or set. If (x1,...,2z,) ¢ C,
hypothesis Hy is accepted.

The quality of a test is characterized first of all by the probability Fy, of
rejecting Hy when it is true. In that case one says that a type I error has
been committed. Fy(C) is called the probability of a type I error. Naturally,
one needs to consider rules for which this probability is sufficiently small.
Generally speaking, it may be made arbitrarily small by an appropriate choice
of C (for example, by always accepting Hy, that is, taking C' =empty set, we
make the probability of a type I error vanish). But then we would start to
accept Hy even when it is untrue (this is a type II error). Therefore the
second parameter of the test is introduced: the probability of a type II error
Fp(R™\C),0 € ©\{0p}. The problem is generally posed this way. From among
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the tests for which the probability of a type I error does not exceed a given
level «, find the one for which the probability of a type II error is in a sense
smallest. Of course, the ideal case is where there exists a rule such that one
for any other rule (with « fixed) the probability of a type II error is no less
than the given one for any 0 # 6. Instead of the probability of a type II error,
statistics customarily considers the function m(6) = 1 — Fy(R"\C) = Fy(C)
which is called the power of the test. A rule accepting an hypothesis will be
denoted by R (with or without subscripts). Every rule is defined by some
critical region. The power of rule R will be denoted by mg(#). Rule Ry is
uniformly more powerful than rule Ry if mpg, (6) > mg,(6) for all  # 6y and
mp, (0) > mp,(0) for at least one 6. If only the first relation holds, then Ry
is uniformly no less powerful than Rs. A class R of rules (tests) is complete if
to every R there exists an R’ € R which is uniformly no less powerful than R.
A rule is uniformly unimprovable if there exists no uniformly more powerful
rule. Every uniformly unimprovable rule may be used to accept an hypothesis
against certain alternative hypotheses. In this connection, one proceeds in
optimum fashion. The problem of testing hypothesis Hy (against a given set
of alternatives) can be viewed as solved if for every a > 0, all unimprovable
rules have been described or at least a class of such rules. It may happen that
no unimpovable rules exist at all. The problem then becomes one of describing
the complete classes.

Example. n trials are performed in which an event A is observed. The null
hypothesis Hy is P(A) = 1/2. The alternative hypothesis is all distributions
for which P(A) > 1/2. The possible sample data are rows of zeroes and ones.
Since the probability of such a row is 1/2™ under Hy, Fp,(C) = k/2™ for any
critical region C' containing k points. Let oo = k/2™. If C contains the points
21, ..., 2k (with coordinates of ones and zeroes only) and n; is the number of
ones among the coordinates z;, then

k k n;
mer(p) =Y pU(L—p)" " =(1-p)" ) <p> :

i=1 i=1 L=p

The right-hand side depends on the choice of C' by way of n;. Since p/(1—p) >
1, the test will be uniformly most powerful if the numbers n; are chosen to be
largest. Arranging the points with coordinates 0 and 1 in order of decreasing
n; (for example: (1,1,...,1),(1,1,...,1,0),(1,...,1,0,1),...... ,(0,1,...,1),
(1,1,...1,0,0,) and so on) and taking C to be the first k points, we arrive at
a rule no less powerful than any other one.

1.2.2 Neyman-Pearson Test

We shall concentrate on the simplest case where there is a single alternative.
Denote by Fy the distribution under hypothesis Hy and by F} the distribution
under alternative hypothesis Hy. A sample is taken of a random element in
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some measureable space (X, B). We can then imagine that there is one obser-
vation (n independent observations of a variable in R may be viewed as one
observation of a variable in R™ with independent and identically distributed
components). It is necessary to accept or reject Hy on the basis of this ob-
servation. The acceptance rule is determined by a critical region C' € B. The
probability of a type I error is @ = Fyp(C') and the probability of a type II
error is § = 1 — Fy(C). If the measures F and F; were mutually singular,
there would exist a set By € B such that Fy(Bg) = 1 and F1(By) = 0. If C
is taken to be X\Bj, then we would have o = § = 0. Thus there exists a
test rule whose possible probabilities of type I and type II errors are smallest.
Consider the case where F} is absolutely continuous with respect to Fy. Let
f(z) be the density of Fj relative to Fy. The following theorem describes a
class of unimprovable rules.

Theorem 1.2.1 (Neyman-Pearson). Let C € B be such that

sup z) < inf f(x
s J) < inf f@)

and let a« = Fy(C). Then F1(Cy) < F1(C) for any Cy € B for which Fy(Ch) <
a.

Proof. Write a = inf,cc f(x). Then
Fi(C)— F(Cy) = F1(C\Cy) — F1(C1\C)
[ t@R) - [ @) Rd)
C\Cy Ci\C
2 aFo(C\Cl) — aFo(Cl\C) = CL(F()(C) — F()(Cl))
(f(x) > a when z € C\Cy and f(x) < a when z € C;\C).

Corollary 1.2.1. Let {R,, a € Ry} be a class of rules with critical regions
Co ={z: f(z) > a}. It is a complete class of unimprovable rules.

Corollary 1.2.2. Let a sample of size n be taken of an R-valued random
variable. Hy is the hypothesis that the random variable has a density fo(z).
The alternative hypothesis Hy is that its density is fi(x). Then the rules with
critical regions of the form

n . z fl(l'k) a
{ng 'kl;Ilfo(xk)> }

are unimprovable.

Ezxzample. Let

and
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hie) = e {2}

x) = exp{ ——

! 27Tb1 P 2b1

with by < by. Then the class of rules with critical regions {z € R" : >}'_| % >

t}, t € Ry, is a complete class of unimprovable rules. This is a consequence
of Corollary 1.2.2 and the fact that to every a € (0, 1), there is a ¢ such that

Fén) ({xER”:in>t}) =a,

where Fo(n) is the normal distribution in R™ with the density [;_, fo(z)-

1.2.3 Detection of a Signal with Background Noise

Consider the following problem. A “message” is received, which can be de-
scribed by a numerical function defined on the interval [a, b]. The function is
a stochastic process. The randomness is due to “noise” that exists in the sur-
rounding medium. If the message is transmitted, for example, by radio, then
the noise is caused by an external electormagnetic field due to solar radiation,
atmospheric effects and man’s industrial activities. Suppose that the receiver
has to bring in an effective signal of a given form. Therefore having received
the message, one must decide whether it is a meaningful signal or the message
is pure noise. We shall confine ourselves to the simplest case where the noise
and signal occur in the message additively. Let a(t) with ¢t € [a,b] be the
function defining the signal and let £(¢) be the stochastic process defining the
noise. Entering the receiver is either pure noise, that is, the process £(t), or the
signal with noise, that is, a(t) + £(t). Let uo be the measure in function space
corresponding to £(t) and let p; be the measure corresponding to a(t) + £(¢).
From the standpoint of statistics, we must test the hypothesis Hy that the
process z(t) entering the receiver has distribution ug against the alternative
H; that z(t) has the distribution p;. Assume that py is absolutely continuous
with respect to po and that f(x) = dui(z)/dpo; its argument is any function
defined on [a, b]. Then by virtue of the Neyman-Pearson theorem, by accept-
ing Hy if f(z) < c and rejecting it if f(z) > ¢, we will minimize the type II
error p1({x: f(z) < c}) under a type I error @ = puo({z : f(x) > c}).

Ezample. Let £(t) be a Gaussian process with mean 0 and continuous covari-
ance function r(¢,s),¢ and s € [a,b]. Denote by {p(t)} the orthonormalized
set of eigenfunctions of the kernel r(¢, s) and let {A;} be their corresponding
eigenvalues:

b
Mg (t) = / r(t, )ou(s)ds

We assume that a(t) is square-integrable. Let aj, = faba(t)gpk(t)dt. Under
the assumptions made, the process £(t) has a square-integrable modification.
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Therefore we can view o and p; as being defined on Ls[a,b]. Consider the
mapping from Lsy[a,b] to I given by

b b
z(t) — (/ z(t)pr(t)dt, . .. ,/ z(t)pr(t)dt, .. ) .

It associates with x(t) its Fourier coefficients with respect to {¢x} and it is an
injection (the functions in Lsa, b] equal almost everywhere are identified with
one another). Let fip and fi; be the images of 1o and pq under this mapping.
They will be product measures in the space of sequences. If we denote a
sequence by x = (x1,x2,...), then z; has a normal distribution with mean
0 and variance \; with respect to the measure fip and a normal distribution
with the same variance but mean a; with respect to the measure fi;. From
Sect. 3.5.4 on page 91, it follows that fi; < fig if and only if

D al/Xi < oo, (1.2.1)

and then

oo

fx) exp{ %xi— ;Z?} . (1.2.2)
7 i=1 7

Thus hypothesis Hy is accepted if
S S, (123
i=1

and rejected if .7, (a;/A;)z; > r for some number 7. To determine the type
I and type Il errors, let d = > o (a?/);). Then under Ho, Y o, (a;/\;)x; has
a normal distribution with mean 0 and variance d. The probability of a type

I error is therefore ) -
u2
1= [ 12
2T =

Under hypothesis Hy, Y, (a;/X;)z; has a normal distribution with the same
variance but with mean d. The probability of a type II error is

8y = o= [

The condition (1.2.1) implies that the function b(t) = Y5, (a;/vV/Ai)pi(t)
is defined and belongs to Lo[a, b]. In addition

r—

d
Vd W2
e
e}

Tdu . (1.2.5)

b
b(t) = / PU2(¢, $)a(s)ds |

where
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o]
P2t s) =YV Aker(t)en(s) -
k=1

Condition (1.2.3) can be rewritten in the form

/bb(t)x(t)dt <r.

The quantity d involved in the error probabilities can be expressed in terms

of b(t) as
d= /be(t)dt.

Suppose, for example, that £(¢) = w(t), t € [0,1], and a(t) = at. Then b(t) = a
and d = a?. Hy is accepted if aw(1) < r and the error probabilities are given
by (1.2.4) and (1.2.5).

1.3 Decision-Making Under Uncertainty

It is easy to imagine a situation where it is necessary to know the distribu-
tions of random variables in order to make certain decisions. For instance in
designing a seasonal line of clothes and shoes, one has to know the distribu-
tions of the parameters that establish the sizes. The design of various devices
must take into account possible effects of random perturbations and for that
purpose it is necessary to know their distributions. Almost everywhere in all
practical activity, individuals have to make decisions under uncertainty. We
shall only consider the uncertainty that exists in not knowing some distribu-
tion. A statistical approach to this situation is presented below: one assumes
that certain statistical information is available that will make it possible to
make a judgment about an unknown distribution. Decisions must be made on
the basis of this information.

1.3.1 Statement of the Problem

Suppose that we are given the following objects: 1. a measurable space (X, B),
the space of observed values; 2. a set {Py, 0 € ©} of distributions on X; (0,C)
is a measurable space and the Py are the possible values of the unknown
distribution; Py(B) is assumed to be C-measurable for all B € B; 3. a mea-
surable space (D, D), the decision space; the elements d € D are the deci-
sions that have to be made; 4. a function R(6,d) from © x D to R which is
C ® D-measurable; it is called the risk function and it determines the losses
in making decision d if the unknown (and designated “true”) distribution is
Py. This collection of objects specifies the conditions of the problem.



208 1 Statistical Methods

Suppose that there is given a sample of size n of a random element
z(w) in (X,B) with distribution Pg. Let the independent observed values
be z1,...,x,. Let Py denote the probability and Egy the expectation of the
variables in question under the assumption that Py is the true distribution.
The problem is to make a decision d on the basis of the existing sample data.
Such a decision will of course be a function d(z1,...,z,) from X" to D. Ev-
ery B"-measurable function from X™ to D is called a decision function. The
problem is thus reduced to choosing a decision function. The quality of this
decision function is determined by the average loss sustained in using it. De-
cision functions will be denoted by d* = d(z1,...,z,) and the collection of
all decision functions by D*. The average loss due to d* is given by

R(0,d") = EgR(0,d(z1,...,x,)) .

It is natural to seek a decision that minimizes the average loss. Since it depends
on 6, it is hard to expect it to be minimized for all § uniformly. Therefore the
notions related to minimizing R(#, d*) will be made more precise later on.

Ezample 1.3.1. Given (X, B),X = {0,1} and B are all the subsets of X. The
distribution Py is defined as Py({1}) = pp,© = {0,1} and D comprises two
decisions: dg = (6 = 0) and d; = (0 = 1). The risk function has four values:
R0 = R(0,dp), Rox = R(0,d1), R1,0 = (1,do) and Ry = R(1,d;). Assume
that Rpo < 0,R11 < 0,Rp,1 > 0 and Ry > 0. The decision function is
found by dividing all n-dimensional rows of zeroes and ones into two subsets:
Dy where d(z) takes the value 0 and D; where it takes the value 1. If d* is
the decision function determined by these two sets, then letting n(x) be the
number of ones among the coordinates, we obtain

R(G,d*) _ RO,O Z pg(m)(l _pe)n—n(a:)

€Dy
+Rp1 (1 - Z p"(r) 1—po)"~ ”("”)>
x€ Dy
Do n(z)
= Ro1+ (Roo— Ro1)(1—pp)"” Z (1 - Pe) :

z€Dg

It is now a question of choosing between two hypotheses about the probability
of an event. Clearly, Dy needs to be chosen so that >, (po/(1 —po))™®) is
largest (Ro,0—Ro1 < 0) and ZmGDO (p1/(1—p1)"®) is smallest (Rio—Ri11>
0). If Dg is defined to be of the form

1 _ x
Doz{x: {po(m)] <)\} ,
p1(1 —po)
one can show that the values of R(6,d*) resulting for such decision functions
will be uniformly no greater than for other decision functions.
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Example 1.3.2. X = R, B is a Borel g-algebra, Py is a distribution in R de-

pending on a real parameter #, D = R, and the decisions are to choose
the value of the parameter. R(6,d) = (0§ — d)?. The decision function
d* = 0(zq,...,x,) is an estimator of the parameter. The quality of the esti-

mator is determined by the mean-square deviation
R(0,d*) = Eg(d* — 0)? .

Suppose, for example, that 6 is the unknown mean of a normal distribution
with variance 1. If d* is an estimator of 8, then Egy(d*|Z), where Z is the sample
mean, does not depend on 6. Therefore it is also an estimator of  and in
addition

Eo(Eg(d"|z) — 0)* = Eg(Eo(d" — 0]7))*
?|

Thus it is meaningful to consider just estimators of the form Egg(Z). If the
estimator is required to be unbiased, that is, Egg(z) = 0, then & is the only
such estimator.

1.3.2 Minimax and Bayesian Decisions

Of all decision functions, it is reasonable to single out the class of unim-
provable decision functions. A decision function d* is unimprovable if the
relation R(6,d*) > R(0,d*),0 € O, implies that R(#,d*) = R(,d*),0 € O.
A decision function df is no worse than a decision function dj if R(6,d}) <
R(0,d35) for all . A class of decision functions K is said to be complete if to
every decision function d*, there exists a dj in X which is no worse than d*.
Describing the unimprovable decision functions and complete classes is what
mathematics can do to help solve the formulated problem. Specific decision
functions are used that can also be considered to solve the problem.

(a) Minimaz decisions. d* is said to be a minimax decision function if

max R(0,d") < max R(0,d7)

with d} any decision function whatsoever. A minimaz decision allows one to
minimize a maximum possible loss. One could readily imagine such a situation
where it is natural to make precisely such a decision, for example, when it is
necessary to have a guaranteed result in any situation. In general, one cannot
assert that a minimax decision function will exist. For it to exist, one needs to
impose rather stringent constraints on the family of measures {Py, 0 € O}, the
decision space (D, D) and the risk function R(6, d). The situations generally of
interest are these involving e-minimax decisions. These are the d}’s for which

meaxR(G, dr) < I%i*nméixR(H,dT) +e.

1
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To ascertain these decisions, it is necessary to know the number

1’21111 HleaX R(e, dI) = Rmin max >
1

which is called the minimax risk. Of interest then are conditions on R(6,d)
under which

Riin max = min max R(6, d}) = min max R(0, d)
di 6 d 6

(the evaluation of the right-hand side is an analytic problem).

(b) Bayesian decisions. Next consider the case where there is additional in-
formation about the family {Py,0 € ©}. Namely, we are given v(df), an a
priori distribution of the parameter on (©,C).This a priori distribution might
be discovered as the result of repeated recurrences of the exact same situa-
tions. Then after a decision function d* has been chosen, the mean risk (taking
v(df) into consideration) is

Ro(d) = / R(6, d")v(db) .

It is natural to look for decisions that minimize Ru(d*). If such a d, exists,
it is called the Bayesian decision corresponding to the a priori distribution
v. The existence of a Bayesian decision for any a priori distribution is bound
up with the topological properties of © and D (in this connection, C and D
are Borel o-algebras) and the continuity properties of R(6,d). In any case,
e-Bayesian decisions do exist. In other words, there are decision functions d;,
such that

Ry (d,) < inf R,(d*) +¢.
The following theorem gives a connection between Bayesian decisions and

unimprovable decision functions.

Theorem 1.3.1. Let © be a complete separable metric space and let R(0,d*)
be continuous in 0 for any decision function d*. If v is an a priori distribution
satisfying v(C) > 0 for every nonempty open set C, then a Bayesian decision
d¥ (if it exists) is an unimprovable decision function.

Proof. Assume the contrary: R(0,d*) < R(0,d;,) for some d* but

sup [R(0,d;,) — R(6,d")] > 0.
0
Then {0 : R(6,d}) — R(6,d*) > 0} is an open set and hence

/ R0, d2)v(d0) > / RO, d")v(do)

which contradicts the definition of d}. O
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1.3.3 Sequential Analysis

Sequential analysis is used to solve statistical problems when the observed
values of a random variable are not known all at once but arise one after the
other (sequentially) and the statistical information builds up. The sampling is
terminated after a sufficient amount of information is considered to have been
amassed. The time that the sampling is stopped depends on these observa-
tions. It is random and has to be a stopping time in relation to the sequence
of o-algebras generated by the sampling data.

The formulation of the problem differs from the one above in that (a)
instead of a sequence of n independent observations z1,...,x, in the space
(X, B), we have an infinite sequence {z,,n > 1} and (b) the loss function
R(k,0,d) depends on one additional parameter k € R, which is the sample
size for which a decision d is made, 6 being the true value of the parameter.
The decision function is determined by two measurable functions 7(z1, za, . . .)
and d(x1,2,...) defined on (X°°,B%°) and taking values in Ry and D, re-
spectively: 7(z1, X2, ...) is the time that the decision is made and d(x1, z2,...)
is the decision. These two functions satisfy the following conditions:

1. if 7(x1,22,...) = n, then (2}, 25,...) =n when 1 = 2,...,2, = .

2. if (z1,...,%n,...) = n, then d(z},z},...) = d(z1,x2,...) when z; =
! —

A

The pair of functions (7,d*), 7 = 7(x1,x2,...) and d* = d(z1, 22, ...), will
be called a sequential decision.
The average loss in utilizing a sequential decision (7, d*) is given by

Ro(r*,d*) = EgR(7(x1,...),0,d(x1,...))

(the expectation is taken with respect to the measure pg = X -_ Py (dz,) in
(X2, B)).

It is natural to extend the notions of unimprovable, minimax and Bayesian
decisions to sequential decisions.

(a) Sequential testing of two hypotheses. Let © = {0,1} and D = {0,1}.
Decision i(¢ = 0,1) means that hypothesis H;, that ¢ is the true value of the
parameter, is considered to be valid. Let a,b and ¢ be given positive numbers
which define R; a is the loss if Hy is true and decision 1 is made; b is the
loss if H; is true and decision 0 is made; and c is the cost of one observation.
Accepting a true hypothesis is viewed as not involving a loss. Then the loss
due to sequential decision (7,d*) is

‘R()(T7 d*) = cEo7 + aP(){d* = 1} s
Ru(r,d") = cEyr + bP1 {d" = 0} . (1.3.1)

Every sequential decision is determined by a sequence of triples of sets
{(AY Ac ALY, n =1,2,...}, where A% A¢ and AL € B, AU AS U AL = X"



212 1 Statistical Methods

and A%, A¢ and A} are pairwaise disjoint. If (z1,29,...,7,) € A,i = 0,1,
then hypothesis H; is accepted. If (z1,za,...,2,) € AS, then it is necessary
to carry out one more observation. For different n, the sets AS are related as
follows: if (z1,x2,...,2,) € AS, then (x1,z2,...,x,) € A§ for all k& < n. If
such a sequence of sets is given, then

Eor =1+ Po{r>n} =1+ Po{(x1,...,2,) € A5},
n=1 n=1
and
Po{d* =i} =) Po{(z1,...,xn) € AL}, i=0,1.
n=1

Let us consider Bayesian sequential decisions. Let 7 be the a priori proba-
bility of H; and 1—m the a priori probability of Hy. The loss due to sequential
decision (7,d*) is

p(m,7,d*) = cE 7 + maP1{d" = 1} + (1 — m)bPo{d" =1}, (1.3.2)

where E; = 7Eq + (1 — 7)Ey.

Let f;(x) be the density of the measure F;(dx) with respect to Fy(dz) +
F(dx). The conditional probabilities of Hy and Hy, given observed value z,
are respectively

filz)m
fi(@)m + fo(x)(1 —m)

Denote by g(m) the smallest loss sustained on making a decision without
carrying out an observation. If Hy is accepted, the loss is brr. If H; is accepted,
the loss is a(1 — 7) since g(m) = br A a(l — ).

Now let p(w) = inf p(m,7,d*) over all sequential decisions. The function
p(m) satisfies the equation

Ty = and 1—m, .

p(m) = 9(m A (c + Brp(m,)) - (13.3)

Relation (1.3.3) means that a smallest loss is sustained either on making a
decision before observations or on carrying out a single observation x; (the
loss from this is ¢); thereupon the probability of the hypothesis has become
7z, and a minimal loss p(7,, ) can be sustained which has to be averaged with
respect to the a priori distribution of 1. Equation (1.3.3) has a unique solution
which can be found using successive approximations taking for example,

po(m) =0, pu(m) = g(m) A ¢+ Brpns(ms,)), n>1,
and

p(r) = lim pp(7) .

n—oo
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It is easy to see from (1.3.2) that p(m) is convex up and from (1.3.3) that
g(m) = p(m) when g(m) < c. Therefore one can find numbers 0 < g1 < g2 <1
such that g(m) > p(7) when m € (¢1,¢2) and g(7) = p(n) when 7 < ¢ or
T > ¢2. In addition, g(7) = br for 7 < ¢ and g(7) = b(1 — 7)) for 7 > @o.
If 7 < ¢1, one accepts Hy without carrying out observations. If m > ¢, one
accepts Hy without carrying out observations. These considerations permit
one to construct a Bayesian decision rule as follows. Assume that a sample
Z1,...,%y has been drawn but no decision has been made up to the n-th step.
Then the conditional probability of Hy, given the sample, is

f1 (3}1) e f1 (J?n)ﬂ'
fil@y) .. fi(@n)m + fo(za) ... folzn) (1 —m)
When n(z1,...,2,) < ¢1, one accepts Hg, when 7(x1,...,2,) > g2, one ac-

cepts Hy and when ¢; < m(x1,...2,) < g2, one has to carry out observations.
Let

(X1, ooy Tp) =

1-— 1-— n
A:fh( 7T), B:(I2( 77)’ pn:H Ji(zy) .
(1—q)r (1—gq2)7 k=1 fo(xy)
Then the Bayesian decision rule is this: 7 is the first time when p,, ¢ (A, B);
accept Hy if p, < A and accept H; if p, > B.
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Controlled Stochastic Processes

We constantly encounter the need to control both production processes and
processes permeating public life, particularly those of science, nature and so-
ciety. The theory of controlled processes studies models enabling one to make
a quantitative assessment of the effects of controlling a process. In controlled
stochastic processes, the course of a process depends on chance. Thus a control
is estimated via the averages of its quantitative parameters. The most typi-
cal example are automatic control systems, which are studied taking possible
random disorders into account. This chapter concentrates on a few problems
in the theory of controlled stochastic processes that enable one to obtain an
idea of its basic notions and the techniques it employs.

2.1 Controlled Random Sequences

We first consider a time-discrete controlled stochastic process. 1t is a simpler
version of the process both in terms of defining it and in formulating and
solving the problem.

Let (X,B) and (U,C) be two measurable spaces. The first is the phase
space of the process and the second is the phase space of the control. In order
to define a controlled stochastic process, we first consider the degenerate case in
which there is no randomness. The process manifests itself outwardly through
two sequences: its states {z,,n > 0} in X and its controls {u,,n > 0} in
U. The controls are chosen arbitrarily and they determine the states of the
controlled process after the initial position. To determine the state at time ¢,
it is necessary to know only the controls at the preceding moments of time.
Thus a controlled process is described by a sequence of functions

z1 = fi(xo,wo), x2 = fa(xo, uo, u1), ..., Tn = fn(To, U0, UL, ..., Up_1) .

We point out that the more standard definition in which the state at time
t is determined by the previous states and controls before ¢ obviously reduces
to the one stated above.
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In the case of a controlled stochastic process, we shall view the distribution
of its state at time ¢t as depending on the previous states and the controls
before t. Therefore such a process is specified by a sequence of conditional
distributions

pn(B|m0,x1,...,xn,l,uo,ul,...,unfl), n=12....

This is the probability that a state belongs to B € B at time ¢t = n, given that
the respective previous states and controls were xq, ..., Z,_1 and ug, ..., Un_1
(the distribution of the state at time ¢t = 0 is po(B)). We assume that the
functions p,, depend B"™ ® C"-measurably on their arguments. The problem
generally boils down to selecting an “optimum” control. The next subsection
is devoted to making the meaning of this more precise.

2.1.1 Statement of the Problem

Suppose that the controlled process operates over a finite segment of time:
t =0,1,2,...,7. The purpose of the control is usually to make a profit, or
achieve a certain least expensive result or to reduce anticipated losses. The
profit, losses and expenses each depend on the values of the process and the
controls employed. A profit can be viewed as the negative of a loss and a
loss can be viewed as an expense in running the process. Therefore a function
Fy(zg,...,ZN,Ug,...,un—1) is assumed to be given which characterizes these
expenses if the controls were ug, ...,un_1 and the states were xg,...,xn. An
optimum control is one that minimizes the control cost. Suppose that controls
ug, - . ., uny—1 have been selected. Then the joint distribution of &gy, &y, ..., &N,
where & is a random element in X representing the state of the process at
time k, is

P € A,....&n € An)
:/ p(d;co)/ p(dxy|zo, ug) - - p(deN|To,y - s EN—1,UQy -, UN—1)
Ay A An

:pN(AO> cee ,AN|UO,U1’ e anN—l) .

The average control cost,

Fy(ug,...,un_1) :/FN(:CO,...,xmuo,...,uN,l)
xpn(dzxo, ..., dxy|ug, ..., un—1),

is a function of the controls employed. If the pre-selected controls are used,
then the optimum control will be the one that minimizes Fy. However, it is
possible to improve the control substantially if it is chosen to depend on the
states.
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Ezample. Let X = R,U = R, x,, = Tp—1+0p+Up—1,20 = 1o, where 19, 71, . . .
is a sequence of independent and identically distributed random variables with
Eno =0,Vno =1, and Fy(zo,...,ZN,Uo,.-.,UN—1) = 5. Then

2

FN(Uo,...,uN_l) (ZUk‘F Z Uk) N+1 <Z Uk) )

k=0

and so min Fiy = N + 1. If the control at the k-th step depends on the states
up to time k inclusively, then we can write

N N-1 2 N-1 2
E(an+zuk> =E7712v+E<Z(77k+uk)> :
k=0 k=0 k=0
Choosing the control so that uy = —ny, we wind up with a control of average

cost one, which cannot be reduced any further.

(a) Control strategy. To refine the way a control is chosen, we introduce
a control strategy. It is reasonable to assume that a control is indepen-
dent of future states and controls. But it can be random. Denote by
Gn(Clxo, x1,. .., Ty, ug, U1, ..., Un_1) the conditional probability that the con-
trol takes a value in the set C' € C at time n, given that the preced-
ing controls were ug,...,u,—1 and the states up to time n inclusively were
20,T1,...,2n. It is viewed as depending B"t! ® C™-measurably on its ar-
guments. The family of functions {g,(C|...,...),n = 0,1,2,...} is then a
control strategy. Such a strategy is said to be randomized. Assume that
for every n the measure g, (+|]-) is concentrated at a single point. Let it be

the point u, = gn(To,T1,. -, Tn, U, UL, ---,Un—1). Then ug = go(xo),ur =
91 (o, z1, 90(x0)) = g1(x0,21),- -, Un = Gn(xo, - .., x,). Control strategies of
this form are said to be nonrandomized. The functions g;(xo,...,x;) are also

Bit1l-measurable.
Giving a controlled process and a control strategy determines a sequence
(&n, M) in the space X x U with finite-dimensional distributions

P{& € Ag,mo € Co, &1 € A1, € Oy, € Ay € O}
= / po(dxo)/ qo(dugl|zo) - . / Pr(dxn|xo, ..o Tno1,  (2.1.1)
Ao Co

n

UQy -+« -y Up—1) / Gn(dUn|Toy . .y Ty Ugy + - vy Un—1) -
This sequence will be called the control process corresponding to the con-
trolled process {p,(:|),n = 0,1,...} and control strategy {g.(:|-),n =
1,...}. It follows from (2.1.1) that the conditional distribution of &, given
50, o, - - - a§n—17 Mn—1, is pn('|£07 RPN 7§n—13 o,y - - - 777n—1)a and the conditional
distribution of n,,, given &, Mo, - - -, &1, =1, 18 @n(:|€0s - -+, Ens M0 -« - s 1) -
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The sequences {£,,} and {7, } are the respective states and controls of the
controlled process. In what follows, we shall consider the controlled process
(that is, the collection {p,(-|-)}) and the control cost Fiy fixed but the control
strategy may change by choosing it so that the control cost is as far as possible
less. Strategies will be denoted by the same letter (say S), being identified with
a collection {g,(:|-)} by the notation S = {g,(-|)}. Ps and Eg will denote the
probability and expectation involving the control process {(&,,n,)} if strategy
S has been chosen.

A strategy S = {qn} is optimum over [0, N] if

EsFn(&0,m0,---,én,nn) < Eg Fn(80,m0, -+ &N 1N)

for any other strategy S’ = {q},}. A strategy S. is e-optimum if

ESEFN(§0777()’""§N’77N) gES’FN(£07n07"'7€N7nN)+€

for any other strategy S’. To find optimum and e-optimum strategies, it is
necessary to know the quantity

FN:infESFN(é-O?nOw"aé-anN)7

which is called the control cost. A basic problem involving controlled processes
is to look for e-optimum controls for any positive e.

2.1.2 Optimum and e-Optimum Controls

We shall concentrate on the simplest case where N = 1 and F; does not
depend on u;. Let us show how to find the control cost. The strategy S is
given by the distribution go(dug|zg). We have

EsFi1(&,m0,61) = /Fl(xo,uO,xl)po(dxo)%(duo|$0)p1(d$1|$07uo)
= /Po(dxo)/%(duo\xo) [/Fl(xo,uo7$1)]91(d$1|$o»Uo)

Put [ Fi(zo, uo, z1)p1(dz1|ze, uo) = Fi(zo,up). This function is independent
of the choice of strategy and

/%(duo\ﬂﬁo)ﬁl(wo,uo) > iilofpl(%,uo) .

Under very broad assumptions about the nature of Fy(zo,ug), it is possible
to choose a strategy so that

/[/QO(duo|xo)F1(a:o,uo) —iilofpl(gs(),uo) po(dzo)

is arbitrarily small. Hence
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Fy :/QO(dﬂfo)iilof/Fl(fo,Uo,951)]91(61581|£C07U0)~

Observe that if F; depends on ui, then the control cost for this function will
be the same as for inf,,, Fy (g, ug, 21, u1) since the control u; may be chosen so
that the value of Fy (zg, ug, 1, u1) is arbitrarily close to inf,,, Fi(xq, uo, z1,u1).
Thus in this case

F = /(I(J(divo)iilof/pl(difﬂfo,uo)iﬁfFﬂxoyUo,xl,Ul)~

Consider the sequence of functions

Fi(xo,u0y -y TN-1,UN-1,TN) ziln]VfFN(xo,uo,...,xN,uN)

Fn_1(zo,ug, -, TN—1,UN—1) (2.1.2)
:/FJ'\,(xo,uo,...,xN,l,uN,l,xN)pN(deMo,...,uN,l)

Fl (0,10, - -y Un—1,Tp) = iqul"an(xo,uo, e Ty Uy

Fo1(20, - tn_1) = /F,;(:co,uo,...7un71,xn)pn(dxn|mo,...,unfl)

for n < N. All of these functions are assumed to be well defined. Then it is
natural to expect the control cost to be

Fy = /Fé(fo)Po(d$0)~ (2.1.3)

For this to be so, it is required that each step in the chain (2.1.2) result in a
measurable function and that

igf/Fn(ajo,uo, ey Ty U )G (dUp | To,y « oy Ty Uy vy Up,)

:i&an(xo,uo,...,xn,un) . (2.1.4)
We point out that when min,,  F,(zg, U, .., Tn, uy,) exists for all n < N and
there is a measurable function g, (z,ug,...,Z,) with values in U such that
rr&in Fr(xo,ug,y .-y Ty Un)
= Fo(xo,u0,- .-, Tn, gn(To, U0, -, Tn)) , (2.1.5)
then the sequence w, = gn(xo,uo,...,2,) determines a nonrandomized op-

timum control. Two theorems are given below on optimum and e-optimum
controls.
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(a) Existence and form of optimum controls. X and U are assumed to be
complete separable metric spaces. Let Z be a topological space. Cz is the
space of real bounded continuous functions on Z with norm || f|| = sup, | f(z|.
A controlled process defined by the collection {p,(:|-)} will be said to satisfy
a weak-continuity condition if for all n and f(z) € Cx

/ F(@)pu(d200, s« -+ En1stim1) € Coxmxirn - (2.1.6)

Recall that a real function f(z) defined on a topological space Z is lower
semicontinuous if for all zg € Z

lim f(z) = f(z0) -

zZ—r2z0
Below are some properties of lower semicontinuous functions.

I. If U is compact and f(u) is lower semicontinuous, then f(u) is bounded
from below and min,, f(u) exists.

II. Let f(z,u) be lower semicontinuous on Z x U, with Z a topological space
and U a compact space. Define g(z) = min, f(z,u) (by property I it is defined
everywhere). Then g(z) is lower semicontinuous.

ITI. Let Z be a complete separable metric space, U a compact space, f(z,u)
lower semicontinuous and g(z) = min,, f(z,u). There exists a Borel function
¢(z) from Z to U such that g(z) = f(z,(2)) (this is one of the versions of
the theorem on measurable selection).

Let us clarify this statement for the case where U is an interval [a, b] of
the real line. Then the set A, = {u: f(z,u) = g(2)} is closed, A, C [a, b] and
©(z) may be taken to be inf A,.

IV. Every lower semicontinuous function g(z) bounded from below and defined
on a complete separable metric space is the limit of an increasing sequence of
continuous functions.

Theorem 2.1.1. Let X be a complete separable metric space and U a com-
pact space. If a controlled process satisfies the weak-continuity condition and
the control cost Fy is lower semicontinuous and bounded from below on
Xt UL then: 1. all of the functions defined in (2.1.2) are lower semi-
continuous; 2. the control cost is given by (2.1.3); 3. there exists a sequence of
Borel functions

Up = gn(anxlv ceoy Ty UQ, ULy - - - 7un—l)

satisfying relation (2.1.5). These functions determine a nonrandomized opti-
mum control.

Proof. 1. If F,, is lower semicontinuous, then the lower semicontinuity of F),
follows from I. If in addition F), is bounded from below, then so will F), be



2.1 Controlled Random Sequences 221

bounded from below. When the weak-continuity condition holds, it is possible
to show that

/f(],‘o, ey Tp—1,UQ, - - - un_1)pn(dx|xo, ey Tp—1,UQ, - - - un_l) S CX"XU"

for all f € Cxnyyn. Applying IV, we find from this that Fj,_1(zo, ..., Un—1)

is lower semicontinuous if F,,(xg, ug, .. ., Un—1,%,) is the same. Statements 2
and 3 are consequences of relation (2.1.5) and the latter follows from property
II. O

(b) e-optimum controls. We need the notion of analytic set in what follows.
Let Z be a complete separable metric space. A set A C Z is analytic if
there is a compact set U and a Borel set B C Z x U such that A is the
projection of B on Z, that is, A = {z:3Ju € U, (z,u) € B}.
We state without proof some facts about analytic sets.

Al. The collection of analytic subsets of Z (which we denote by Az) forms a
monotone class which is closed under the operations of union and intersection.

A2. If X and Z are complete separable metric spaces and f is a continuous
function from X to Z, then f(A) € Az when A € Ayz.

A3. The completion of a Borel measure on Z is well defined on A.
Let A, denote the set of scalar functions on Z for which {z : f(z) < A} €
Az for all A € R.

A4, If f € A, and inf > —oo, then inf, f(z,u) € A,.
A5, If f € A, then f(z,u) € A, forallu e U.

A6. Let X and Z be complete separable metric spaces and let p(A, z) be a
measure on Bx for all z € Z (B is a Borel o-algebra of X). Let p(4, ) € A}
for all A € Bx and let f € A, ;; be non-negative. Then

/f(x,Z)p(dwyz) cAy. (2.1.7)

AT7. (Theorem an Measurable Selection). Suppose that g € A (;,inf g > —o0
and min, g(z,u) = g(z) exists for all z € Z. Then there exists a Borel function
u = ¢(z) such that

9(2) = g(z,¢(2)) .
Theorem 2.1.2. Suppose that X and U are complete separable metric spaces,
Pn(Alxo, ..., un_1) belongs to Axn pyn for all A € By, Fn € Agniipni
and Fry > 0. Then: 1. the functions F,, and F,_1 defined by (2.1.2) belong to
Asnsrgpn and Axnn, Tespectively; 2. the control cost is given by (2.1.3);
3. to every € > 0 there exists a sequence of Borel functions
Up = gZ(an ) un—hxn) s

which determine a nonrandomized e-optimal control.
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Proof. Statement 1 follows from A4 and A6. The fact that the control cost
is given by (2.1.3), provided that the functions in the chain (2.1.2) are mea-
surable, was established above (in our case, they are measurable with respect
to the completion of the Borel g-algebra in any measure). Let us prove state-
ment 3. It suffices to show that to any positive ¢ there is a Borel function

on(xoy ...y Up—1,Z,) with values in U such that

inf By, (o, oy - -« s Ty ) > Fr(zo, w0, -« - Tny @n(Toy ooy Un1,Tp)) — 0 -

(2.1.8)

Let F = k6 if k6 < F, < (k+ 1)d. Clearly, F? € Ayui1, ynsa- The
ming» Fg(xo, UQy - - -, Ty, Uy ) exists for all xg,..., un—1, T,. On the basis of
A7, there is a Borel function u,, = ¢, (o, ..., Un—_i, Tn) for which

mian(xo, ey T, Up) = Fg(xo, ey Ty O (T0y ey Up—1,T0))

Consequently,

inf F, > mian = Fg(:ﬂo, ey Xy o) > Fp(o, .o T, on) — 6.
Un

Un

Observe that
Fo(o, -+ s Try @n(T0s -+ oy Un—1,%0)) € Agntiypn -
This is true since the set
{(zoy- - yTn, gy s Un—1) : Fn(To,. ., Tn,un) <A}
in X"t x U"*! is the pre-image of the analytic set
{(T0y- -y Tn, Ugy - -5 Up)  F(Toy ooy Ty ty) < A}

under the Borel mapping of X"*! x U™ into X"*! x U"*! defined by z; =

Ziyt < nyu; = w1 < n—1, and w, = p,(xo,...,Un—1,Ty). At each step
choose control w, = ¢, (g, ..., Upn—1,%,) and let
Fy = Fy
F! (20, .. Un_1,Tp)
= I:"n(xo, ey Up—1y Ty O (To, Uy -+, X)), NN,
Fn_l(xo, ey xn_l,un_l)

= /F;Il(xm ve- ,Un—hxn)pn(dﬂ?n\l‘o, <o aun—l) .
Then by induction, one can establish that

(L0, Un—1, @) < FH(20y .. U1, Tn) + (N — 1+ 1)0,
Fn(fto, Ce ,un_l) < Fn(l’o, ey un_l) + (N — n)é .
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Therefore the cost of the chosen control satisfies
/Fé(xo)]?o(dmo) <Fn+(N+1)5.

Taking 6 = ¢/(N + 1), we complete the proof of statement 3. O

2.2 Controlled Markov Chains

As in the previous section, (X, B) is the phase space of the process and (U, C) is
the control phase space. A controlled process is Markov (a controlled Markov
chain) if the function p, (A|zo,....zn—-1,u0g,...,U,—1) depends only on x,_1
and u,_1. A controlled Markov chain is specified by giving its transition prob-
abilities {p, (A|zn—1,un—1),n = 1,2,...}. In contrast to the common case, the
initial distribution is not kept fixed (this is the usual approach in studying
Markov processes). It turns out that the special form of the conditional prob-
abilities defining the controlled process does not simplify the chain of relations
(2.1.2) which are used to find the control cost and optimum (or e-optimum)
controls. However, under the assumption that the control expense is the sum
of the control expenses at each step which, in turn, depend only on the initial
and final states of the process and the control selected, there is a more efficient
way to find an optimum (or e-optimum) control.

2.2.1 Additive Control Cost. Bellman’s Equation

We shall assume for all n > 0 that we are given a function f, (x,u,z’) specify-
ing the expenses due to the control at the n-th step if the process was in state
z and wound up in state x’ after the control was applied. The total expense

over the interval [0, N], if the process was in the states xg, z1,...,zy and the
controls were ug, U1,...,UN_1, 1S
N-1
Fn(zo,ug,...,EN—1,UN-1,TN) = E Jn(@n, Un, Tng1) - (2.2.1)
n=0

Let V¥ (z) be the control cost for this process (see Sect. 2.1.1(a)) under the
assumption that its initial position zy coincides with x. Now consider the
same controlled Markov chain except beginning at time k£ < IN. The control
cost for this chain is

N-1
Fron (T, ks - uN-1,28) = 3 fo(@n, Un, Tg1) - (2.2.2)

n==k

Let V¥V (z) be the control cost for this process under the assumption that the
initial position x, coincides with x. Bellman’s equation relates the V¥ (z) for
different k < N and makes it possible to determine them recursively.
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We assume that X and U are complete separable metric spaces, the func-
tions f(z,u,2") € Ay, ;. x and are bounded from below, and p,, (A|zy, u,) €
Ay for all closed sets A € Bx.

Theorem 2.2.1. For k < N,
VN (z) = inf/[fk(x, u, ') + Vkﬁl(x')]pk(daﬂ%u) , (2.2.3)

with V¥ (z) = 0 by assumption.

Proof. Let V& (z) = 0, and for k < N, let V;¥(z) be functions determined
recursively by (2.2.3). Applying formula (2.1.2) to the functions F of the
form (2.2.1) and the relation (2.2.3) for V¥ (z), we find that

N-2
Fry_i(wo,u0, - on—1) = > ful@h, wk, mign) + Vali(zy1) -
k=0
Furthermore,
N-3
Fy o= fulwk, up, zx11) + inf /[fN—z(J?N—z,UN—me—ﬂ
UN—2

k=0

V1 (@) |pa(do i fon s, un—s)
3

= Z fk(xk‘?u’kyxk-‘rl) + V]{[V_Q(x]\]'_g) .
k=0

Continuing in this fashion, we find that Fj(z) = V¥ (z0) and so VY (z) =
Vi (x). By similarly considering the process on [k, N], we can establish that
V(@) = VY (o) -

Remark 2.2.1. Assume that the infimum in (2.2.3) is attained for all k¥ and «.
Then on the basis of statement A7 on p. 221, there exists a Borel function
gx(z) from X to U such that

W@ = [ [ a@.a) + VLo a@) . @224)

The sequence uy = gx(x) determines a nonrandomized optimum control.

Remark 2.2.2. If the functions fg(z,u,2’) are lower semicontinuous and
bounded from below, U is a compact set and the transition probabilities
satisfy the weak-continuity condition, then all of the functions V¥ (z) and
J1f (@, u,2’) + V&, (2)]pr(da’|, u) are lower semicontinuous. Thus the exis-
tence of Borel functions gy (z) satisfying (2.2.4) follows from IIT on p. 220.
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Definition. A nonrandomized control of the form {u; = gx(x)} is said to be
Markov (the corresponding strategy is also said to be Markov).

Thus Remarks 2.2.1 and 2.2.2 give conditions for a Markov optimum con-
trol to exist.

Remark 2.2.3. Tf for all k a function go* () is selected so that
Vil () + O,

> / [fk(x,gz"(x),x’)—&—ijil(x’) pk(dx’|x,gi’“(x)) (2.2.5)

(the existence of such Borel functions follows from statement A7 on p. 221),
then the sequence ux = g,‘i"' (zx),k=0,1,..., N —1, determines an e-optimum
Markov control provided &g + ...+ dny_1 < e. This is proved in exactly the
same way as in Theorem 2.1.2.

2.2.2 Optimum Stopping of a Markov Chain

Consider a Markov chain in the phase space (X, B) with n-step transition
probability p,(z,A),n =0,1,2,.... Denote by {{,,n =0,1,2,...} a realiza-
tion of this chain. Control with the chain consists in choosing a stopping time
7. The control expense is given by a B-measurable function F'(x) and if the
chain is stopped at time 7, then the expense is F'(£;). As before, it is necessary
to determine a control (that is, a stopping time) which makes the average loss
EF(£;) as small as possible.

(a) Equations for the control cost. First assume that the process is considered
only for t < N. Then the stopping times 7 also take values in [0, N] (these are
the times for which the events {7 = k} are determined by {&,...,&}). Let
UN (x) be the cost of the control by the Markov chain &, ..., &y, given that
& = x. In order that it be well defined, we shall assume that F'(x) is bounded
from below. Let 7 be any control for the chain (&, ...,&n). The cost of this
control, given that &, = z, is

F(x)P{r = k| = 2} + BE(F(&) |6 = 2, 7> B)P{7T > k|¢ = 2} .

If P{r > k|& = =z} is kept fixed, then E(F({)|& = z,7 > k) =
E(E(F(&)|€k+1)|&x = ) where 7/ = 7 is a stopping time on the set 7 > k
for the chain (g+41,...,&n}. The infimum of this expression is obviously
E(UN  (&r1)lér = 2) = [UL, (2" )pr(x,da’). It remains to minimize the
expression

F(a)P{r = k)& = 2} + (1 - P{r = k& = 2}) / U ()i (x, da)

via a suitable choice of P{r = k|, = x}. The minimum will be attained if
this probability is either 0 or 1. Hence
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UN(z) = F(z) A /pk(x,dx/)U,ﬁ_l(x’) ) (2.2.6)

Since UY (z) = F(z), relation (2.2.6) determines the functions U} (z). Let
us show how an optimum control may be constructed (and thereby prove its
existence). Suppose that all of the functions U} (z) have been formed. Let

0 (@) = [ U @ul ). (2:2.7)

From the derivation of (2.2.6), it follows that if the process is unstopped before
moment k, then it must stop at that moment if F(&) < UL (&) and continue
for F(&) > UN(&). Thus 7 is the first time for which F(&,) < UY (&),
k< N (we take UY (z) = UY (z) = F(z)).

In the general case, we shall assume that the stopping times are only finite,
that is, P{7 < oo} = 1. If Uy (x) is the control cost for the chain (&, &kv1, - - ),
given that & = z, then Ug(x) = limy_ o0 U,iv(x) This limit exists because
UY (x) is bounded from below and monotone decreasing in N. Taking the
limit in (2.2.6), we obtain

Up(z) = F(x) A /pk(x,dx')UkH(x') : (2.2.8)

In order to find Ug(z) one must actually utilize (2.2.6). In the present case,
one no longer can assert the existence of an optimum control. But e-optimum
controls do exist. We can first determine a measurable function N(z) so that

Up' ™ (z) < Up(x) + ¢

If & = z is the initial value of the process, then on choosing an optimum
control for the chain (£p, ...{n(s)), We arrive at an e-optimum control for the
process over an infinite time interval.

(b) Homogeneous Markov chains. Now suppose that the transition probability
is independent of n: P,(xz, A) = P(z, A). In other words, the chain is homo-
geneous. Then the distribution of the sequence {&xin,n = 0,1,...}, given
&k = x, coincides with the distribution of the sequence {&,,n = 0,1,...},
given &, = x, and so Uy (z) is independent of k. Write Uy (z) = U(x). Relation
(2.2.8) leads to the following equation for U(x):

Ulz) = F(z) A / U2\ P, da') - (2.2.9)

We now introduce some notions associated With a homogeneous Markov
chain. Let Pf be the operator defined by Pf(z) = [ f(z')P(x,da’) for all f
for which [[0 A (—f(2))]P(x,dz’) < co. A functlon fis called harmonic if
Pf = f, superharmonic if Pf < f and subharmonic if Pf > f.
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Theorem 2.2.2. U(x) is the mazimal subharmonic function satisfying the
inequality U(x) < F(z).

Proof. Corresponding to stopping time 7, denote by 7 the stopping time
for the chain (&),&1,...,&),), with &, = &,41, constructed just like 7 for the
chain (&p,&1,...): the event {7/ = n} is also expressible exactly in terms of
&1y .., &ny1 as {7 = n} is in terms of &y, ..., &,. Then 1+7" will be a stopping
time for {&,}. Therefore

Ule) < B(F(€rrnl6 = ) = BB(F (€160 = )
— [Pl = 2)Pads') = [ BEE) =a)Pla,dr').

Since for every € > 0, one may specify a Markov time 7° such that
E(F(&<)& = 2) < U(x) + ¢ for all z, it follows that

/U p(x,dr’) +¢.

This implies that U(z) is subharmonic. ~
Now let U(x) be another subharmonic function with U(z) < F(x). If 7 is
a stopping time, 7 < N, then U(¢;) < F (&) and

E(U(&)[6o = ¢) S E(F(&)|& =) -

Observe that

E(ﬁ(fn+1)|§0a ce agn) = E(0(§n+1)|§n) = PU(@L) > U(gn) :
Therefore {U(gn), n=20,1,..., N} is a submartingale and hence

E(U(&)|¢ =) > U(z)
Uz) <E(F ()6 =) .

Choosing 7 so that E(F(&,)|&=z) < U(z)4e¢, we conclude that U(z)<U(z).
O

Ezample. Consider an asymmetric random walk over the integers with steps
+1. If &, is the step size at time n, then

P{n=1}=p, P{&=-1}=¢q, p+tq=1 p>q.
Equation (2.2.9) becomes

Ul)=F(z)AN@U(x+1)+qU(z—1).
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Consider the set of « where U(x) < F(z). If this inequality holds fora < < b
(a,b, and z integers), then for =

U@)=pU(x+1)+qU(z—-1).

If U(a) = F(a) and U(b) = F(b) (in other words, the interval (a, b) is maximal
and cannot be enlarged), then
r’(a) —r*F(b) q

U(zx) = p—— T+ b , T= » (2.2.10)

(this is the solution of the above difference equation with the boundary con-
ditions). U(x) may be found by taking the limit:

U(z) = lim UN(x),

N—00

where U is the cost for a random walk over [~N, N] stopping at the end-
points of the interval. The representation (2.2.10) also holds for those inter-
vals in which UY (z) < F(z). Therefore U™ () may be determined as follows.
Find function U;(z) using (2.2.10) with @ = —N and b = N. Let ¢; be the
first point in moving from —N to N for which U;(¢;) > F(c;). Determine
Us(x) using (2.2.10) for & € [—N, ¢1] taking a = —N and b = ¢; and then
for x € [c1,N] taking a = ¢; and b = N. Now let ¢; > ¢ be the first
point where Uz (cz) > F(cp). Find Us(z) according to (2.2.10) on the intervals
[=N,ec1],[e1,¢2] and [c2, N]. Continuing in this fashion, one can determine
UN(z).

2.3 Time-Continuous Controlled Markov Processes

Defining a controlled process with time-continuous involves certain difficulties
due to there not existing a time “preceding” t. Therefore time-continuous con-
trolled processes cannot be specified by giving finite-dimensional distributions
as in the case of the common processes. It is then more reasonable to spec-
ify a process by giving its infinitesimal parameters and to assume that they
themselves depend on the control. A second difficulty arises here. It would be
natural to view the control as depending on the process but the process itself
is not specified until the control is given. Thus one is caught in circular rea-
soning. To circumvent it, we shall consider step-controls. A process with such
a control can then be defined. We shall only examine Markov jump processes
and Markov diffusion processes.

2.3.1 Jump Processes

A Markov jump process is given in phase space (X, B) by a pair of functions
A(t,x) and 7(t,z, B), with t € R.,x € X and B € B, satisfying
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o1
At,x) = 1}11?& EP(t, x,t+ h, X\{z}),

1 1
m(t,x, B) = o) l}grg EP(t, x,t+ h, B\{z})

for almost all ¢, P(t, z, s, B) being the transition probability of the process.

It is assumed that A(¢, z) and 7 (t, z, B) are Br, ®B-measurable and that 7
is a probability measure with respect to B on B. A controlled jump process is
specified by giving functions A(¢, z, u) and 7 (¢, x, u, B) where u € U and (U, C)
is the measurable phase space of the controls. These functions are assumed to
define a Markov jump process for any fixed v € U. It is assumed in addition
that they are Br, ® B ® C-measurable and that (¢, z,u) is bounded.

(a) Step-controls. Let the controlled process be considered on [0,T]. Let
Dx[0,T] and Dy [0, T] be the spaces of right-continuous step-functions defined
on [0,7] with respective values in X and U (X and U are regarded to be
spaces with discrete topology). Every function z(t) in Dx [0, 7] is determined
by its discontinuity points 0 < ¢; < ... < tx < T and its values there x(0),
x(t1), ..., z(tg). (A similar statement is also true for D [0, T].) Let DT[0, T] be
the subset of functions of D.[0, T] having r discontinuities. A set F' C D x [0, 7]
will be called measurable if the image of F' N D'[0,7] under the mapping
2(-) = (tr,... tr;2(0),2(t1), ..., x(ty)) is By, ® B+!-measurable (the t;’s
are all points of discontinuity of z(t)).

A mapping S : Dx[0,7] — Dy[0,T], measurable relative to the above-
mentioned classes of measurable sets (they are introduced in Dy[0, T in sim-
ilar fashion), is called a control (or strategy) if for any ¢t € [0,7] the re-
lation #1(s) = z2(s) for s < ¢ implies that S(z1(:),t) = S(x2(:),t), where
S(xz1(+),t) is the result of S acting on z(-) as a function of ¢ (this function
belongs to Dy[0,T]). Let us show how to construct the pair of stochastic
processes (£(t),n(t)) from the above control and the infinitesimal parameters
with £(-) € Dx[0,T],n(-) € Dy [0, T, where 5(t) = S((), ) and

P{E( +h) # £(@)[€(s),s <t} = At, £(2),n(t)h +o(h) ,
P{&(t+h) #&(t),E(t+ h) € BIE(s),s < t}
= AL, £(), n(t)m(t, £(t), n(t), B)h + o(h) .

The construction is done sequentially. Let zo be the initial state of the process.
Put &o(t) = xo for all ¢t € [0,T] and no(t) = S(&(+),t),no(t) being a nonran-
dom function. Form a Markov process using A(t,z,m9(t)) and 7 (¢, x,10(t))
(more precisely, its finite-dimensional distributions). Call this process &;(t).
If 7 is the first jump time, put & (t) = z¢ for t < 7 and & (t) = 51(71) for
t > 7. Let n1(t) = S(&i(+), ). Clearly, n1(t) = no(t) when ¢t < 7y. Then form
the process &(t) on [y, T] keeping 7 and &, () fixed. If 75 is the first jump
time for this process, put £ (t) = xg for t < 71, §2(t) = &i(m1) for t € 11, 7o)
and & (t) = &»(2) for t > 7o. Define 72(t) on the basis of & (t); it turns out
that n2(t) = n1(t) for t < 75. We continue this construction in similar fashion
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until &1 (t) becomes constant on [y, T] for some k, that is, g1 (t) = &x(t).
Then & (t) and 7 (t) will be the desired pair of processes. It is easy to see that
if A\(t,7,u) < ¢, then P{v > k} < A(cT)*/k! is an estimate of the number v
of jumps that £(t) has; A is a constant.

(b) Bellman’s equation. Suppose that the control cost is given by

/ f(s,z(s),u(s))ds .
0

Here u(s) is a function with values in U that specifies the control at time s,
x(s) is the state of the process at time s and f(s, 2, u) is a bounded Br, ® BRC-
measurable function. Let U(¢, ) be the control cost over [t, T, given &(t) = x:

U(t,z) = inf E </t f(s,&(8),n(s))ds|&(t) = m) . (2.3.1)

The infimum is taken over all step-controls described above. Bellman’s equa-
tion is one involving U (t, ) for ¢ € [0,T).

Theorem 2.3.1. For fized x and A, let A(t,z,u) and 7(t,z,u, A) be contin-
uwous functions in t uniformly in w. Then U(t,x) is differentiable in t for
t € [0,T] and satisfies the equation

_outta) _ ir&f ft,z,u) + At z,u) /(U(t, ') = U(t,z))r(t,z,u,dx’)

ot
(2.3.2)
and boundary condition U(T,z) = 0. Under this condition, (2.3.2) has a
unique solution.

Equation (2.3.2) is known as Bellman’s equation.

Proof. The relation U(T,z) = 0 is a consequence of (2.3.1). Let 0 < t <
t+h < T. Let (£(s),n(s)) be the pair of processes formed on the basis of a
step-control on [t,T] with £(¢) = x. Let 7 denote the first jump time of £(s)
after time ¢. Then the strategy 7(s) is nonrandom on [¢, 7]; denote it by u(s).
By definition of A(s,x,u) and n(s,z,u, A), we have

P{r > s} =exp { /: )\(s’,x,u(s’))ds’}
and
P{¢(7) € Alr = s} = (s, z,u(s), A) .

Therefore
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B * Fs.6().n(s))ds = B / e {— / S A(s',w,ms’))ds’}

x/\(s,z,u(s))/Tr(s,x,u(s),d:r’) [/ts f(s' z,u(s"))ds'
B ( / C () () E(s) = )] ds

t+h
+P{r >t+h} /t f(s,z,u(s))ds

t+h

T
+E< f(s,s<s>,n<s>>ds|a<t+h>xﬂ .

Choosing a suitable control on the intervals [¢,7] and [r,T], we find from
this last relation that

t+h
Ult,z) :/t )\(s,;mu(s))/w(s,x,u(s),dm')U(s,x’)ds

t+h
+P{7r >t+h} /t f(s,z,u(s))ds+U(t + h,x)| + o(h)

(the quantity o(h) is uniform in t). This implies that |U(t,z) —U(t + h, )| <
c1h where ¢y is a constant. Using the continuity of A, f and 7 in s, we obtain

t+h
Ut z) = /t A 2, u(s)) / w(t 2, u(s), da\U (£, 2')ds

t+h t+h
T (1 - /t At u(s))ds) Vt Ftayu(s))ds + Ut +h2)| +o(h) |
and then
t+h
U(t,z) =U({t+ h,z) = /t ft,x,u(s))ds (2.3.3)

t+h
—l—/t A(t, z,u(s)) /7r(t7x,u(s),dx')(U(t, ') = U(t,z))ds + o(h) .

To minimize U(t, ), it is clearly necessary to minimize the right-hand side;
its greatest lower bound is

hiﬁf {f(t,x,u) + Aty z,u) /ﬂ(t,x,u, da')(U(t,2") = U(t,z))| + o(h) .

Consequently,
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U(t,z) —U(t+ h,z)
h

= inf [f(t,gc, u) + A(t, z,u) /W(Lx,u, dx’)

o(h)
-

x(U(t,2) = Ut )| +

This yields equation (2.3.2).
To prove uniqueness, we rewrite (2.3.2) in the form

Ult,x) = /tT i%f {f(s,x,u) + A(s,x,u)}/n(s,m,u,dm’)
x(U(s,x") — U(s,x)}ds :

If U(t, ) is a second solution of this equation, then

T
|U(t,x) — U(t,z)| é/ sup)\(s,x,u)/ﬂ'(s,x,u, dz’)
t

u

x|U(s,2") = U(s,2’) — U(s,x) + U(s,z)|ds,
T
sup [U(t,x) — U(t,z)| < 2/ sup [U(s,x) — U(s,z)|ds .
T t T

From this it follows that sup,, |U(¢,2) — U(¢,z)| = 0. O

(¢) Optimum and e-optimum controls. Suppose that U(t, z) is the solution of
(2.3.2) and that a measurable function u = (¢, ) exists for which

ft.a ot + [U(ta") - Ult,)] (234
oU (t, x)

ot

Then 7n(t) = ¢(t,&(t)) may be considered a Markov control; £(¢) is a

Markov jump process with infinitesimal parameters, A(¢,z, (¢, z)) and
7(t,x, p(t,z), A). Let us show that

XA(t, z, p(t, ) (t, 0t x),dz") =

T
E ( / F(5,€(5), (s, €())ds|E(t) = ) —U(t) .

Employing the same reasoning as in the derivation of (2.3.3), we find that the
function

T
US(t,2) = B ( / F(5,€(5), (s, £(5))dse(t) = x>

satisfies the equation
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t+h
U ()~ Ut h) = [ Fltnpls,))ds
t

t+h
[ Atmpls,a) [ attnpls,2). o)
t
x[U*(t,z") — U*(t,z)]ds + o(h) .
This yields

_oU(t, )
ot

+A(t, z, o(t, T)) /W(t,x,@(t,x),dm’)[U*(t,x') —U*(t,z)] . (2.3.5)

= f(t733, cp(t,x))

From (2.3.4) we see that U(¢,z) is a solution of the same equation with the
same boundary condition. Thus

Ut,z) =U"(t,x) .
In similar fashion, it can be shown that if ¢ (¢, ) is such that

[tz p:(t,2))
+A(t, z, gos(t,x))/ﬂ'(t,m, e (t,x), dx)[U(t,2') — U(t, )]

oU (t, x)
ST o
then n(t) = w(t,&(t)) will be a control for which

+e,

E (/t f(s,&(s), (s, &(s)))ds[€(t) = 96) SU(t ) +e(T 1)
for all ¢t € [0,7] and .

2.3.2 Controlled Diffusion Processes

To simplify formulations, we shall confine ourselves to the one-dimensional
case: X = R and B = Br. A one-dimensional diffusion process is determined
by its transport coefficient a(t,x) and diffusion coefficient b(¢,z). In a con-
trolled process, these functions also depend on the control u € U. Thus a
controlled diffusion process is determined by its diffusion coefficients a(t, x,u)
and b(t,z,u). They are assumed to be locally bounded and to be measurable
jointly in their arguments.

We shall examine step-controls and Markov controls for such processes.
In the case of a step-control, the controlled process is constructed over the
intervals of constancy of the control. If the values of the process and control
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are given before the time such an interval begins, its conditional distributions
on that interval coincide with the distributions of a process with diffusion
coefficients a(t, z,a) and b(t, z, @), where @ is fixed by the condition imposed.
A process with a Markov control u = ¢(t, z) is a diffusion process with coef-
ficients a(t,x, p(t, x)) and b(t, x, o(t, z)).

The results for controlled diffusion processes are similar in form to those
obtained for jump processes. But their proofs and especially the clarification
of conditions for the existence of solutions to Bellman’s equation are very
complex. Therefore we shall only state a few results.

Let U(t, x) be the control cost if the expense is ftT f(s,z(s),u(s))ds, given
that £(t) = x, with f(s,z,u) a bounded and measurable function of its argu-
ments. Assume that U(¢, z) is differentiable in ¢ and twice differentiable in z.
Then U (¢, z) satisfies the following (Bellman) equation:

oU(t,x) oU(t,x)
- at _Slzle f(t,x,u)—i—a(t,m,u) 8.’[
1 02U (t,x)
+§b(t, Z, ’lL) 78332 :|

and boundary condition U(T,z) = 0.
A similar equation may be derived for the more general cost function

/tT f(S,x(S),u(S))GXp{/tsg(s,x(s/),u(s/))ds/} ds®(z(T)) . (2.3.6)

If V (¢, x) is the corresponding control cost and if OV (¢, x)/dt, OV (t,x)/Ox and
02V (t,7)/0x? exist, then V (¢, ) satisfies

_% = sup |:f(t7x7u) +g(t,$,U)V(t,$)
oV (¢ 1 0%V (¢,
+a(t,m,u)% + §b(t,x,u)% (2.3.7)

and boundary condition V (T, z) = &(x).
If a solution to (2.3.7) exists and u = (¢, z) is a measurable function such
that

_% = ft,z,0(t,x)) + g(t,z, o(t, x))V(t, )

1
ox + §b(t7.’1,‘,(p(t,l‘)) o2

+a(t,z,o(t, x)) (2.3.8)
then u = ¢(t, z) is an optimum Markov control.

If u = p.(t,x) is a measurable function and its substitution for ¢ on the
right-hand side of (2.3.8) results in an expression not exceeding —0V (¢, z)/0t+

g, then u(t) = (¢, z(t)) will be an (T — t)-optimum control on [¢, T].
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Information

The reception, storage and transmission of information are phenomena en-
countered constantly. The concept of information arose a long time ago and
had a purely qualitative character. The need to measure the amount of in-
formation manifested itself during the development of ways of storing and
transmitting it. Despite their qualitative differences (verbal information, pic-
tures, music and so on), it became clear that information of diverse content
could be transformed into one another. Of simplest form is information writ-
ten in a binary code and the average number of binary digits (bits) needed to
express it is then roughly speaking the amount of information.

Information theory is one of the applied areas of probability and it is
among the subjects comprising cybernetics. Its basic function is to investigate
the possibilities for transmitting information. It takes into account, on the one
hand, the randomness of messages that have to be transmitted and, on the
other hand, the errors in transmission that are also of a random nature. It
turns out that even when transmission errors are present, it is possible to send
information in errorless fashion with probability as as close to one as desired.
How to do this is what information theory studies.

3.1 Entropy

Before we can introduce the concept of amount of information, we need a
more general concept, that of entropy. In mathematics, we view information
as something that reduces existing uncertainty. In order to measure informa-
tion, we need to measure to what extent uncertainty was reduced due to the
information received. Therefore it is necessary to be able to quantify uncer-
tainty. Such a measure of the uncertainty of something is then entropy.
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3.1.1 Entropy of a Probability Experiment

The simplest form of uncertainty is in a probability experiment with a finite
number of outcomes. Let Fq, E5 ..., E, be the elementary events in an exper-
iment and let pi,po,...,p be their respective probabilities. We denote the
experiment by the one letter £ and its entropy by H(E). By definition,

- 1
HE) = Zpk logy, — . (3.1.1)
k=1 Pk

The choice of the number on the right-hand side of (3.1.1) as a measure
of uncertainty may be clarified as follows. Suppose that the experiment is
done independently n times with E;_ the event occurring in the k-th experi-
ment. The sequence E;,, E;,, ..., E; issaid to be a message of length n. The
probability of this message is

I e =" Ty - (3.1.2)
m=1 k=1

The total number of messages of length n is clearly ™ = 271°827 But among
these messages are those whose probability is negligible in comparison with
the probabilities of other messages. Let the probabilities in (3.1.2) be arranged
according to size. Choose a positive § and let Ns(n) be the smallest number
of messages whose total probability is at least 1 — 4.

Theorem 3.1.1. For all § € (0,1),

lim 1 logy Ns(n) = H(E)

n—o00 N,

no matter what 6 is.
Proof. Consider the set S; of events for which
—n(H(E) +¢e) <logyaP(F;, ... E;,)) < —n(H(E)—¢), (3.1.3)

and S, the set of those for which

n’

logo P(E;, ... E;)) > —n(H(E) —¢). (3.1.4)
Then
PS)=P <H(5) —e< Zmlogzi < H(5)+5> ,
i—1 i
and

P(S,)=P (ZUZ logzi < H(E) —5) .

i=1
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Since the relative frequency v; — p; in probability by virtue of the law of
large numbers, we have P(S5) — 1 and li(S’i) — 0. Let N¢ and N, be the
respective number of members of S¢ and S,. Then

P(STEL)Zn(H(S)fs) < NTEL < P(SZ)Qn(H($)+E)
and
¥, < P(E -0

(the total probability has been divided into the minimum probability for the
upper bound and the maximum probability for the lower bound).
For n sufficiently large (when P(S5) > 1 -9 ),

(1—§)2"HE)=9) < Ny(n) < NS+ N,
or
logy (1 — 6) + n(H(€) — £) < logy Ns(n) < n(H(E) +¢)
It now remains to use the fact that € is arbitrary. O

Remark 3.1.1. Suppose that it is necessary to write out each of N messages
in binary form. This means that each message is in correspondence with a se-
quence of zeroes and ones and that different messages have different sequences.
What is the shortest length of the sequences of zeroes and ones that are used?
If 2™ < N < 2™*! then this length is obviously m + 1 = —[logy, N7, [ - ]
being the integral part of a number. If we now consider the sequences for the
original messages of length 7, then there will be N” of them and the number
of bits needed is —[log, N ~"]. Hence, if these messages are written out repeat-
edly, the average number of bits needed to be utilized for one such message
is
— lim 1[log2 N7 =logy N .
r—oo T

This number is the entropy of an experiment &y with N equally likely out-
comes:

N
1
H(En) =) v logz N =log, N
=1

Theorem 3.1.1 says that even for general experiments, the entropy is the
average number of bits needed to write down one message if independent
repetitions of the experiment are performed indefinitely.

3.1.2 Properties of Entropy

Formula (3.1.1) shows that H(&) > 0. The maximum entropy of an experiment
with r outcomes is log, , which is the entropy of an experiment with equally
likely outcomes. This is easy to see by maximizing the right-hand side of
(3.1.1) with respect to p1,...,p, subject to the condition p; + ...+ p, = 1.
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(a) Entropy of a compound experiment. Consider an experiment £ in which
two experiments £ and & are performed in succession. Write £ = &; x &. €
is called a compound experiment. Let Ay, ..., A,, be the elementary events of
&1 and By, ..., B; be the elementary events of £. Then the elementary events
of & x & are {A;,NBj,i=1,...,m; j=1,2,...,1}. We have

H(E % &) = —ZP (A; N Bj)logy P(A; N By)

= _ ZP P(B;|A;)[logy P(A;) + log, P(B;]A;)]
:_ZP P(Bj|A;)log, P(4;)
—ZP P (B;|A;)logy P(B;|A;)

= H(&)+ Y P(A)H(E|A) .

H (&3] A;) would be the entropy of & if the probability of each elementary event
Bj coincided with its conditional probability, given that A; has happened. The
expression

ZP H(&|Aj) = H(&|€1) (3.1.5)

is called the conditional entropy of experiment £ with respect to experiment
&1. Thus
H(gl XEQ) :H(51)+H(82|51) . (316)

A compound experiment consisting of n successive experiments &,
&y, ..., &, is defined similarly. We denote it by &1 X...x&,. Since & X...x&, =
(&1 X ... x Ep1) X Ep, formula (3.1.6) yields the following general formula:

El.

H(gl X ... X gn) = H(51>+H(52|51) +
H(E | X% oo xEpzn) . (3.1.7)
Suppose that & and & are independent experiments. Then P(B;|A;)

P(B]) and so H(gg‘Av) = H(gQ) Consequently, H(gl X 52) = H(gl) +H(€2)
This implies

E2. If &, &, ... ,&, are independent experiments, then
H(E x...x&E)=H(E)+...+ H(E,) . (3.1.8)
E3. For any & and &,

H(&|€1) < H(E) (3.1.9)
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and H(&|&) = H(&2) only where &1 and &; are independent.
Indeed,

H(&(&) = ZP 4;) > P(B;|A;)log, P(B;|A;)

J

—ZZP P(B;|4)) ,

where t(z) = —xlog, 2. The function () is convex up in (0,1) and so

ZP(Ai)w(xi) <Y (Z P(Ai)l'i>

if x; € (0,1). Equality is possible only when x; = 2 for all i. Thus

ZP P(B;|4;)) <w<ZP B|A)> (P(By)) ,

with equality possible only when the P(B;|A4;) are equal for all 4, that is,
P(Bj|A;) = P(Bj). It remains to observe that > ¢(P(B;)) = H(&).
J

E4.If £, & and &5 are arbitrary experiments with finitely many outcomes,

then
H((‘:g‘(‘:l X 82) < H(53|52) . (3110)

The proof is similar to the derivation of (3.1.9). Equality is attained in (3.1.10)
if & and & are conditionally independent given .

(b) Entropy of a stationary sequence. We next consider a stationary sequence
{¢n,n > 1} whose terms ¢, assume finitely many distinct values. Let &, be
an experiment involving the measurement of (,,. The entropy of stationary
sequence {(,} is defined to be

HE{GY) = lim ~H(E x ... x &) . (3.1.11)

n—oo N

E5. The limit on the right hand side of (3.1.11) exists.
For, we have

H(gl X Xgn) ZH(51)+H(52‘51)+
+H(‘€n|€1 X ... X5n71> .

Therefore the limit on the right-hand side of (3.1.11) is the same as

lim [H(E x ... x &) —H(E X ... x Ep1)] (3.1.12)

n—oo

= lim H(E|E X ... x Enq)
n—oo
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provided that the latter exists. But on the basis of E4,

H(5n|81 X ... X gnfl) < H(gnlgg X ... X 5»,171)
= H(gn71|51 X ... X gnfg)
(in obtaining this last equality, we made use of the stationarity of {(,}).

Therefore the pre-limiting quantity on the right-hand side of (3.1.12) is a
nonincreasing nonnegative sequence.

E6. If a stationary sequence {(,} is Markov, then
H({n}) = - Zpipik log, pik (3.1.13)
ik

with p; = P{¢1 = a;}, pir = P{(2 = ax|(1 = a;} and {a;} the set of values of
the variable (,.

To see this, consider the corresponding sequence of experiments {&,}.
They form a Markov chain. The probabilities in the experiment &,, given
E1,...,En—1, depend only on &,_1 : P{¢, = ar|l&1 x ... x En1} = P{(, =
ag|En—1}. Therefore &1, ...,&,_2 and &, are conditionally independent given
En—1. Thus

H(gn|gl X ... X gn—l) = H(€n|gn—1)
== ZP{Cn—l = ai}P{Cn = CLk|Cn—1 = ai}logg P{Cn = ak\Cn—l = ai} s

ik
and this expression is the same as the right-hand side of (3.1.13).

3.1.3 e-Entropy and Entropy of a Continuous Random Variable

Now consider a random variable ¢ with a continuous distribution function
F(z). Its e-entropy is defined to be

=Y Plhe < (¢ < (k+1)e}logy P{ke <¢ < (k+1)e}.  (3.1.14)
k

Suppose that ¢ has a density f(z). Then the relation (3.1.14) is expressible
in the form

1
- [ #(a)tog, Fla)do +10g, -+ ol1)
with o(1) — 0 as € — 0 (the integral is assumed to exist). As ¢ — 0, this

expression becomes infinite. But for various random variables, the difference
of their e-entropies has a finite limit. Write

H(O) = - [ fa)log, f(x)da (3.1.15)
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This quantity is defined to be the entropy of a continuously distributed random
variable. Then the difference of the e-entropies of two continuous variables (3
and (2 approaches H(&1) — H(E;) under the assumption that these entropies
are finite.

Similarly, if ¢ is a random vector in R? having a density f(z), then its
entropy is also defined by (3.1.15) (the integral being over R?). Its e-entropy
is given by the expression
kd} , (3.1.16)

..........

E1,oka

where Vk(f)kd ={x: ke <z < (k1 +1e,...,kge <aq < (kg+ 1)e} and
Z1,...,2q are the coordinates of z. It differs from the entropy by the amount
dlogy + + o(1).

Let ¢ and n be two variables with a joint density f¢ ,(x,y). Let fc(x) and
fn(x) be their marginal densities. The expression

H(cln) = /f(n 2,y) log, f<J:j7(( ) Jeal@,9) 4 g,

is called the conditional entropy of ( relative to 7. If ¢ and 7 are independent,

then H (C|n) = H(¢).

Let ¢ and n be random variables in finite-dimensional Euclidean spaces X
and Y having densities, and let ({,n) have a density in the space X x Y. Then
the following formulas hold:

E7. H((¢,n)) = H(C) + H(n[¢)-
E8. H(¢m) < H(CQ).
E9. H((¢,n)) = H({) + H(n) when ¢ and 7 are independent.

E7 and E9 follow from (3.1.16) and E8 may be deduced by passing to the
limit in the discrete case.
3.1.4 Information

(a) Information in one experiment with respect to another. Suppose that &;
and &, are two experiments each with finitely many outcomes. The quantity

I(&1,8) = H(&1) — H(&1]&2) (3.1.17)

is defined to be the amount of information contained in £ with respect to
&1. If {A;} are the outcomes of & and {Bj} the outcomes of &, then

P{4;,NB
I(£1,&) = —ZP )log, P(A;) + > P{4; OBk}logQ{P{Bk}k}
i,k

== P{A;}log, P{A;} — > P{By}log, P{By}
7 k

+> P{4; N By}log, P{A; N By} .
ik
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This furnishes a formula for the amount of information which we take as one
of its properties:

11. 1(51,52) = H(gl) + H((c,’g) — H(gl X 82)

This formula leads in turn to the following property:

12. I1(&1,&) = I(&,E1) > 0; I(&1,E) = 0 only when & and & are
independent (Property E3 and (3.1.17) were made use of).

Let € and £’ be two experiments with respective outcomes {4;} and {A’}.
If to every i, there exist ji, ..., j. such that A; = UA , then we write & C £’

I3.If & C S’,then 1(51,52) < 1(5{,52)

To prove this, it suffices to show that H(E;|E]) < H(E2|E1). We have

H(&E7) = —ZP (B;j N A7) log, P(B;| A7)

—Z > P(B;n Aj)log, P(B;|A))

ik ALC A

— > P(B; N Ag)log, P(B;|Ax) = H(Ea|Er) .
Gk

IN

The last inequality is derived in exactly the same way as E3.

(b) Information in one stationary sequence with respect to another. Let
{(nsnn),n =0,1,...} be a stationary sequence of pairs of random variables.
Let ¢, and 7, assume finitely many values. The amount of information in
sequence {7, } with respect to sequence {(,} is the quantity

1
I({Ga}, fm}) = lim El(é’él) x...oxEMN P x . x Py, (3.1.18)

where 57(11) and 57(12) are experiments measuring (,, and 7, respectively.
I4. The limit in (3.1.18) exists and

I{Cn} Am}) = H{G}) + H({mn}) = H{(Cn 1) }) (3.1.19)

This statement is a consequence of E5.
I5. Let ¢, be a stationary ergodic Markov chain and let {(¢,,n,)} also be
a stationary Markov chain. Then

IS} {mm}) = D [Payer Plak, bi ai, b)) (3.1.20)
ijk,l

— > Pay P(ak; a;)pa b, Par, bi; as, b;)] logy Play, bis ai, bj) .

In this {a;} are the values of {,, and {b;} are the values of 7,, and
Pa, = P{G = ar}, Plaw;a;) = P{G = a;C1 = ar},
Paby = P{G = ar,m = b},  Plak,bi;ai,by)
=P{G = ai,n2 = b[¢1 = ax,m = bi}.
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Proof. We shall make use of formula (3.1.19). Since {¢,} and {(¢,,n.)} are
stationary Markov chains, they obey formula (3.1.13). Let us compute the
entropy of {n,}. By definition,

H(fn}) = Jim_ L Blogy i (m, ... ).
¢m(bi1w~~abim) = P{'I]l = biu"'?nm :bzm}
= EP{’I71 :bil,...,nm :bz|<1aaCm}
m—1
=EP{n=1b;,[G} [ Qi bir,1; G Crsr)
k=1

where in turn

P(ay,b;;a;,b;
Q(bs, bjs ar,ar) = P{nz = bj|m = b;, (1 = ag, & = a1} = Plaw,bij ai, b;) .

P(ak; al)
Using the ergodicity of {(x}, we can easily show that

m—1

EP{m = b;,|C1} H Qbiy, biy 13 Chs Cht1)
k=1

m—1

= Eexp { InP{n =bi, [} + > mQ(biy, bi,; Gk Ck+1)}
k=1

m—1
= eXP{ > EQ(bi, i, Crr Ger1) + msm} ;

k=1

where ¢,, — 0. Thus

m—1
. 1
H({n.}) = —W}gnoo EE : {logQ Z Q(nkv77k+1;aival)paip(ai§al):|
=1 ar,a;
== pa,Plaiza;) Y P{m = br, 1m0 = bi}
i,j k.l

P(aiabk;aj7bl) .
o8 By 2 )

XY Pagbi Plar, bis as, by) logy Plai,bi; ag, b) — H({Ga}) -

T8

Using (3.1.13) to find H({(n,ns}) and inserting the resulting expression for
H({nyn}) in the right-hand side of (3.1.19), we arrive at (3.1.20). O

(¢) Information in one continuously distributed random variable with respect
to another. Let ¢ and 7 take values in finite-dimensional Euclidean spaces X
and Y, respectively. Assume that the pair of variables ((,7n) has a density
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fen(z,y) in X x Y. Then ¢ and n have respective marginal densities f¢(z)
and f,(y). The quantity

I(¢,m) =//[f<,n(af,y) logy fen(2,y)
— fe(@) fr(y) logy (fe () £ (y)]dxdy (3.1.21)

is the amount of information in 7 with respect to (.
16. Let F¢ be a set of random variables each assuming finitely many values
which are functions of ¢ and let F}, be defined similarly. Then

I(¢,n) = sup I(Ci,m) - (3.1.22)
G EFe,mEF,

Applying 14, one can establish that I((i,7m1) < I({,7n). The supremum is
attained by (¢, n) because of formula (3.1.16).

3.2 Transmission of Information

We now examine a mathematical model for the transmission of information.
Information subject to transmission is a time-discrete stochastic process with
a finite phase space. The process is said to be the source of information. The
values of the process are viewed as the message units subject to transmission.
For example, if a telegram is sent, messages may be considered to be letters,
words, phrases or entire texts. The source of information is characterized
quantitatively by the amount of information produced per unit time. We shall
assume that the process describing the information is stationary otherwise the
concept is meaningless. The amount of information generated by the source
of information is the entropy of this stationary process (computed per unit
time).

Information being produced must be transmitted via a communication
channel. Let us consider a mathematical model for it.

3.2.1 Communication Channels

A communication channel C' is specified, first of all, by two finite sets — the
input set X and output set Y. The channel converts a sequence of input
symbols (x1, za, ..., z,) into some sequence of output symbols (y1,ya2, - .., Yn);
in other words, for each n, there is a function ¢, sending X™ into Y. For
various n, the functions ¢,, are mutually consistent in the following sense. Let
Px and Py be operators in | J,,.; X™ and in (J,,o; Y™, respectively, defined by
Px (1,22, Zpn-1,2Zn) = (x1,T2,...,Zn—1) and Py (Y1,Y2, - Yn—-1,Yn) =
(ylay27 ceey yn—1)~ Then

Pyop(z1,...,2n) = @n_1(Px(21,...,2n)). (3.2.1)
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In other words, if ¢, (z1,...,2n) = (Y1,-.-,Yn), then @,_1(x1,...,2p_1) =
(Y1,---,Yn—1), that is, the communication channel transmits symbols sequen-
tially.

Thus, a channel is specified by giving sets X and Y and a collection
of functions {¢,,n = 1,2,...}. Each ¢, was assumed to be nonrandom in
this description and such a channel is said to be determinate or moiseless.
A channel is said to have finite memory if for n > m, ¢, (z1,...,2,) =
(p11(21), 021 (21,22), -+, Prn (X1, T2, ..., x,)) is such that o,, depends only
ON Ty, Ty—1,- -+, Tn_m+1- It is stationary if there is a function g(z1,...,z,)
from X™ to Y not depending on n such that if p(z1,...,2,) = (y1,---,Yn),
then y, = g(n—m+1,--.,%n) for n > m. Generally speaking, the definition of
a communication channel imposes only the condition (3.2.1) on the functions
o, and this does not preclude the possibility of the ¢,, being random. If they
are random, then one says that the communication channel specified by these
functions is noisy.

(a) Noisy communication channels. When the functions ¢,, carry the sequence
(z1,22,...) into a random sequence (71,72, ...) with values in Y, it is con-
venient to describe the latter by means of finite-dimensional distributions.
Condition (3.2.1) becomes a “nonpredictive” property: the joint distribution of
N, ..,y depends only on x1, ..., z,. Let x be a point in X°°. A noisy channel
is defined by a family u(C|x) of distributions in Y"*° such that p(C|x) depends
only on x1, 3, ..., x, for all n and C,, of the form {y : y1 = biy, ..., yn =b;,}
with b;, € Y. Probabilities computed with respect to the measure pu(C|x) will
be denoted by Py.
The simplest communication channel is a memoryless one for which

Px{771 = bla ceeyin = bn} = H Px{nk = bk}7
k=1

and Py{nr = b} = gr(bk, k). A channel has finite memory if for some m
with n > m,

Px{nn = bn‘nn—l =bp_t1,-- s e = bn—m}

= gn(bna bn—la N ;bn—ma TnyTp—1y--- 7mn—m)- (322)
Observe that a memoryless channel has finite memory with m = 0. A channel
with finite memory is called stationary if the function g,, in (3.2.2) is indepen-
dent of n for n > m. Let us examine the distribution of the output symbols if

the input sequence is random. Let it be {£,} where the &, take on values in
X. A noisy channel can be specified by the conditional distributions

Po{m =b1},.. ., Px{nn =bn|m = b1, ..., 1 = b1}

The joint distribution of {&,} and {n,} is
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P{gl = xlv"'agn =Tn, M = blv" oy lin = bn}
= P{gl =T1y--.- agn = xn}Px{Th = bil} (323)

n—1
x [T Padmsr = bipalm = by = by}
k=1

A noisy channel is said to be stationary if for any stationary sequence {&,},
the sequence {(&,,n,)} is also stationary in X x Y.

(b) Channel capacity. We first concentrate on a determinate channel. The
number of signals of length n that may be received at the channel output
equals the number [,, of points in the range of y,,. If the range is denoted by
N,, then N,, C Y™ and consequently l,, <", where [ is the number of points
in X. Hence, a channel may transmit [,, different messages of length n. These
messages are points of the space X™. The function ¢,, maps these points onto
N, in one-to-one fashion. The channel capacity is defined to be

c= lim E log, ),
n—oo N
if the limit exists. This limit always exists for a stationary channel. The ca-
pacity is the average number of binary digits that are transmittable over the
channel per unit time.

Let there be given a noisy channel defined by the collection of distributions
w(Clx). Let P(X) be the set of all X-valued random sequences {£,,n > 1}.
With each such sequence there is associated the sequence {(&,,n,),n > 1}
in X x Y whose distribution is given by (3.2.3) (only the distributions of the
sequences interest us here). The distributions of {(£,,7n,)} evidently depend
only on that of {£,} (if (C|x) is held fixed). Put

() = lim I &), O, 1)) (3:2.4)

if this limit exists, and

c= sup c({&}). (3.2.5)
{&n}eP(X)

This number ¢ is then the noisy channel capacity. By this definition, the
channel capacity is roughly speaking the maximum amount of information
that is contained in a message at the channel output about the input message
per unit time.

If a communication channel is stationary and has finite memory, then the
limit (3.2.4) exists for every stationary sequence {&,} and the least upper
bound in (3.2.5) remains unchanged if it is taken over Pg(X), the subset of
all stationary sequences {&,} of P(X).

Ezample. Consider the very simple channel for which X =Y = {0,1}. More-
over, it is a memoryless stationary channel. Po{{0}} = p, Po{{1}} =1 — ¢,
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P.{{0}} = ¢ and P;{{1}} = 1 — ¢. One can show that the supremum in
(3.2.5) is attained here if {¢,} are independent and identically distributed.
Let P{{, =0} = sand P{{; =1} =1 —s. Then

P{n, =0} =sp+ (1 —s)g=1(s),
P{77k = 1} =1- 7/1(3)a

I(s) = I(&1,m) = H(np1) — H(m|&1) = ¥(s) log, @

+ (11— 9(5)) logs 1

1
7(8) — SHO — (1 — S)I’Il7

where

1 1
Hy =plogy — + (1 — p)logy ——
0 pOng"‘( p) Ong—p’

1
Hy = qlog, é + (1 —q) log, 1—g
Since s = [1(s) — q]/(p — q), it follows that
1 1
1(s) = 9¥(s)log, w + (1 —1(s)) log,y 1_71/}(8) + AY(s)+ B (3.2.6)

with
H, — H Hy — pH
A= 1 07 B:q 0 — piiy
pP—q pP—q

The extreme value of the right-hand side of (3.2.6) occurs when

1 1
logy — —logy —— + A =0
2% 214
or
2A
v=15a
142
Consequently, the channel capacity is
2 logy (1 4+ 274) + LI (1424
c= 0 0
T424 % 1424 %2
A A e a
A B= 1 14+277)-2
TATA T 1424 0gx((1+277)-2%)

1
+ Ton log, (1 + 24) + B = log, (28 + 24+P)

aHo—pHy (I*P)HI*U*‘I)HO)

= 10g2 (2 p—q + P—q
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3.2.2 Coding and Decoding

For a stream of messages generated by a source of information to be transmit-
table over a communication channel, it is necessary to encode the messages
via the elements of X. Then upon the reception of the sequence of Y-valued
symbols at the output, it is necessary to recover a transmitted message via
decoding. We introduce two additional finite sets: Z, the message units pro-
duced by the source of information and U, the symbols used to write out the
information that has to be received. Suppose that one has to receive infor-
mation about the motion of a sputnik and its interior state. The source of
information are the readings of the transmitters installed inside the sputnik
(this is the set Z). X, Y and U characterize respectively, the current arriving
at the sputnik’s antenna, the audio and light signals of the transponder and
the required numerical data.

The coding operation is specified by a nonpredictive function mapping Z-
valued sequences into X-valued ones. Thus coding is via a function ¢ from
Z>® to X and if 9(z1,29,...) = (z1,22,...), ¥(21,25,...) = (a},2},...),
and z1 = 21,...,2n, = 2, then 21 = z,..., 2, = a},. The simplest code is a
memoryless code determined by a function v (2) from Z to X given by

1/}1(2’1,22, .. ) = (1[}1(21)7’(/J1(2’2), .. )

One way of coding is to split the sequence of messages into segments of

length n and to encode each such segment. If ¥(z1,...,2,) = (z1,..., %) and
w(gl,...,zn) = (.fl,...,jm), then z/;(zl,zg,...,zn,zl,ég,...,én) = (371,...,
I’m,.fl,...,i'm)-

The decoding operation is specified by a function 8 from Y *° to U*°, which
must also be nonpredictive. The most natural case is where U can be identified
with Z. If this is so and the transmission of messages is errorless, then the
goal is to receive the same sequence of messages at the output as generated
by the source of information. Therefore the series of mappings

7% xoo By by goo

must be such that the composition 6 o p o1 is in a sense the identity mapping
(this does not mean that we recover the same finite segment z1,29,..., 2,
but rather zq,...,z,, where k, < n and n — k, is the size of lag in trans-
mission). Therefore the 6 accomplishing the decoding is determined by the
1 accomplishing the encoding (the communication channel is fixed and ¢ is
unaltered).

Sometimes the decoding process is specified by a sequence of functions 6,,
on Y,, taking values in Z*; k,, is nondecreasing and the ,, for different n are
consistent in the following way. For n < m, from 6, (y1,...,yn) = (21, .., 2k, )
it follows that

Oma(Y1y oy Yns e s Ym) = (215 oy 2y o e oy 2k, )
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One may also consider randomized decoding rules involving given probabilities

P(Om(y1,- - 4n) = (215, 2,))
(they are dependent on y; and z;).

Ezample. Let X =Y = {0,1}. The channel is memoryless and noiseless; 0
goes into 0 and 1 into 1. Z = {1,2,3}. Messages arise independently and are
equally likely. During time n, 3" equally likely messages can be sent. To give
them binary codes, we need no less than n log, 3 bits. Thus messages of length
n cannot be received sooner than a length of time nlog, 3; ky, ~ n/logy 3 and
so the lag is primarily proportional to the length of a message.

3.3 Shannon’s Theorem

The example given at the end of the preceding section shows that this com-
munication channel cannot always transmit messages from the source of in-
formation so as to prevent the lag from increasing indefinitely. If Z = {1, 2}
in that example, then it evidently would have been possible to transmit mes-
sages without lag. Observe that the entropy of the process at the output of
the communication channel (per unit time) does not exceed the channel ca-
pacity which in the considered example is 1 = log, 2, as one can readily see.
Therefore, if it were possible to map the process describing the stream of
messages generated by the source of information in one-to-one fashion into
the process received at the channel output, then the entropy of the source
of messages should not exceed 1 since a one-to-one mapping of experiments
into one another does not affect the entropy. This is a general fact. A source
of information cannot send messages without indefinitely increasing lag if its
entropy is greater than the channel capacity. Shannon’s theorem says that
when the entropy of a source of information is less than the channel capacity,
then such transmission is possible with probability arbitrarily close to one. We
shall give a more precise formulation below. We mention also that Shannon
himself considered the case where the source of information generates inde-
pendent and identically distributed messages and the communication channel
is stationary and memoryless. We shall refer to this as the simplest case. Its
generalization will also be called Shannon’s Theorem.

3.3.1 Simplest Transmission of Information

The stream of messages generated by a source of information is a process
{¢n,n > 1} of independent and identically distributed random variables taking
values in Z. The entropy of the source of messages is

H=-> P{( =z}og, P{¢1 = 2}.

z€Z
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A memoryless stationary communication channel is specified by the probabil-
ities

P{nk = y|§k¢ = 1’} =p(x,y),:v S X7y eY.

Its capacity is c¢. We shall take U = Z. Suppose that coding and decoding
rules have been selected. The transmission lag in time N is defined as 7y =
max,<n(n—*ky), where k,, is the number of bits in the decoded sequence after
transmission of n bits. The transmission error in time N is defined to be

kN
P { UG # c:}} =en,

k=1
where (7, ..., (5 ) is the sequence resulting on decoding the messages after
the transmission of ({1, ...,(N).

Shannon’s Theorem. Let H < c. Then to every positive e, there is an N,
such that coding and decoding rules exist for all N > N for which Ty < eN
and ey < €.

The proof of the theorem will be carried out separately for deterministic
channels and for noisy channels.

(a) Deterministic channels. In this case p(x,y) equals either 0 or 1. Let Y] be
the subset of those y € Y that can be at the channel output. If y € Y7, there
is an x € X such that p(z,y) = 1. For each y € Y7, choose one such x and let
X1 C X be the set of x chosen. The communication channel carries X7 into Y;
in one-to-one fashion. It is easy to show that the channel capacity is logy my,
where m; is the number of elements of Y; (which is also the number of elements
of X1). This is the amount of information (per unit time) which is contained
about the sequence {&,} in {n,} if &, takes values in X; with probabilities
1/my. By assumption, H < log, my. On the basis of Theorem 3.1.1 on p. 236,
to every positive €, one can find an n., such that for all n > n., there are
2"% chains of the form z1, 29, ..., 2, all of whose probabilities P{(; = 2z1,(s =
29,...,Cn = 2zp} add up to at least 1 — e with s € (H,logymi — ). To
transmit a series of messages (z1,22,...,2,) in this collection (denote this
subset of Z™ by Z,,), we employ sequences x1, xa, ..., &, with z; € X;. There
are mj = 2m1°82m1 > 91 guch sequences. Thus Z,, is carried into X7 in one-
to-one fashion. X7 is carried by the channel into Y{" in one-to-one fashion
and Y7" is carried into Z,, in one-to-one fashion. If (z1,..., 2,) ¢ Z,, we map
it into one of the sequences in X™ not belonging to the image of Z,. We
decode the sequence (y1, ..., y,) corresponding to it in an arbitrary way. The
probability that a message of length n will be transmitted without error is
greater than 1 — ;. If there is a message of length N > n, we split it into
pieces of length n and we transmit each segment of length n in the above way.
Since the transmission is done with segments of length n, the lag 7v < n.
The error probability is less than le;, where [ is the integral part of N/n.
Now choosing €1 and [ so that ley < € and n/N < 1/l < €, we arrive at our
required assertion. N¢ is any arbitary number satisfying N. > ng, /e.
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(b) Noisy channels. As was seen in the proof of the preceding part, it is enough
to show the following: To every positive ¢, one can find an n. such that for
n > n. it is possible to transmit one of the 2"(¥+9) messages produced by the
source of information in time n with error probability less than €,  being an
arbitrarily selected positive number. Suppose that the distribution of £ in X
has been chosen so that H < I(£,n) < C for pairs £ and 7 satisfying

P{{=z,n=y} =P{{=1z}p(z,y).

Let H (&) be the entropy of the distribution of . Consider the subset X,
of X™ of those (z1,x2,...,2,) € X for which

D Iopmay —nP{{ =2} <na,, ze€X, (3.3.1)
k=1

for some sequence a,, such that a, | 0, na% — 00. The number of points in X,
is clearly 2n(H(&)+en) where ¢, — 0. Now let {n(z), 2 € X} be independent
for different values of &k and let P{ny(z) = y} = p(z,y). The entropy of the
sequence 11 (1), - - -, M (x,) With (21, 22,...,2,) € X is

ZZP (zi,y) log, —

i=1 vy

ZP{S—w}Zp (z,y)log, ( )
(nIE)-

(We have made use of (3.3.1).) For n sufficiently large, to each (z1,...,2,) €
X, there is a set S((Zl) 2y C Y7 such that

P{(m(x1),...,0n(zn)) € S( P>1—¢ (3.3.2)

(T1,0005Tn)

with the number of points in S((;ll) ) At most 2 (HIO+0) - Since H <

I1(&,m) < H(), one can choose a subset X, of X,, whose cardinality equals
the number of messages that must be transmitted (there are at most 27 +9)
of them). One may assume that H + 26 < I(£,n).

The decoding rule is this. If the sequence (y1,ys, .- ., yn) is observed at the
channel output, then put

-1

P{6 . = . = I

0%, (1,5 yn) = (21, 20)} > CH{wyes® )
(z1,ees Tn)EX,

if (y1,--,9n) € Upy,., ¢ S((:l) o,y But if (y1,---,yn) does not fall

in this set, 0% (y1,... ,yn) is speciﬁed arbitrarily. Let us estimate a g , the

transmission error probability. We have
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n

ag < Z p(x1,. .., x,) Z Hp(xiayi)
(wlynwwn)EXn (yh---,yn)ES((:'l) ,,,,, z")i:1
-1
x 1= > ewmes?) L +er (3.3.3)

(1,00 yTn ) EXn

(we have made use of (3.3.2)). In this, p(x1,...,2,) is the probability that
a message encoded by the sequence (x1,...,2,) is transmitted. The proof of
Theorem 3.1.1 on p. 236 shows that

p(xy,... . x,) < 9~ n(H-9)

for n sufficiently large. In exactly the same way,

n

Hp(ﬂfz’, yi) < 9—n(H(nl§)—6)

i=1

Therefore

ag. < 2—n(H+H(n\§)—2§) Z Z

(rlv--wmn)ekn (yl,-»-,yn)es(")

(z1,--,@n)

-1

X 1- Z I{(ley--wyn)es(n) 1")}

- (210
(T1500 50 ) EXn

Let m(A) be the number of points in set A. Then we have

> ] > 1= > Lowres o)

= Z m (S((Zl)xn)) -m U m (S((Zl)xn)>

(21,0120 ) € X (@1, es0) € X

< X m(sEnSEa)-

< gn(HHHGIO=29) 7 m(5<n>

(T150e0sTm,

)ﬂS(") ) +e1.

(i17"'7z7’1r)
(®1,..-, -’En)e):(n

We now show that one may choose X,, so that ax  isless than 2¢,. Let ¢ be
(n)

the number of points in X,,, s the number in X,,, u the number in S(l_1 )
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and v the number of (x1,...,x,) for which (y1,...,yn) € S((;Ll) )i W TAY be
considered independent of (x1,...,2,) € X, and v considered independent of

(n)

(y17"'7yn) € U(zl,...,mn)ef(n S(zl,...,xn)' ~
The average error due to the possible choices of X, is

¢ —1
a= ¥ (1) e
¢ -1
<t ( ) o= (H-+H(n]€)~20)

X Z Z Z IS(n) yl,...,yn)lsézl) (y17--~7yn)

XnCX, @1own)€Xn (Y1,eeyYn)
(Z1,-,@n)EXp

<e + Z Z Iy )(y17°~~,yn)

(1ot €30 (Y150-5Yn)
(21, En)EX

AN A )
S e Un g—n(H+H(n]¢)—2)
S em) (1, B )(S> (s - 2)

-1
P <t> t - 2) —n(H+H(n]e)~29)
s—2

e (Y15, Yn)

(1,..., Tn)

(yla-'HUn (z1,.. ;In)EXn

t
n(H+H(1|€)—26) 2 (n)
_81+<> S—2>2 K (USIL ,In))
Notice that vm (U s (1 ww)) = tu. Therefore
a<elt mz—n(mmm—z% o< ey 4 2 OO —2),

Since s < 2MH+9) and u < 2rHOIO+) for n sufficiently large, it follows that

v

a<e +256n+1 L2 2nH-
- t

One can show that v < on(H(0l6)+6) and ¢ > on(H(€)=9) and so
a S €1 + 276n+12n(H—1(£77])).

This last expression may be made arbitrarily small if H +76 < I(£,n). There
clearly exist X,, such that ag < &. The theorem is proved. a
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3.3.2 Generalizations

(a) Ergodic source of messages. Now suppose that the stream of messages
generated by the source of information is a stationary ergodic process
{Cn,n > 1} with values in a finite set Z.

Lemma 3.3.1. If H = H((,) is the entropy of a stationary process {(,},
then to every positive € and §, there exists a subset Z, of Z™ for n greater
than some ng such that

1. the number of points (z1,...,2zn) € Zn does not exceed on(H+6)

2. Z(zh-..,Zn)EZn P{Cl = Z1y..-5Gn = Zn} Z 1 — &,
3.H-6<Llog, P{Ci =21,...,¢a =2} <H+6.

Proof. Tt is convenient to view the process {(,} as being defined for all integral
n (the process may be extended in an obvious way). Put

QDn(Z) = P{CO = Z|C17C2a .. aCn}’(p(z) = P{CO = Z|C17 .. }

Then Elog, (o) = H and E|log, ¢, (o) —logs ©(¢p)| — 0. Thus with prob-
ability 1

o1 ol
Jim ~logy Q(¢r, Gy -1 6n) = nlggoﬁkz_lquck\cl,...,cm) =H,

where Q(z1,...,2,) = P(G = 21,...,(0 = 2zn) and qr(zil|21, ..., 20-1) =
logo P{Cr = 2k|¢1 = 21,...,C(k—1 = 2zr—1}. Given positive £ and §, suppose
that

P{’;logQQ(Cl,...,Cn)—H‘ <5}21—5.

Put Z, = {(21,...,2n) : |2 108, Q(21,...,2,) — H| < 6}. Then conditions 2
and 3 hold. The number m(Z,) satisfies m(Z,)2~"#+9 < 1 so that condi-
tion 1 also holds. O

(b) FErgodic stationary commaunication channel. Suppose that the channel
is stationary. In other words, if the input is a stationary process {&g,k =
0,%1,...} and {nx} is the output process, then {(x,nx),k = 0,£1,...} is
also stationary. (It is convenient here to consider processes defined for all
integral times. When a communication channel has finite memory m, the pro-
cess {(&k,Mk), k > m} is stationary if {&,1,2,...} is stationary.) A channel
is said to be ergodic if {(k,mk), k = 0,+1,£2,...} is ergodic when {&x, k =
0,+£1,...} is any ergodic process. The quantity sup I({£,}, {n.}) is defined to
be the ergodic channel capacity of an ergodic channel where the supremum is
taken over all ergodic X-valued processes {&,,n = 0,£1,£2,...}.
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Lemma 3.3.2. Suppose that a communication channel and a process {&,,n =
0,4+1,42,...} are both ergodic. Then for all positive € and §, there exist an
ng and sets X, C X", Y, C Y™ and W, C X,, XY, for some n > ng such
that

Llogym(Xy,) < n(H({&}) + 6), logam(Yn) < n(H({n} + §)) and
logo m(Wn) < n(H({(§n,mn)}) +0),

2. Zf Wn(xlvx%-”vxn) = {(ylw'-ayn) : ((xlﬂ"'ﬂxn)v(ylv”wyn)) € Wn}’
then logy m(Wh (21, ..., zn)) < n(H({m}H{&}) +6),

3. Z((wl,...,a:n),(yl,...,yn))EWn P{& =21, .8 = Tny,M1 = Y1,y 10 = Yn}
Z 1 — &,

4. for all (x1,...,2,) € X,

logy P{&1 = 21,60 = 2} = —n(H({E}) +9),

and

logo P{m =y1,- .., = Ynlés = x1,.... & = 2n}
> —n(H{m}{&n}) +6), (Y1, -+, yn) € Walx1, ..., 20).

Shannon’s theorem for ergodic stationary sources and communication chan-
nels. If one analyzes the proof of Shannon’s theorem in the simplest case for a
noisy channel, it can be seen that it merely involves computing the number of
members of the sets X, Xn and W, (z1,...,z,). Therefore Lemma 3.3.2 can
be used to show that Shannon’s theorem is true when a source of messages is
stationary and ergodic with entropy H and the ergodic channel capacity of a
stationary ergodic channel equals ¢ with ¢ > H.
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Filtering

When messages are sent by radio, they are affected by random noise caused
by electricity in the atmosphere, solar flares and man’s industrial activities.
Therefore a message received is a mixture of the signal sent and noise. One of
the ways of extracting information from a transmitted signal (in terms of the
preceding chapter, one of the ways of decoding) is to “sift out” the noise from
the message received. This operation is called filtering. The filtering methods
considered here are based on the random nature of the signals and noise.
Just as noise is filtered out, it is possible to filter out possible random effects
from quantities characterizing the state of a system. By viewing the system
as transmitting a “signal” from the “past” to the “future”, one can predict
its “future” if the system is evolving randomly. We shall therefore also view
prediction as a special case of filtering.

4.1 Linear Prediction and Filtering of Stationary
Stochastic Processes

4.1.1 General Approach to Finding a Linear Estimator of a
Random Variable

Let there be given n random variables &1, ..., &, that are observable in some
experiment and a random variable 7 that is not accessible to observation. How
can one estimate 7 from the values of £, ...,&£,7 Here we shall utilize linear
estimators of n or, in other words, linear functions of &;,...,&, of the form
N =c+Y p_; axék to approximate n. We shall look for a function of this form
that estimates 7 the best. If E¢? < oo,k = 1,2,...,n, and En? < oo, then it
is natural to view the best 7 as the one that minimizes E|n — 7j|2. There is no
loss of generality in assuming that E{, =0,k =1,2,...,n. Since

Eln— > = En—Ej)*+V(n—7) = (En—c)*+V(n—1)
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and the second term does not depend on ¢, it follows that ¢ = Er. To find
the coeflicients ag, it is advantageous first to orthogonalize the sequence

£I7§2a---7§n- Let

& =8, =8+and,. ..,

f; :gk""aklgr+~~-+04kk7152717-~~7 (411)
where ay;,1 < ¢ < k < n, are chosen so that E§;{ = 0 or, in other words,
E&r = —apE|€F]2. When & = 0, ag; may be chosen arbitrarily but we

shall assume that ay; = 0. By relations (4.1.1), the & are also expressible
linearly in terms of the & by the formulas

fk = f,: — aklﬁf — ... akkflngl. (412)

Therefore every linear combination of the &’s is a linear combination of the
+’s and conversely.
Thus, let 7 = En+ Y _; a;&;. Then

n n
Eln— 0> =Eln* — [En* —=2) _aiEng; + Y (aj)*E(&)* (4.1.3)
k=1 k=1

This expression has a minimum when

ay, = Eng; /B(&)° (4.1.4)
(if E(¢;)? = 0 and En&; = 0, so that the right-hand side of (4.1.3) is inde-
pendent of aj,, we set aj = 0). If a}, is chosen according to (4.1.4), then
E(n—n)¢; =0for k=1,2,...,n,
and hence by (4.1.2),
E(n—1)¢& =0,k=1,2,...,n. (4.1.5)

Equations (4.1.5) are a system for determining the coefficients ay,.

Now let there be given a family of random variables {£x, A € A} for which
E¢, = 0 and E[,|? < co and a variable 7. Again, the £\’s are observable
and 7 has to be estimated linearly from sampling of {£,}. Consider the linear
subspace L{&x, A € A} of random variables which is the closure under mean-
square convergence of the set of linear combinations

{Zak@\k,nl,l..., M € A, ay eR}.
k=1

There is no loss of generality in assuming that En = 0. Let L{n, &\, A € A}
be the subspace of random variables which is the closure under mean-square
convergence of the set of linear combinations
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{ﬂnJrZozkf)\k,n1,2,...,)%6/1, B, ag ER}.

k=1

L{n, &\, A € A} is a Hilbert space with inner product (¢1,(2) = E(i1 (s, ¢; €
L{n,&x, A € A}. L{E\, A € A} is a subspace of this space. A linear estimator
of 1 based on the variables {{x, A € A} is an element of L{{x, A € A}. Thus it
is necessary to find an 7 € L{&\, X € A} which minimizes E|n — 7j|?. This will
be the case when 7 is the orthogonal projection of n on L{&\, A € A}, that
is, n — 7 is orthogonal to L{{x, A € A}. This condition is equivalent to the
relation

Enéy = Enéx. (4.1.6)

This relation is the one customarily applied when constructing a filter.

4.1.2 Prediction of Stationary Sequences

Consider a numerical (wide-sense) stationary sequence {{,,, n=0,£1,4+2,...}.
Suppose that it has been observed up to and including the present moment of
time and it is necessary to “predict” its value at some future moment of time.
The present time is taken to be ¢ = 0. Thus, we have a collection of variables
{&,,n < 0} and a variable &,,,m > 0. It is necessary to construct a linear
estimator of &, with respect to the variables {&,, n < 0}. For a stationary
sequence, use can be made of its spectral representation (see p. 118)

e [ emayo,

—T

where y(\) is a random function with orthogonal increments on [—7, 7] and
E|dy(\)|? = dF(N). F()) is the spectral function of the sequence. If r,, = E&y&,
is the covariance function of the sequence (we are assuming that E&, = 0),
then

T / eAMdF(N).

Let Lo(F') be the space of measurable complex-valued functions g(A) defined
on [—m, | for which

/ " JgOPAF() < oo,

It is a complex Hilbert space. Let Ly (F') be the subspace of it which is the
closure of linear combinations of the form

2 Ckez)\k'

k<0
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It is easy to see that L{{,,n < 0} coincides with the variables of the form
ffﬂ g(A\)dy(A) with g(A) € Ly (F). Thus, the projection of &,, on L{,,n < 0}
has the form

gm = /:r gm()\)dy()‘)a

with ¢, (A\) € Ly (F) and for all n <0,

us s

Fom = Bty = Bény = B / eMndy(X) x / Im(N)dy(N)

—Tr —T

= /Tr e~ g, (N AF(N). (4.1.7)

(a) Solution of the prediction problem. Equation (4.1.7) determines the
L; (F)-function g, (A\) uniquely. However it is difficult to find this function
effectively at least because there is no satisfactory description of L; (F'). One
instance is examined below where the prediction problem can in a sense be
solved effectively.

Suppose that the spectral density f(A\) = dF()\)/d) exists and satisfies the
following condition. For some positive c,

¢ < (N < e

Lemma 4.1.1. L; (F') coincides with the space of functions g(\) repre-
sentable by series of the form

> ere, (4.1.8)

k<0
where ;< ek |? < oo

Proof. Let us show that (4.1.8) is convergent in L; (F'). For n < m < 0, we
have

2 2

/ > cpe dF(A):/ > ke F(A)dA
T In<k<m T n<k<m
2
1 [" Ak 2 2 _ 27 2
< = = — < —
<)X ae = Y el T Yl
n<k<m n<k<m k<m

and this expression approaches zero as m — —oo. Since the partial sums
of series (4.1.8) belong to L; (F'), the sum will also belong to L; (F'). Now
suppose that
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T

2
lim g\ =D e F(N)dA = 0.

n—oo J_

k<0
Then
2
lim g\ = e ax =o. (4.1.9)
n—oo | <0
Since

[ lapan< L [ lgpra < .

—T —T

it follows that

g(\) = chei’\k with Z |ex]? < oo
k
But (4.1.9) leads to

Sler =P+ 3 el = o,

k<0 k>0
that is, >, . |ck[* = 0. The lemma is proved. O

Consider now one-step prediction (m = 1). From (4.1.7) we obtain

/Tr efi)\n[gl(A) — el)‘]f(A)dA = 07 n S 07

—T

or
/ e D [g (AN)e ™ — 1]f(N)dA =0, n>0. (4.1.10)
The function h_(\) = g1 (\)e™* — 1 belongs to the space L, of functions of
the form
Zake”‘k, Z lag|? < oo,
k<0
while

[g1 (Ve = 1]f(N) = hy(N)

belongs to the space Lj of functions of the form

Zbkev\k, Zlbk‘Q < o0

k>0
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(this is a consequence of (4.1.10)). If f(A) is representable in the form

F =755 (4.1.11)

where h_()\) € Ly and hy(\) € L, then one is able to find g1 (\): If

-\ = Zakei)‘k

k<0

and ag # 0, then

ar. -
g1(>\) _ Z ;kezA(k+1).
k<—1 0

In addition, (4.1.10) will hold, which is equivalent to (4.1.7) in our case.

(b) Yaglom’s method. We now use (4.1.11) to find h_(X) for one class of
spectral densities which are often encountered in practical applications. They
are the spectral densities of the form

P(ei)\)

Q(e™)’

where P and ) are polynomials. P and ) are assumed to be non-vanishing
on the unit circle. If ¢(z) = P(z)/Q(z) is analytic, then since it is real for
|z| = 1, it follows from P(zp) = 0 and Q(z1) = 0 that P(1/Z) = 0 and
Q(1/z1) = 0. Let 21,29, ..., 2, be the zeroes of P(z) such that |z;| < 1, and
let uy,ug,...,u, be the zeroes of Q(z) such that |ug| < 1. Then

- Hk 1 [( — 2k) (% — 5’6)}
#le) = Hk 1 [(Z — uy) (l - “k)]

fN) =

and so
I (e =z (e = z) Hk 1(1 = zpem ) (1 — zZRe)
J(\) = AHZ:l(ei/\ “up) (e —ag) Hk (0 — upe= ™) (1 — age)’
he) = AJJ = ze™) ] (1 = are™ 7,
k=1 k=1
o) = TT0 - e [T - e
k=1 k=1

(¢) Case of smooth density. Suppose that In f(\) has an absolutely convergent
Fourier series:

In f(A Z ane™™ and Z lan| < oo.

n=—oo
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This is true, for example, when f’(\) is bounded.
Then

where

(oo} (oo}
hy = —exp{Zane”‘”}, h_ = —exp{—ZaneD‘"}.
n=0 n=0

hy(\) € L3 and h_()\) € L, because the Fourier series for hy()\) can be
derived by expanding the exponential function in a Taylor series and then
collecting the coefficients of €**™ for the various values of n. The zero Fourier
coefficient for h_(\) is 1.

Let us look at the prediction error. We obtain

Bl -6l = [ (6~ ) E GO FA)A

—T

= [ —ame o

by using the fact that g1(\) € Ly (F) and therefore

/ ’ (e = g1(A)g1(A) fF(A)dA = 0.

—T

Thus

Bl - & = | (1= e () F(A)dA

—T

—/ h+()\)d)\:/ exp{zane“"}ou

n=0
a T - 1 - iAn " a
:eo/_ﬂ 1+Zlm<zlane ) ]d)\:%reo.
But
—i 7r1 FN)dA
ao—27T _Trn ,
and so

El¢ — &> = 2mexp {;ﬂ/ lnf(/\)d/\} :

—T
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4.1.3 Filtering One Stationary Sequence by Another

We now consider a two-dimensional stationary sequence {(&x,nx), k = 0, 1,

+2,...} in which {£;} is the observable sequence and {7} is to be estimated.
Write

rec(k) = B&bo,  1en(k) = B&mo,  rhe(k) = Enplo,  ryy(k) = Engno.

(we are assuming that E, = En, = 0). The following spectral representations
hold:

s

Tff:(/f)Z/ e dFee(N), Tgn(k)=/ e dFe,(N),

Tne(k) = /7r ei)\denE(A)v Ty (K) :/ ei’\dem,()\),

fk:/ ei’\kdyg()\), nk:/ e“‘kdyn()\).

In this, (ye(A),yn(A)) is a vector function with orthogonal increments and

dFee(A) = Bldye V[, dFey(N) = Edye(N)dyy (V),

Fn&(A) = Fén(/\)a ann(/\) = E|dyn(/\)‘2-

(a) Filtering by a whole sequence. In this instance, {;} is observed com-
pletely. It is necessary to estimate, say, 19. The estimate for 7y is expressible
as

o = / " g0 dye(N) with go() € Lo(Fe).

—T

The condition

Enoér = Eno&r, = rey(k)

must hold for all k. This relation is equivalent to

/ " g MEdFee () = e (k) = / M dFL, (\) = / MG (\)

—T —Tr —T

™

(the realness of r¢, (k) was used). From the relation

/ go()\)e_i’\de&()\):/ e"MAFe(N), k=0,+1,42,...,

—T —T

it follows that
%/1( )90(N)dFee(N) = 1/)( JdFpe(A)

if () is any continuous function. This ylelds

_ dFye(N)
go(A) = Wg()\)
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(b) Nonpredictive filtering. In this case, the sequence {£x} is observed at the
present time (taken to be 0) and 7o is to be estimated. The estimator is then
of the form

and for all k£ <0,

Eijoli = rey (k)

or

/ go(N)e M dFee () = / e"MdFe(N), k<0. (4.1.12)

—T —T

Assume that the spectral density fee(A) = dFee(N\)/dX exists and that ¢ <
fee(A) < 1/c for some positive c. Then

go(A) = Z cre™.

k<0

It is easy to see that Fy¢()) is absolutely continuous with respect to Fee().
Hence, under the above assumption, fpe(A) = dF,e(X\)/dA exists.
From (4.1.12) it follows that

[ lao00gec) = el Mir =0, k<o

—T

90N fee(N) = fe(A) = ez (N),
with z, (\) € L3 . Suppose that

f-)
f (A) = 7
VTN
where fi(\) € L$, f-(\) € Ly, and f~*(\) € L;. As was shown in
Sect. 4.1.2(c), such a representation is possible if In fee(A) can be expanded
in an absolutely convergent Fourier series. Then

G0N - (A) = oW F+ (V) + €D zp (N fr (V). (4.1.13)

Introduce an operator P_ in the space L, of square-integrable functions
on [—m,m] by P_g(A\) = >, ane™™ if g(\) = 307 a,e™". Evidently,
P_(go(A).f=(N) = go(N) f-(\) and P_(e"24+(A) f+())) = 0. Therefore

90(A) = P—(fae(\) f+ (NN, (4.1.14)



266 4 Filtering
4.2 Nonlinear Filtering

4.2.1 General Remarks

Nonlinear filtering is similar to the linear problem except that the estima-
tor of a random variable may be any arbitrary function of the observations.
Let &1,...,&, be the observed variables. It is necessary to estimate the vari-
able 7. We assume that E|n|? < oo and we look for a measurable function
g(z1,...,2,) on R™ that minimizes E(n — g(£1,...,&,))%. We have

E(n—g(&,--,6))" = BE((n — g(&1, - .&))%615 -, &)
=EE@P &, ... &) — 2E([Er, ., )9, &) + 97 (60 6n))
E[’ — (BMlé, .-, 60))%] + BB - .. &) = 9(61, -, €0)*.

The first term on the right-hand side is independent of the choice of g and
the second will be smallest if it equals zero, that is, if with probability 1

9(&1, - &) = EMl&r; - -, &n)-

Let {&x, A € A} be a family of observable variables. Denote by F¢ the smallest
o-algebra with respect to which all of the &) are measurable. Estimators then
are F¢-measurable variables ¢ satisfying E¢? < oo. To each such variable
there is a sequence of measurable functions g, (z1,...,z,) and \; € A such
that

Tim BIC = ga(éns -, 60,)17 =0

Let L2(§2,P) be the Hilbert space of all ¢ defined on the initial probability
space for which EC? < co. Ly(F¢) is the subspace of Fé-measurable variables.
Then the best estimator of 7 is the 7§ € Ly (F¢) that minimizes E|n —7|2. This
means that 7 is the projection of 7 on Ly (F¢). Therefore Ené = En¢ for every
bounded F&-measurable ¢ or, in other words,

i = B(n|F*). (4.2.1)

Nonlinear filtering is reduced to finding the conditional expectation of a ran-
dom variable given the g-algebra generated by the observed variables.

4.2.2 Change-Point Problem

Given a process ¢y = I{y~,}. The time 7 is a change-point (or disorder mo-
ment) of some device. So long as 6; = 0, the device is in working condition.
When 6, = 1, the device has broken down. It is required to ascertain the
change-point as precisely as possible if ; is being observed in the presence of
additive noise, that is, the process x; = 6; + €; is observed. It is customary to
assume that ; does not depend on #; and has independent values at different
moments of time.
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(a) Discrete time. Suppose that pp = P{7 = k} and the distribution of the
er’s are given. The £;’s will be taken to be independent and identically dis-
tributed. If F(z) is the distribution function of ej, then it is assumed that
F(zx—1) =P{er + 1 < x} is absolutely continuous with respect to F'(z) and
that the function

_dF(z—1)

is positive dF (x)-almost everywhere. Then dF (z+1)/dF (z) = 1/¢(x +1) or,
in other words, F(z) is also absolutely continuous with respect to F(x — 1).
If F(x — 1) and F(x) were mutually singular, then we could determine 7
expeditiously without delay from the observed values of z, = 0 + ¢ as
follows. Let A be a Borel set such that

P{EleA}:O, P{81+1€A}:1.

Then 7 =k if Ta(z;) =0 when ¢ < k and T4 (zx) = 1.

Therefore assuming the equivalence of F'(z — 1) and F(z) makes the prob-
lem more meaningful. It is natural to imagine that there is a loss a,; > 0 by
having decided 7 = k and having stopped the process at that time when in fact
7 = n. The problem is then to minimize the loss. We shall seek a sequential
solution to the problem. At each moment of time, a decision is made to stop
the process or continue it. The decision is made on the basis of observations
of the process to that time.

Introduce the variables

k
Zk — H 1 zZ0 = 1.
i=1

p(xi)’

This is also obviously an observable sequence. It turns out that to make a
decision it is sufficient to know this sequence since the conditional distribution

of 7, given x1,...,x,, can be expressed in terms of z1,...,z, as follows:
PmZm—1
P{r=m|xy,...,2n} = =5 = , m<mn,
doim1 PiZic1 20 i1 D)
Pz
P{r=mlxy,...,zn} = men , m>n.(4.22)

n o0
> im1 PiZi-1 + 2n Zj:n-i—l by

The expressions (4.2.2) are the filtering formulas for the change-point problem.
Knowing these probabilities, we can evaluate the quantity

Wiz, .. xn) = ZanmP{T =m|T1,...,Tn},

the loss resulting if the stoppage is at time m subject to the observations
Z1,-..,Ty. There now remains the optimum stopping problem for the sequence
{nn = wp(x1,...,2,),n > 1}: Find a stopping time ¢ that minimizes En;.
This kind of problem was treated in the theory of controlled processes.
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(b) Continuous time. In the case of continuous time, it is natural to replace
0, e, and x; by integrals involving these processes (instead of a process with
independent values, €; is considered to be a process with independent incre-
ments). Therefore the observed process (denoted as before by ;) is taken to
be

t
Ty = /0 I{T<s}d$ + ft, (423)

where &; is a homogeneous process with independent increments that does not
depend on 7, the change-point time subject to estimation. We assume that
has a density ¢(s):

P{r <t} = /0 ©(s)ds,

and that & is a Wiener process with E{; = 0 and V¢, = bt. Our aim is to
find filtering formulas analogous to (4.2.2). These formulas should give the
conditional density of 7, given z(s) for s < t.

Choose a positive h and let

1 1

EZ = E[fkh - f(kq)h]’ xﬁ = E[l’kh - x(ic—l)h},
1 kh

oy = 7/ It csyds, ph =P{(m —1)h <7 <mh}.
h Jk=1)n

Applying (4.2.2), one can write

h
P{r € [m — 1)h,mh]|z?,... }—7"7/\"
2k Zinn

N ml(m)”? { hxk}<2wb>1/2
Zm: T exp
k=1
2

x /(mh exp {h(”’“ - (;’Zh — ) } o(u)du

m—1)h
z orh\ H? h(zh —1)?
AL () e

y i[l ( 2h7rb)1/2 exp {_h(:cg; 1)2 }>_

m—1 mh h 2
= exp {h i + (m — Uh} /( 1)heizﬁn(mhﬁ)+( T p(u)du,
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Letting h — 0, nh — t and mh — s, we arrive at the following expression for
the conditional density ¢(s|F;), where F; is the o-algebra generated by x4 for

s<t:
sAt

©o(s) exp {— o w(u)du —sA t}

o(s|F:) = — ,
Jo~ e(u) eXp{f o :E(U)dU—u/\t} du

(4.2.4)

4.2.3 Filtering of Markov Chains

This problem is similar to the change-point problem except 6; is a Markov
process with a finite set of states. The observed process is z; = 0; + ¢, where
€; has independent increments. It is required to find an estimate for 6;.

(a) Discrete time. Let {6;,t = 0,1,2,...} be a homogeneous Markov chain
with states {1,2,...,r}. The one-step transition probability is p;;,i,j €
{1,...,7}, p:i(0) is the initial distribution of the chain, p;;(n) is the n-step
transition probability and p;(n) is the distribution at the n-th step; {e;} is
assumed to be a sequence of independent and identically distributed random
variables collectively not depending an ;. The problem is to find the condi-
tional probabilities

P{0; = klz1,...,zn}, E=1,...,r, t=0,1,2,..., n=0,1,2,.... (4.2.5)

If we know them, we have complete information about 6; contained in the
observations x1,...,Ty.

Let F(x) be the distribution function of £1. Then the distribution function
ofe;+i,i=1,...,r,is F(x —i). Choose a distribution function G(x) so that
F(x — i) is absolutely continuous with respect to G(x) and put

dF (z — 1)
(x) = ———.
Let us find the distribution of {xg,z1,...,2,}. The conditional distribution
of this sequence given 6y, ..., 0 is for k£ > n equal to

P(.%‘QEAO,...,JJTLEAn‘QZZ'Q,...,Hk:’L'k)

/AO dF(yoio)/Al dF(ylfil).../A dF (yp —in).

n

Thus it depends only on 6, ..., 0,. This conditional probability is expressible
in terms of the functions ¢; as

P{{EO €A07...,$n EAn|90,...,9n}

= [ Tast) -1, TL o0 T G,
0 =0

Let Oln(o(), cee ;9n7y0, s ayn) = H?:O ©o,; (yl) and
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an(y07"'ayn):E(QOM'-,enayOw"ayn)
= > an(ios--yin, Y0, Yn)Po(i0)plio i1) . . . pin-1,in). (4.2.6)

Then
P{zo € Ao,...,7n € Ay} = /IAO(yO) o Ta, W) an (o, - ym) [ 4G (i)
k=0

To evaluate ay, (Yo, - - -, Yn), it is convenient to introduce the functions

OA‘n(i()a Yo, - - - 7yn7i)
= Y anlio,yin-1,8 Y0, - Yn)pio, i1) - - Plin—1,). (4.2.7)

i1yeeeyn—1

Then

Oln(y(), v ayn) = Zdn(iﬂay(b R ;yn7i)p0(i0)a (428)
20,

and

&n+1(i05 Yos -3 Yn+1, Z) = Z OA[n(L Yo, - - - aynaj)pjl(yn+1>(p’b(yn+l) (429>
J

Formulas (4.2.9) and (4.2.8) enable one to compute o, (yo, - . ., Yn ) recursively.
Now consider the conditional distribution of 6y,...,0, given x1,...,x,.
Since

P{LBO S AO;"'axn S An;90 :Z.Oa"'aen :Zn}
:P{xo c Ao,...,xn S An|00 Zio,...,an ZZn}
x po(io)p(io,i1) - - - p(in—1,%n),
it follows that
P(GO :io,...,en :in\xg,...,xn)
= Op io, . ;in7$07 . ,Z‘n)po(io)p(io,il) .. .p(in_l,in)/an(xo, . ,J)n).
Therefore

Zio dn(i()ax(% e 7xnaj)p0(i0)
an(zo, ..., Tyn)

P{Qn :j|l‘o,...,1}n} = s (4210)

form<n
1

P{0,, = jlzo, ..., xn} = (@0

Zp()(i())dm(io»wo’ o 7xm7j>
Zn)

io,i

X Qe (J, Tmg1s - - Ty 1), (4.2.11)
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and for m > n

P{0,, = jlzo,...,zn}
1
S E—— OZ (i, 20y - -+, Ty J)Pij(m —n).  (4.2.12)
Thus the requisite conditions for the probabilities are expressed in terms of the
functions &, (i, g, . - ., Zn,j) which can be computed recursively using (4.2.9),
(4.2.8), (4.2.10), (4.2.11) and (4.2.12), with G&o(%, yo,7) = ¢i(Y0)ds;-

Formulas (4.2.8)—(4.2.12) are the filtering equations for a time-discrete
Markov chain. The advantage of these equations is that all of the con-
ditional probabilities are expressed in terms of the exact same function
G, (3, o, . . ., Ty, J) (taking (4.2.8) into account) satisfying recursion equation
(4.2.9). This fact makes it possible to carry these formulas over to continuous
time.

(b) Continuous time. Now suppose that {6;,¢ > 0} is a homogeneous Markov
process with r states {1,2,...,r} and transition probabilities p;;(t),4,5 €
{1,...,r} satisfying the relation

L P (t) = 6i

= a;;.
10 t *

Consequently, the probabilities p;(t) = P{6; = i} satisfy the forward Kol-
mogorov equation

d
Pilt) = > pi(t)agi.
J
Let ¢;,i € {1,...,r}, be a real function. The observed process is

t
Ty = / c(0s)ds + &, (4.2.13)
0

where &; is a Wiener process for which E = 0 and V& = bt. Our aim is to
construct the best estimate for ¢(f;) from observations of the process x, on
the interval [0, ¢] or, in other words, to find

E(c(0s)|Tu,u < t).

It is convenient to denote the path of the process 6, on [s,t] by 6. Similarly,
x§ is the path of x,, on [s,t]. Let

aft, 09, z?) :nli_{roloan(t?g,... A

rvn? n

= HILII;OIHJQOZQ (‘TZ)’ h=t/n, 92 = bkn,
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h
Ty = Tkh — T(k—1)hs

vy () = \/ﬁ oxp { = 72122(0))2 } (27rlbh> N o {gZ}
= exp { )z _ cz(ﬁ)h} .

Thus

¢ ¢
aft, 89, 20) = exp {11)/0 c(0s)dxs — %/0 02(03)dx5} . (4.2.14)

The first integral on the right is defined for any continuous function since
c(fs) is a step-function.
Let

where y, is an arbitrary continuous random function. Taking the limit in
(4.2.10)—(4.2.12) after multiplying by ¢(j) and summing over j, we find that

E(c(6:) |$g) = ﬁ Z c(j)ali,t, 1‘?, j)pi(o)pij (t), (4.2.16)
Be0)le?) = s 3 eli)afi, .. 1)al. ¢ = s.af. b
t) gk
X pi(0)pi;j(s)pjr(t —s), s<t, (4.2.17)
and
E(C(95)|xg) — at(lxo) Z c(j)d(z, t, x?, k‘)pi (O)pik (t)
t gk
X pkj(s — t), s> t, (4218)
where
a(xf) =Y alit, 2, k)pi(0)pin(t). (4.2.19)
ik

To determine the functions G4(i, ¢, z?, k) in terms of which the requisite condi-
tional probabilities are expressed, it is convenient to introduce the functions

Bii(t) = (i t, 2, )pij (t). (4.2.20)

Passage to the limit in (4.2.9) yields a system of stochastic differential equa-
tions for G;;(t):

dﬁ?] (t) = Z ﬂik(t)ak]‘ (t)dt + ﬁij (t)deZE(t), (4221)
k

which must be solved subject to the initial condition §;;(0) = d;;.
Such equations have been studied in the theory of Markov processes.



Historic and Bibliographic Comments

General questions of mathematical statistics are handled by Cramér (1974),
Neyman (1950), Van der Waerden (1969) and Zacks (1971). Jerzy Neyman
was one of the eminent statisticians of the twentieth century and his book
familiarizes the nonspecialist with the essence of probability and statistical
problems both in a simple and profound way. The main thrust of Cramér
(1974) is his formulation of statistical problems and presentation of methods
for solving them. The book contains many interesting and meaningful exam-
ples. Zacks (1971) treats the concepts of statistics, the related problems and
also ways of solving them. The book is theoretical and is intended for spe-
cialists. Also touching on the content of the first chapter is the book by Wald
(1947). It contains a presentation of sequential analytic methods of testing
statistical hypotheses.

The books by Bellman (1957), Dynkin (1975), Gikhman (1977), Kalman
(1969), Kushner (1967), Krylov (1977) and Shiryaev (1976) consider problems
on controlled processes. Bellman derives equations for the control cost of con-
trolled Markov random processes. Gikhman (1977) gives the general theory of
time-discrete and time-continuous controlled processes including both Markov
chains and Markov processes. Dynkin (1975) presents the general concepts of
controlled Markov processes, derives the equations for the control cost and
proves the existence of optimum controls. Kalman (1969) gives in particu-
lar an introduction to the theory of controlled random processes. Krylov’s
book (1977) is devoted to controlled processes defined by stochastic differen-
tial equations of diffusion type. He studies the nonlinear partial differential
equations which are Bellman’s equations for an optimum control. The book
is intended for specialists. A main theme of Shiryaev’s book (1976) is the op-
timum stopping of a Markov chain or Markov process. In particular, it solves
the change-point problem.

Problems in information theory are considered by Feinstein (1958), McMil-
lan (1953) and Shannon (1948). Feinstein discusses the basic concepts and
theorems of information theory. McMillan’s article is devoted to the capacity
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of a Markov-type communication channel and proves a corresponding version
of Shannon’s theorem.

The books and papers by Bucy (1965), Cramér (1940), Kolmogorov (1941),
Liptser (1974), Wiener (1949) and Yaglom (1952) are devoted to filtering.
Bucy discusses the theory of nonlinear filtering. Liptser (1974) contains much
material on martingale theory and stochastic equations. Its basic aim is
to construct a theory of nonlinear filtering. It is intended for specialists.
Wiener (1949) presents the theory of extrapolation, interpolation, filtering
and smoothing of stationary sequences and methods based on the factoriza-
tion of analytic functions. The general theory is illustrated by the solution of
engineering problems. Kolmogorov (1941) reduces problems involving station-
ary sequences to problems of analysis in Hilbert spaces. This is a fundamental
approach to solving them. Cramér’s article (1940) presents some solutions to
basic problems involving stationary processes. Yaglom’s large review article
(1952) contains the basic results with complete proofs including those due to
the author on the theory of stationary processes.
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