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1

Introduction

Probability theory arose originally in connection with games of chance and
then for a long time it was used primarily to investigate the credibility of
testimony of witnesses in the “ethical” sciences. Nevertheless, probability has
become a very powerful mathematical tool in understanding those aspects
of the world that cannot be described by deterministic laws. Probability has
succeeded in finding strict determinate relationships where chance seemed to
reign and so terming them “laws of chance” combining such contrasting no-
tions in the nomenclature appears to be quite justified. This introductory
chapter discusses such notions as determinism, chaos and randomness, pre-
dictibility and unpredictibility, some initial approaches to formalizing ran-
domness and it surveys certain problems that can be solved by probability
theory. This will perhaps give one an idea to what extent the theory can an-
swer questions arising in specific random occurrences and the character of the
answers provided by the theory.

1.1 The Nature of Randomness

The phrase “by chance” has no single meaning in ordinary language. For
instance, it may mean unpremeditated, nonobligatory, unexpected, and so on.
Its opposite sense is simpler: “not by chance” signifies obliged to or bound to
(happen). In philosophy, necessity counteracts randomness. Necessity signifies
conforming to law – it can be expressed by an exact law. The basic laws
of mechanics, physics and astronomy can be formulated in terms of precise
quantitative relations which must hold with ironclad necessity. True, this state
of affairs existed in the classical period when science did not delve into the
microworld. But even before, chance had been encountered in everyday life at
practicaily every step. Birth and death and even the entire life of a person is a
chain of chance occurrences that cannot be computed or foreseen with the aid
of determinate laws. What then can be studied and how studied and what sort
of answers may be obtained in a world of chance? Science can merely treat the
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intrinsic in occurrences and so it is important to extract the essential features
of a chance occurrence that we shall take into account in what follows.

1.1.1 Determinism and Chaos

In a deterministic world, randomness must be absent – it is absolutely subject
to laws that specify its state uniquely at each moment of time. This idea of
the world (setting aside philosophical and theological considerations) existed
among mathematicians and physicists in the 18th and 19th centuries (New-
ton, Laplace, etc.). However, such a world was all the same unpredictable
because of its complex arrangement. In order to determine a future state, it is
necessary to know its present state absolutely precisely and that is impossible.
It is more promising to apply determinism to individual phenomena or aggre-
gates of them. There is a determinate relationship between occurrences if one
entails the other necessarily. The heating of water to 100◦C under standard
atmospheric pressure, let us say, implies that the water will boil. Thus, in a
determinate situation, there is complete order in a system of phenomena or
the objects to which these phenomena pertain. People have observed that kind
of order in the motion of the planets (and also the Moon and Sun) and this
order has made it possible to predict celestial occurrences like lunar and solar
eclipses. Such order can be observed in the disposition of molecules in a crystal
(it is easy to give other examples of complete order). The most precise idea
of complete order is expressed by a collection of absolutely indistinguishable
objects.

In contrast to a deterministic world would be a chaotic world in which
no relationships are present. The ancient Greeks had some notion of such a
chaotic world. According to their conception, the existing world arose out of
a primary chaos. Again, if we confine ourselves just to some group of objects,
then we may regard this system to be completely chaotic if the things are en-
tirely distinct. We are excluding the possibility of comparing the objects and
ascertaining relationships among them (including even causal relationships).
Both of these cases are similar: the selection of one (or several objects) from
the collection yields no information. In the first case, we know right away
that all of the objects are identical and in the second, the heterogeneity of
the objects makes it impossible to draw any conclusions about the remaining
ones. Observe that this is not the only way in which these two contrasting
situations resemble one another. As might be expected, according to Hegel’s
laws of logic, these totally contrasting situations describe the exact same sit-
uation. If the objects in a chaotic system are impossible to compare, then
one cannot distinguish between them so that instead of complete disorder, we
have complete order.

1.1.2 Unpredictability and Randomness

A large number of phenomena exist that are neither completely determinate
nor completely chaotic. To describe them, one may use a system of noniden-
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tical but mutually comparable objects and then classify them into several
groups. Of interest to us might be to what group a given object belongs.
We shall illustrate how the existence of differences relates to the absence of
complete determinism. Suppose that we are interested in the sex of newborn
children. It is known that roughly half of births are boys and half are girls. In
other words, the “things” being considered split into two groups. If a strictly
valid law existed for the birth of a boy or girl, then it would still be impossi-
ble to produce the mechanism which would continually equalize the sexes of
babies being born in the requisite proportion (without assuming the effect of
the results of prior births on succeeding births, such a premise is meaning-
less). One may give numerous examples of valid statements like “such a thing
happens in such and such fraction of the cases”, for instance, “1% of males
are color-blind.” As in the case of the sex of babies, the phenomenon cannot
be explained on the basis of determinate laws. It is advantageous to view a
set-up of things as a sequence of events proceeding in time.

The absence of determinism means that future events are unpredictable.
Since events can be classified in some sort of way, one may ask to what class
will a future event belong? But once again (determinism not being present),
one cannot furnish an answer in advance. The question is ill posed in the given
situation. The examples cited suggest a proper way to state the question: how
often will a phenomenon of a given class occur in the sequence? We shall speak
about chance in precisely such situations and it will be natural to raise such
questions and to find answers for them.

1.1.3 Sources of Randomness.

We shall now point out a few of the most important existing physical sources of
randomness in the real world. In so doing, we view the world to be sufficiently
organized (unchaotic) and randomness will be understood as in Sect. 1.1.2.

(a) Quantum-mechanical laws. The laws of quantum mechanics are state-
ments about the wave functions of micro-objects. According to these laws, we
can specify, for instance, just the wave function of an electron in a field of
force. Based on the wave function, only the probability of detecting the elec-
tron in some particular region of space may be found – to predict its position
is impossible. In exactly the same way, one cannot ascertain the energy of
an electron and it is only possible to determine a discrete number of possible
energy levels and the probability that the energy of the electron has a spec-
ified value. We perceive that the fundamental laws of the microworld make
use of the language of probability and thus phenomena in the microworld are
random. An important example of a random phenomenon in the microworld
is the emission of a quantum of light by an excited atom. Another important
example are nuclear reactions.

(b) Thermal motion of molecules. The molecules of any substance are in con-
stant thermal motion. If the substance is a solid, then the molecules range
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close to positions of equilibrium in a crystal lattice. But in fluids and gases,
the molecules perform rather complex movements changing their directions
of motion frequently as they interact with one another. The presence of such
a motion may be ascertained by watching the movement of microscopic par-
ticles suspended in a fluid or gas (this is so-called Brownian motion). This
motion is of a random nature and the energies of the individual molecules are
also random, that is, the energies of the molecules can assume different val-
ues and so one talks about the fraction of molecules having an energy within
narrow specified bounds. This is the familiar Maxwell distribution in physics.
A simple experiment will convince one that the energies of the molecules are
different. Take the phenomenon of boiling water: if all of the molecules had
the same energy, then the water would become steam all at once, that is, with
an explosion, and this does not happen.

(c) Discreteness of matter. The discreteness of matter leads to the occurrence
of randomness in another way. Items (a) and (b) also considered material par-
ticles. The following fact should now be noted: the laws of classical physics
have been formulated for macrobodies just as if matter filled up space contin-
uously. The discreteness of matter leads to the occurrence of deviations of the
actual values of physical quantities from those predicted by the laws. These
deviations or “fluctuations” are of a random nature and they affect the course
of a process substantially. Thus, the discreteness of the carriers of electricity
in metallic conductors – the electrons – is the source of fluctuation currents
which are the reason for internal noise in radios. The discreteness of matter
results in the mutual permeation of substances. Furthermore the absence of
pure substances, that is, the existence of impurities, also results in random
deviations from the calculated flow of phenomena.

(d) Cosmic radiation. Experimentation shows that it is irregular (aperiodic
and unpredictable) but it conforms to laws that can be studied by probability
theory.

1.1.4 The Role of Chance

It is hard to overestimate the role played in our lives by those phenomena that
are of a chance nature. The nuclear reactions occurring in the depths of the
Sun are the source of the energy sustaining all life on Earth. We are surrounded
by the medium of light and the electromagnetic field which are composed of the
quanta emitted by the individual atoms of the Sun’s corona. Fluctuations in
this emission – the solar flares – affect meteorological processes in a substantial
way. Random mechanisms also lead to explosions of supernova stars and to
sources of cosmic radiation. Brownian motion results in diffusion and in the
mutual permeation of substances and due to it, there are reactions possible
and hence even life. Chance mechanisms are responsible for the transmission
of hereditary characteristics from parents to children. Cosmic radiation, which
is also of a random nature, is one of the sources of mutation of genes due to
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which we have biological evolution. Many phenomena conform strictly to laws
only due to chance and this proves to be the case whenever a phenomenon
is dependent upon a large number of independent random microphenomena
(for instance, in gases, where there are a huge number of molecules moving
randomly and one has the exact Clapeyron law).

1.2 Formalization of Randomness

In order to make chance a subject of mathematical research, it is necessary
to construct a formal system which can be interpreted by real phenomena in
which chance is observed. This section is devoted to a first discussion.

1.2.1 Selection from Among Several Possibilities.
Random Experiments. Events

A most simple scheme in which unpredictable phenomena occur is in the
selection of one element from a finite collection. To describe this situation,
probability theory makes use of urn models. Let there be an urn containing
balls that differ from one another. A ball is drawn from the urn at random.
The phrase “at random” means that each ball in the urn can be withdrawn.
Later, we shall make at random still more precise. This single selection can
be described strictly speaking as being the enumeration of possibilities and
furnishes little for discussion. The matter changes substantially when there
are a large number of selections. After drawing a ball from the urn and ob-
serving what it was, we return it and we again remove one ball from the urn
(at random). Observing what the second ball was, we return it to the urn and
we repeat the operation again and so on. Let the balls be numbered 1, 2, . . . , s
and repeat the selection n times. The results of our operations (termed an
experiment in what follows) can be described by the sequence of numbers of
the balls drawn: α1, α2, . . . , αn with αn ∈ {1, 2, . . . , s}. Questions of interest in
probability include this one. How often is the exact same number encountered
in such a sequence? At first glance, the question is meaningless: it can still be
anything. Nevertheless, although there are certain restrictions, they are based
on the following fact. If ni is the number of times that ball numbered i is
drawn, then n1 + n2 + . . . + ns = n. This is of course a trivial remark but, as
explained later on, it will serve as a starting point for building a satisfacto-
rily developed mathematical theory. However, there is another nontrivial fact
demonstrated by the simplest case s = 2. We write out all of the possible
results of the n extractions of which there are 2n. These are all of the possible
sequences of digits 1 and 2 of length n1 + n2 = n, where n1 is the number
of ones in the sequence and n2 the number of twos. Let Nε be the amount
of those sequences for which |n1/n − 1/2| > ε. Then limn→∞ 2−nNε = 0 for
all positive ε. This is an important assertion and it indicates that for large n
the fraction of ones in an overwhelming majority of the sequences is close to
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1/2. If the same computation is done for s balls, then it can be shown that
the fraction of ones is 1/s in an overwhelming majority of the sequences. This
holds for any i ≤ s. That the “encounterability” of different numbers in the
sequences must be the same can be discerned directly without computation
by way of the following symmetry property. If the places of two numbers are
interchanged, there are again the same 2n sequences. Probability theory treats
this property as the “equal likelihood” of occurrence of each of the numbers
in the sequence. Assertions about the relative number of sequences for which
ni/n deviates from 1/s by less than ε are examples of the “law of large num-
bers”, the class of probability theorems most generally used in applications.

We now consider the notion of “random experiment”, which is a generaliza-
tion of the selection scheme discussed above. Suppose that a certain complex
of conditions is realized resulting in one of several possible events, where gen-
erally a different event can occur on iterating the conditions. We then say
that we have a random experiment. It is determined by the set of conditions
and the set of possible outcomes (observed events). The conditions of the
experiment may or may not depend on the will of an experimenter (created
artificially) and the presence or absence of an experimenter also plays no role.
It is also inessential whether it is possible in principle to observe the outcome
of the experiment. Any sufficiently complicated event can generally be placed
under the concept of random experiment if one chooses as conditions those
that do not determine its course completely. The pattern of its course is then
a result of the experiment. The main thing for us in a random experiment
is the possibility of repeating it indefinitely. Only for large series of iterated
experiments is it possible to obtain meaningful assertions. Examples of phys-
ical phenomena have already been given above in which randomness enters.
If we consider radioactive decay, for example, then each individual atom of
a radioactive element undergoes radioactive conversion in a random fashion.
Although we cannot follow each atom, a conceptual experiment can be per-
formed which can help establish which of the atoms have already undergone
a nuclear reaction and which still have not. In the same way, by considering a
volume of gas, we can conceive an experiment which can ascertain the energies
of all of the molecules in the gas. If the possible outcomes of an experiment are
known, then we can imagine the experiment as choosing from among several
possibilities. Again considering an urn containing balls, we can assume that
each ball has one of the possible outcomes of the pertinent experiment written
on it and any possibility has been written on one of the balls. On drawing
one of the balls, we ascertain which one of the possibilities has been realized.
Such a description of an experiment is advantageous because of its uniform-
ness. We point out two difficulties arising in associating an urn model with
an experiment. First, it is easy to imagine an experiment which in principle
has infinitely many different outcomes. This will always be the case when-
ever an experiment is measuring a continuously varying quantity (position,
energy, etc.). However, in practical situations a continuously varying quantity
is measured with a certain accuracy. Second, there is a definite symmetry
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among the possibilities in the urn model, which was discussed above. It would
be unnatural to expect every experiment to have this property. However, the
symmetry can be broken by increasing the number of balls and viewing some
of them as identical. The indistinguishable balls correspond to one and the
same outcome of the experiment but the number of such balls varies from
outcome to outcome. Say that an experiment has two outcomes and one ball
corresponds to outcome 1 and two balls to outcome 2. Then in a long run of
trials, outcome 2 should be encountered twice as often as outcome 1.

In discussing the outcomes of an experiment above, we meant all possible
mutually exclusive outcomes. They are usually called “elementary events” or
“sample points”. They can be used to construct an “algebra of events” that
are observable in an experiment. Events that are observable in an experiment
will be denoted by A, B, C, . . .. We now define operations on events. The sum
or union of two events A and B is the event that occurs if and only if at least
one of A or B occurs and it is denoted by A ∪ B or A + B. The product or
intersection of two events A and B is the event that both A and B occur
(simultaneously) and it is denoted by A ∩ B or AB. An event is said to be
impossible if it can never occur in an experiment (we denote it by ∅) and to be
sure if it always occurs (we denote it by U). The event Ā is the complement
of A and corresponds to A not happening. The event A ∩ B̄ is the difference
of A and B and is denoted by A \ B.

A collection A of events observable in an experiment is called an algebra
of events if together with each A it contains Ā and together with each pair
A and B it contains A ∪ B (the collection A is nonempty). Since A ∪ Ā = U ,
U ∈ A and ∅ = Ū ∈ A. If A and B ∈ A, then A ∩ B = (Ā ∪ B̄) ∈ A and
A∩B̄ ∈ A. Thus the operations on events introduced above do not lead out of
the algebra. Let A1, A2, . . . , Am be a set of events. A smallest algebra of events
exists containing these events. We introduce the natural assumption that the
events that are observable in an experiment form an algebra. If A1, A2, . . . , Am

are all elementary events of a given experiment, then the algebra of events
observable in the experiment comprises events of the form

A =
⋃
k∈Λ

Ak, Λ ⊂ {1, 2, . . . , m} , (1.2.1)

where Λ is any subset of the segment of integers 1, m; if Λ = ∅, then A is
considered to be the impossible event. Let Ω denote the set of elementary
events or sample space. Every event may be viewed as a subset of Ω. More
precisely, one can associate with each event A the set of elementary events Ak

occurring in the union on the right of (1.2.1).
As a result there is a one-to-one correspondence between the events in an

experiment and the subsets of Ω in which a sum of events corresponds to a
union of sets, a product of events to an intersection of sets and the opposite
event to the complement of a set in Ω. The relation A ⊂ B for subsets of Ω has
the probabilistic meaning that the event A implies event B because B occurs
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whenever A occurs. The interpretation of events as subsets of a set enables
us to make set theory the basis of our probability-theoretic development and
to avoid in what follows such indefinite terminology as “event”, “occurs in an
experiment” and so on.

1.2.2 Relative Frequencies.
Probability as an Ideal Relative Frequency

Consider some experiment and let Ω be the set of elementary events that
can occur in the experiment. Let A be an algebra of observable events in the
experiment. A is a collection of subsets of which together with A contains
Ω \ A and together with each pair of sets A and B contains A ∪ B. The
elements of Ω will be denoted by ω, ω1, ω

′, etc. Suppose that the experiment
is repeated n times. Let ωk denote the outcome in the k-th experiment; the
n-fold repetition of the experiment determines a sequence (ω1, . . . , ωn), or in
other words, a point of the space Ωn (the n-th Cartesian power of Ω). An
event A occurred in the k-th experiment if ωk ∈ A. Let n(A) denote the
number of occurrences of A in these n experiments. The quantity

νn(A) =
n(A)

n
(1.2.2)

is the relative frequency of A (in the stated series of experiments). The relative
frequency of A characterizes a connection between A and the conditions of the
experiment. Thus, if the conditions of the experiment always imply the occur-
rence of A, that is, the connection between the conditions of the experiment
and A is determinate, then νn(A) = 1. If A is impossible under the conditions
of the experiment, then νn(A) = 0. The closer νn(A) is to 1 or 0, the more
“strictly” is the occurrence (nonoccurrence) of A tied to the conditions of the
experiment.

We now indicate the basic properties of a relative frequency.

1. 0 ≤ νn(A) ≤ 1 with νn(∅) = 0 and νn(U) = 1. Two events A and B are
said to be disjoint or mutually exclusive if A∩B = ∅, that is, they cannot
occur simultaneously.

2. If A and B are mutually exclusive events, then νn(A∪B) = νn(A)+νn(B).
Thus the relative frequency is a non-negative additive set-function defined
on A and it is normalized: νn(Ω) = νn(U) = 1.

Relative frequency is a function of the sequence of outcomes of an experiment:

νn(A) = n−1
n∑

k=1

IA(ωk), (1.2.3)

where IA is the indicator function of A. If another sequence of outcomes is
considered, the relative frequency can change. In the discussion of the urn
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model, it was said that for a large number n of observations, the fraction
of sequences (ω1, . . . , ωn) for which a relative frequency differs little from a
certain number approaches 1. Therefore the variability of relative frequency
does not preclude some “ideal” value around which it fluctuates and which it
approaches in some sense. This ideal value of the relative frequency of an event
is then its probability. Our discussion has a very vague meaning and it may be
viewed as a heuristic argument. Just as actual cats are imperfect “copies” of an
ideal cat (the idea of a cat) according to Plato, relative frequencies are likewise
realizations of an absolute (ideal) relative frequency – the probability. The sole
pithy conclusion that can be drawn from the above heuristic discussion is that
probability must preserve the essential properties of relative frequency, that
is, it should be a non-negative additive function of events and the probability
of the sure event should be 1.

1.2.3 The Definition of Probability

The preceding considerations can be used in different ways to define probabil-
ity. The initial naive view of the matter was that probabilities of events exist
objectively and therefore probability needs no defining. The question was how
to calculate a probability.

(a) The classical definition of probability. Games of chance and the analysis
of testimony of witnesses were originally the basic areas of application of
probability theory. Games of chance involving cards, dice and flipping coins
naturally permitted the creation of appropriate random experiments (this
terminology first appeared in the twentieth century) so that their outcomes
had symmetry in relation to the conditions of the experiment. These outcomes
were treated as “equally likely” and they were assigned the same probabilities.
Thus, if there are s outcomes in the experiment, each elementary event was
assigned a probability of 1/s (it is easy to see that an elementary event has
that probability using the additivity of probability and the fact that the sure
event has probability one). If an event is expressed as the union of r elementary
events (r ≤ s), then the probability of A is r/s by virtue of the additivity.
Thus we arrive at the definition of probability that has been in use for about
two centuries.

The probability of an event A is the quotient of the number of outcomes fa-
vorable to A and the number of all possible outcomes. The outcomes favorable
to A are understood to be those that imply A.

This is the classical definition of probability. With this definition as a
starting point, it is possible to establish that probability has the properties
indicated in Sect. 1.2.2. The definition is convenient, consistent and allows
results obtained by the theory to have a simple interpretation. A deficiency
is the impossiblity of extending it to experiments with infinitely many out-
comes or to any case in which the outcomes are asymmetric in relation to the
conditions of the experiment. In particular, the classical set-up has no events
with irrational probabilities.
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(b) The axioms of von Mises. The German mathematician R. von Mises pro-
posed as the definition of probability the second of the properties mentioned
for urn models – the convergence of a relative frequency to some limiting value
in the sense indicated there. Von Mises gave a system of probability axioms
whose first one postulates the existence of the limit of a relative frequency
and this limit is called the probability of an event. Such a system of axioms
results in considerable mathematical difficulties. On the one hand, there is the
possibility of varying the sequence of experiments and on the other hand, the
definition is too empirical and so it hardly accommodates mathematical study.
The ideas of von Mises can be used in some interpretations of the results of
probability but they are untenable for constructing a mathematical theory.

(c) The axioms of Kolmogorov. The set of axioms of A.N. Kolmogorov has
been universally recognized as the starting point for the development of prob-
ability theory. He proposed them in his book “Fundamental Concepts of Prob-
ability Theory.” These axioms employ only the most general properties which
are inherent to probability about which we spoke above. First of all, Kol-
mogorov considered the set-theoretic treatment already discussed above and
also the notion of random experiment. He postulated the existence of the
probability of each event occurring in a random experiment. Probability was
assumed to be a nonnegative additive function on the algebra of events with
the probability of the sure event equal to 1. Thus a random experiment is for-
mally specified by a triple of things: 1. a sample space Ω of elementary events;
2. an algebra A of its subsets, the members of A being the random events; 3.
a nonnegative additive function P(A) defined on A for which P(Ω) = 1; P(A)
is termed the probability of A. If random experiments with infinitely many
outcomes are considered, then it is natural to require that A be a σ-algebra
(or σ-field). In other words, together with each sequence of events An, A also
contains the countable union

⋃
n An and P(A) must be a countably-additive

function on A: if An ∩ Am = ∅ for n �= m, then P(
⋃

n An) =
∑

n P(An).
This means that P is a measure on A and since P(Ω) = 1, the measure is
normalized.

1.3 Problems of Probability Theory

Initially, probability theory was the study of ways of computing probabilities
of events knowing the probabilities of other given events. The techniques de-
veloped for computing the probabilities of certain classes of events now form
a constituent unit of probability but only partly and far from the main part.
However, as before, probability theory only deals with the probabilities of
events independently of what meaningful sense can be invested in the words
“the probability of event A is p”. This means that probability theory itself
does interpret its results meaningfully but in so doing it does not exclude the
term “probability”. There is no statement like “A always occurs” but rather
the statement “A occurs with probability one”.



1.3 Problems of Probability Theory 15

1.3.1 Probability and Measure Theory

Kolmogorov’s axioms make probability theory a special part of measure theory
namely finite measure theory (being finite and being normalized are clearly
essentially equivalent since any finite measure may be converted into a nor-
malized measure by multiplication by a constant). If this is so, is probability
theory unnecessary? The answer to this question has already been given by the
development of probability theory following the introduction of Kolmogorov’s
axioms. Probability theory does employ measure theory in an essential way
but classical measure theory really involves the construction of a measure by
extension and the development of the integral and its properties including the
Radon-Nikodym theorem. Probability theory has inspired new problems in
measure theory: the convergence of measures and construction of a measure
fibre (”conditional” measure); these now belong traditionally to probability
theory. A completely new area of measure theory is the analysis of abso-
lute continuity and singularity of measures. The Radon-Nikodym theorem
of measure theory serves merely as a starting point for the development of
the very important theory of absolute continuity and singularity of proba-
bility measures (also of consequence in applications). Its meaningfulness lies
in the broad class of special probability measures that it examines. Finally,
the specific classes of measures in probability theory, say, product measures
or fibre bundles of measures, establish the nature of its position in relation
to general measure theory. This manifests itself in the concepts utilized such
as independence, weak dependence and conditional dependence, which are
more associated with certain physical ideas at the basis of our probabilistic
intuition. These same concepts lead to problems whose reformulations in the
language of measure theory prove to be cumbersome, unclear and perplex-
ing making one wonder where these problems arose. (For individuals familiar
with probability theory, as an example, it is suggested that one formulate
the degeneracy problem for the simplest branching process in terms of mea-
sure theory.) Nonetheless, there are a number of sections of probability that
can relate immediately to measure theory, for instance, measure theory in
infinite-dimensional linear spaces. Having originated in probability problems,
they remain traditionally within the framework of probability theory.

1.3.2 Independence

Independence is one of the basic concepts of probability theory. According
to Kolmogorov, it is exactly this that distinguishes probability theory from
measure theory. Independence will be discussed more precisely later on. For
the moment, we merely point out that stochastic independence and physical
independence of events (one event having no effect on another) are identical in
content. Stochastic independence is a precisely-defined mathematical concept
to be given below. At this point, we note that independence was already used
in latent form in the definition of random experiment. One of the requirements
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imposed on an experiment is the possibility of iterating it indefinitely. To
iterate it assumes that the conditions of the experiment can be reconstructed
after which the one just performed and all of the prior ones have no affect on
the outcome of the next experiment. This means that the events occurring in
different experiments must be independent.

Probability theory also studies laws of large numbers for independent ex-
periments. One such law has already been stated on an intuitive level. An
example is Bernoulli’s form of the law of large numbers: “Given a series of
independent trials in each of which an event A can occur with probability p
and νn(A) the relative frequency of A in the first n trials. Then the probability
that |νn(A) − p| > ε tends to zero as n → ∞ for any positive ε.” Observe
that the value of νn(A) is random and so the fulfillment of the inequality
in this theorem is a random event. The theorem is a precise statement of
the fact that the relative frequency of an event approaches its probability.
As will be seen below, the proof of this assertion is strictly mathematical. It
may seem paradoxical that it is possible to use mathematics to obtain precise
knowledge about randomly-occurring events (that it is possible to do so in a
determinate world, say, to calculate the dates of lunar eclipses, is quite nat-
ural). In fact, the choice of p is supposedly arbitrary and only the fulfillment
of Kolmogorov’s axioms is required. However, something interesting can be
extracted from Bernoulli’s theorem only if events of small probability actually
rarely occur in practice. It is precisely these kinds of events (or events whose
probability is close to 1) that interest us primarily in probability. If one comes
to the point of view that events of probability 0 practically never occur and
events of probability 1 practically always occur, then the kind of conclusions
that may be drawn from random premises will be of interest.

1.3.3 Asymptotic Behavior of Stochastic Systems

Many physical, engineering and biological objects may be viewed as randomly
evolving systems. Such a system is in one of its possible states (frequently
viewable as finitely many) and with the passage of time the system changes
its state at random. One of the major problems of probability is to study the
asymptotic behavior of these systems over unbounded time intervals. We give
one of the possible results in order to demonstrate the problems arising here.
Let Tt(E) be the total time that a system spends in the state E on the time
interval [0, t]. Then the nonrandom

lim
t→∞

1
t
Tt(E) = π(E)

exists with probability 1; π(E) is the probability that the system will be found
in the state E after a sufficiently long time. More precisely, the probability
that the system is in the state E at time t tends to π(E) as t → ∞. This
assertion holds of course under certain assumptions on the system in ques-
tion. We cannot state them at this point since the needed concepts still have
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not been introduced. Assertions of this kind are lumped together under the
generic name of ergodic theorems. Just as for the laws of large numbers, they
provide reliable conclusions from random premises. One may be interested
in a more exact behavior of the sojourn time in a given state, for instance,
in studying the behavior of the difference [t−1Tt(E) − π(E)] multiplied by
a suitable increasing function of t (the difference itself tends to zero). Under
very broad assumptions, this difference multiplied by

√
t behaves primarily the

same way for all systems. We have now the second most important probability
law (after the law of large numbers), which may be called the law of normal
fluctuations. It holds also for relative frequencies and says that the deviation
of a relative frequency from a probability after multiplication by a suitable
constant behaves the same way in all cases (this is expressed precisely by the
phrase “has a normal distribution”; what this means will be explained later
on). Among the practically important problems involving stochastic systems
is “predicting” their behavior from observations of their past behavior.

1.3.4 Stochastic Analysis

Moving on from the concept of random event, one could “randomize” any
mathematical object. Such randomization is widely employed and studied in
probability. The new objects do not result in idle philosophizing. They come
about in an essential way and nontrivial important theorems are associated
with them that find extensive application in the natural sciences and engineer-
ing. The first thing of this kind is the random number (or random variable in
the accepted terminology). Such variables appear in experiments in which one
or more characteristics of the experimental results are being measured. Fol-
lowing this, it is natural to consider the arithmetic of these variables and then
to extend the concepts of mathematical analysis to them: limit, functional
dependence and so on. Thus we arrive at the notions of random function,
random operator, random mapping, stochastic integral, stochastic differential
equation, etc. This is a comparatively new rather intensively developing area
of probability theory. Despite their stochastic coloration, the problems that
arise here are often analogous to problems of ordinary analysis.
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Probability Space

The probability space is the basic object of study in probability theory and
formalizes the notion of random experiment. A probability space is defined by
three things: the space Ω of elementary events or sample space, a σ-algebra A
of subsets of Ω called events, and a countably-additive nonnegative normalized
set function P(A) defined on A, which is called probability. A probability
space defined by this triple is denoted by (Ω, A,P).

2.1 Finite Probability Space

A finite probability space is one whose sample space is a finite set and A
comprises all of the subsets of Ω. The probability is defined by its values on
the elementary events.

2.1.1 Combinatorial Analysis

Suppose that the probabilities of all of the elementary events are the same
(they are equally likely). To find the probability of an event A, it is necessary
to know the overall number of elementary events and the number of those
elementary events which imply A. The number of elements in a finite set
can be calculated using direct methods that sort out all of the possibilities
or combinatorial methods. Only the latter are of mathematical interest. We
consider some examples applying them.

(a) Allocation of particles in cells. Problems of this kind arise in statistical
physics. Given n cells in which N particles are distributed at random. What
is the distribution of the particles in the cells? The answer depends on what
are considered to be the elementary events.
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Maxwell-Boltzmann statistics. We assume that all of the particles are distinct
and all allocations of particles are equally likely. An elementary event is given
by the sequence (k1, k2, . . . kN ), where ki is the number of the cell into which
the particle numbered i has fallen. Since each ki assumes n distinct values,
the number of such sequences is nN . The probability of an elementary event
is n−N .

Bose-Einstein statistics. The particles are indistinguishable. Again all of the
allocations are equally likely. An elementary event is given by the sequence
(	1, . . . , 	n), where (	1+. . .+	n = N and 	i is the number of particles in the i-th
cell, i ≤ n. The number of such sequences can be calculated as follows. With
each (	1, . . . , 	n) associate a sequence of zeroes and ones (i1, . . . , ik+n−1) with
zeroes in the positions numbered 	1+1, 	1+	2+2, . . . , 	1+	2+. . .+	n−1+n−1
(there are n − 1 of them) and ones in the remaining positions. The number of
such sequences is equal to the number of combinations of N+n−1 things taken

n − 1 at a time. The probability of an elementary event is
(

N + n − 1
n − 1

)−1

.

Fermi-Dirac statistics. In this case N < n and each cell contains at most one

particle. Then the number of elementary events is
(

n
N

)−1

.

For each of the three statistics, we find the probability that a given cell
(say, number 1) has no particle. Each time the number of favorable elemen-
tary events equals the number of allocations of the particles into n − 1 cells.
Therefore if we let p1, p2, and p3 be the probabilities of the specified event for
each statistics (in order of discussion), we have

p1 = (n − 1)N/nN =
(

1 − 1
n

)N

,

p2 =
(

N + n − 2
n − 2

)/(
N + n − 1

n − 1

)
=

n − 1
N + n − 1

.

p3 =
(

n − 1
N

)/(
n
N

)
= 1 − N

n
.

If N/n = α and n → ∞, then

p1 = e−α, p2 =
1

1 + α
, p3 = 1 − α .

For small α, these probabilities coincide up to O(α2). α characterizes the
“average density” of the particles. If α is small, then the three probabilities
are primarily equal.

(b) Samples. A sample may be defined in general as follows. There are m
finite sets A1, A2, . . . , Am. From each set, we choose an element ai ∈ Ai one by
one. The collection (a1, . . . , am) is then the sample. Samples are distinguished
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by identification rules (let us say, we are not interested in the order of the
elements in a sample). Each sample is regarded as an elementary event and
the elementary events are considered to be equally likely.

1. Sampling with replacement. In this instance, the Ai coincide: Ai = A and
the number of samples is nm, where n is the number of elements in A.

2. Sampling without replacement. A sample is constructed as follows. A1 = A,
A2 = A\{a1}, . . . , Ak = A\{a1, . . . , ak−1}. In other words, only samples
(a1, . . . , am), ai ∈ A, are considered in which all of the elements are dis-
tinct. If A has n elements, then the number of samples without replace-

ment is n(n − 1) . . . (n − m + 1)/m! =
(

n
m

)
.

3. Sampling without replacement from intersecting sets. In this instance, the
Ai have points in common but we are considering samples in which all of
the elements are distinct. The number of such samples may be computed
as follows. Consider the set A =

⋃m
k=1 Ak and the algebra A of subsets of

it generated by A1, . . . , Am. This is a finite algebra. Let B1, B2, . . . , BN

be atoms of the algebra, that is, they each have no subsets belonging to
the algebra other than the empty set and themselves. Let n(Bi1 , . . . , Bim)
denote the number of samples without replacement from Bi1 , . . . , Bim ,
where each Bik

may be any atom. The value of n(Bi1 , . . . , Bim) depends on
the distinct sets encountered in the sequence and on the number of times
these sets are repeated. Let n(	1, 	2, . . . , 	N ) be the number of samples
from such a sequence, where B1 occurs 	1 times, B2 occurs 	2 times and
so on, 	i ≥ 0, 	1 + . . . + 	N = m. If Bi has ni elements, then

n(	1, . . . , 	N ) =
N∏

i=1

ni!
(ni − 	i)!

.

The number of samples of interest to us equals∑
Bi1⊂A1,...,Bim ⊂Am

n(Bi1 , . . . , Bim
) .

2.1.2 Conditional Probability

The conditional probability of an event A given event B having positive prob-
ability has occurred is the quantity

P (A|B) =
P (A ∩ B)

P (B)
. (2.1.1)

As a function of A, P(A|B) possesses all of the properties of a probability.
The meaning of conditional probability may be explained as follows. Together
with the original experiment, consider a conditional probability experiment
which is performed if event B has happened in the original experiment. Thus if
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the original experiment has been done n times and B has happened nB times,
then this sequence contains nB conditional experiments. The event A will have
occurred in the conditional experiment if A and B occur simultaneously, i.e.,
if A∩B occurs. If nA∩B is the number of experiments in which the event A∩B
is observed (of the n carried out), then the relative frequency of occurrence in
the nB conditional experiments is nA∩B/nB = νn(A∩B)/νn(B). If we replace
the relative frequencies by the probabilities, then we have the right-hand side
of (1.2.1).

(a) Formula of total probability. Bayes’s theorem. A finite collection of events
H1, H2, . . . , Hr is said to form a complete group of events if they are pair-
wise disjoint and their union is the sure event: 1. Hi ∩ Hj = ∅ if i �= j;
2.
⋃

i Hi = Ω. One can consider a supplementary experiment in which the
Hi are the elementary events and the original experiment is viewed as a com-
pound experiment: first one clarifies which Hi has occurred and then knowing
Hi, one performs a conditional experiment under the assumption that Hi has
occurred. An event A occurs in the conditional experiment with probability
P (A|Hi), the conditional probability of A given Hi. In many problems, the
Hi are called the causes or hypotheses and the conditional probabilities given
the causes are prescribed. The following relation expressing the probability of
an event in terms of these conditional probabilities and the probabilities of
causes is called the formula of total probability:

P(A) =
r∑

i=1

P(A|Hi)P(Hi) . (2.1.2)

On the basis of (2.1.1) the right-hand side becomes
∑r

i=1 P(A∩Hi) and since
the events A ∩ Hi are mutually exclusive and ∪Hi = Ω, it follows that

r∑
i=1

P(A ∩ Hi) = P

(
r⋃

i=1

(A ∩ Hi)

)
= P

(
A ∩

r⋃
i=1

Hi

)
= P(A) .

Formula (2.1.2) is really useful when considering a compound experiment.

Example. There are r urns containing black and white balls. The probability
of drawing a white ball from the urn numbered i is pi. One of the urns is
chosen at random and then a ball is drawn from it. By formula (2.1.2), we
determine the probability of drawing a white ball. In our case, P(Hi) = 1/r,
P(A|Hi) = pi and hence P(A) = r−1∑r

i=1 pi.

The formula of total probability leads to an important result called Bayes’s
theorem. It enables one to find the conditional probabilities of the causes given
that an event A has occurred:

P(Hk|A) = P(A|Hk)P(Hk)
/ r∑

i=1

P(A|Hi)P(Hi) . (2.1.3)
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This formula is commonly interpreted as follows. The conditional probabilities
of an event given each of the causes H1, . . . , Hr and the probabilities of the
causes are assumed to be known. If the experiment has resulted in the occur-
rence of event A, then the probabilities of the causes have changed: once we
know that A has already occurred, then it is natural to treat the probabilities
of the causes as their conditional probabilities given A. The P(Hi) are called
the apriori probabilities of the causes and the P(Hi|A) are their aposteriori
probabilities. Bayes’s theorem expresses the aposteriori probabilities of the
causes in terms of their apriori probabilities and the conditional probabilities
of an event given the various causes.

Example. There are two urns of which the first contains 2 white and 8 black
balls and the second 8 white and 2 black balls. An urn is selected at random
and a ball is drawn from it. It is white. What is the probability that the first
urn was chosen? Here we have P(H1) = P(H2) = 1/2, P(A|H1) = 1/5 and
P(A|H2) = 4/5. By (2.1.3),

P(H1|A) = 1/2 · 1/5/(1/2 · 1/5 + 1/2 · 4/5) = 1/5 .

(b) Independence. An event A does not depend on an event B if the condi-
tional probability P(A|B) equals the unconditional probability P(A). In that
case,

P(A ∩ B) = P(A)P(B) , (2.1.4)

which shows that the property of independence is symmetric. Formula (2.1.4)
could serve as a definition of independence of two events A and B. The first
definition is more meaningful: the fact that B has occurred has no affect on
the probability of A and it is reasonable to assume that A does not depend
on B. It follows from (2.1.4) that the independence of A and B implies the
independence of A and B̄, Ā and B, and Ā and B̄ (Ā is the negation of the
event A). Independence is defined for several events as follows. A1, A2, . . . , Am

are said to be mutually independent if

P(Ai1 ∩ Ai2 ∩ . . . ∩ AiK
) = P(Ai1) . . .P(Aik

) (2.1.5)

for any k ≤ m and i1 < i2 . . . < ik ≤ m. Thus for three events A, B and C
their independence means that the following four equalities hold: P(A∩B) =
P(A)P(B), P(A ∩ C) = P(A)P(C), P(B ∩ C) = P(B)P(C) and P(A ∩ B ∩
C) = P(A)P(B)P(C).

Bernstein’s example. The sample space consists of four elements E1, E2, E3,
and E4 with P(Ek) = 1/4, k = 1, 2, 3, 4. Let Ai = Ei ∪ E4, i = 1, 2, 3. Then
A1 ∩ A2 = A1 ∩ A3 = A2 ∩ A3 = A1 ∩ A2 ∩ A3 = E4. Therefore P(A1 ∩ A2) =
P(A1)P(A2), P(A1∩A3) = P(A1)P(A3) and P(A2∩A3) = P(A2)P(A3). But
P(A1 ∩ A2 ∩ A3) �= P(A1)P(A2)P(A3). The events are pairwise independent
but they are not mutually independent.



24 2 Probability Space

2.1.3 Bernoulli’s Scheme. Limit Theorems

Let A1, A2, . . . , Ar be a complete group of events. An event B is independent
of this group if it does not depend on any of the events Ak, k = 1, . . . , r. Let A
be the algebra generated by the events A1, . . . , Ar; it comprises the impossible
event and all unions of the form

⋃
k Aik

, ik ≤ r. Then B is independent of the
algebra A, that is, it does not depend on any event A ∈ A. Two algebras of
events A1 and A2 are said to be independent if A1 and A2 are independent for
each pair of events A1 ∈ A1 and A2 ∈ A2. Algebras of events A1,A2, . . . ,Am

are independent if A1, A2, . . . , Am are mutually independent, where Ai ∈ Ai,
i ≤ m. To this end, it suffices that

P

(
m⋂

i=1

Ai

)
=

m∏
i=1

P(Ai) (2.1.6)

for any choice of Ai ∈ Ai. (This definition simplifies as compared to that of
independent events in (2.1.5) because some Ai may be chosen to be Ω.)

Consider several experiments specified by the probability spaces
(Ωk,Ak,Pk), k = 1, 2, . . . , n. We now form a new probability space (Ω, A,P).
Ω is taken to be the Cartesian product Ω1 × Ω2 × . . . × Ωn. The algebra A is
the product of algebras A1 ⊗ A2 ⊗ . . . ⊗ An of subsets of Ω generated by sets
of the form A1 × A2 × . . . × An with Ak ∈ Ak, k = 1, 2, . . . , n (an algebra is
said to be generated by a collection of sets if it is the smallest algebra contain-
ing that collection). Finally, the measure P is the product of measures Pk:
P =

∏n
k=1 Pk, that is, P(A1 × A2 . . . × An) = P(A1)P(A2) . . .P(An). The

probability space (Ω, A,P) corresponds to a compound experiment in which
each of the n experiments specified above is performed independently.

(a) Bernoulli’s scheme involves a series of independent and identical experi-
ments (trials). This just means that a probability space (Ω1 × . . . × Ωn,A1 ⊗
. . . ⊗ An,

∏n
i=1 Pi) is defined for every n in which each probability space

(Ωk,Ak,Pk) coincides with the exact same space (Ω, A,P). (As we shall see
below, it is possible to consider an infinite product of such probability spaces
right away; it will not be finite if the given space is nontrivial, that is, Ω
contains more than one element.) Let A ∈ A. The event Ω × . . .×A× . . .×Ω,
where A is in the k-th position and the remaining factors are Ω, is inter-
preted as the event “A occurred in the k-th experiment.” Let pn(m) denote
the probability that A happens exactly m times in n independent trials. Then

pn(m) =
(

n
m

)
pm(1 − p)n−m, p = P(A) . (2.1.7)

Indeed, our event of interest is the union of events of the form A × Ā × . . . ×
A × . . . × Ā × . . . × A, where A occurs in the product m times and Ā occurs

n − m times. There are
(

n
m

)
such distinct products and the probability of

one such event is pm(1 − p)n−m.
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Let A1, A2, . . . Ar be a complete group of events in an algebra A. Let
pn(k1, . . . , kr) be the probability that in n independent trials Ai occurs ki

times, i = 1, . . . , r and k1+, . . . ,+kr = n. Similarly to the preceding, one can
establish that

pn(k1, . . . , kr) =
n!

k1! . . . kr!
pk1
1 . . . pkr

r , pi = P(Ai) , i = 1, . . . , r . (2.1.8)

The probabilities (2.1.7) are called the binomial probabilities and (2.1.8) the
multinomial probabilities.

(b) The law of large numbers. This law has been mentioned several times in
the introductory chapter. We are now in a position to prove it.

Bernoulli’s Theorem. Let νn be the number of occurences of an event A in
n independent trials having probability p in each trial, 0 < p < 1. Then for
any positive ε,

lim
n→∞ P

{∣∣∣∣ 1nνn − p

∣∣∣∣ > ε

}
= 0 . (2.1.9)

Proof. For fixed n, the event {νn = k} has probability pn(k). For different
values of k, these events are mutually exclusive. Therefore

P
{∣∣∣∣ 1nνn − p

∣∣∣∣ > ε

}
=

∑
k<n(p−ε)

pn(k) +
∑

k>n(p+ε)

pn(k) .

Starting with (2.1.7), we find that

pn(k + 1)
pn(k)

=
n − k

k + 1
p

1 − p
.

Therefore for k > n(p + ε),

pn(k + 1)
pn(k)

<
n − n(p + ε)

np

p

1 − p
= 1 − ε

1 − p
.

Let k∗ denote the smallest value of k satisfying k > n(p + ε) and let k∗
be the smallest value of k for which (n − k)p/[(k + 1)(1 − p)] < 1. Then
pn(k + 1) < pn(k) for k ≥ k∗. Therefore

∑
k>n(p+ε)

pn(k) =
∑

k≥k∗
pn(k) < pn(k∗)

∞∑
m=0

(
1 − ε

1 − p

)m

=
(1 − p)

ε
pn(k∗) .

Next,

1 ≥
k∗∑

k=k∗

pn(x) ≥ (k∗ − k∗)pn(k∗)
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and so

pn(k∗) ≤ (k∗ − k∗)−1 .

Since k∗ is the smallest value of k such that k > np+p−1, we have k∗ −k∗ ≥
εn − 2 and thus

∑
k>n(p+ε) pn(k) = O

( 1
ε2n

)
as n → ∞. A similar estimate

also holds for
∑

k<n(p−ε) pn(k). ��

(c) Law of rare events. Consider now the asymptotic behavior of the binomial
probabilities assuming that the probability of A tends to zero. A nontrivial
result is obtained if the number of trials increases in such a way that the
product np = a remains bounded and nonvanishing.

Poisson’s Theorem. If the specified assumptions hold, then

pn(m) ∼ (m!)−1ame−a . (2.1.10)

The proof is a consequence of the following operations:

pn(m) =
n(n − 1) . . . (n − m + 1)

m!

(a

n

)m (
1 − a

n

)n−m

∼ 1
m!

(
1 − 1

n

)
. . .

(
1 − m − 1

n

)
am exp

{
(m − n)

a

n

}
∼ (m!)−1ame−a .

The collection of quantities pm(a) = (m!)−1ame−a, m = 0, 1, 2, . . . , defines
the Poisson distribution with parameter a; the sum of all of the probabilities
pm(a) is 1. Many practical situations involve “rare” random events of the same
kind that obey a Poisson distribution: the probability that m events occur in
a certain time interval equals pm(a), where the parameter a is proportional
to the length of the interval. Examples of such rare events are: 1. the number
of cosmic particles registered by a Geiger counter; 2. the number of calls
received at a telephone exchange; 3. the number of accidents; 4. the number
of spontaneous catastrophes, and so on.

(d) Normal approximation. We now find an asymptotic approximation to
pn(m) for large n and for p bounded away from 0 and 1.

DeMoivre-Laplace Theorem. Let δ be any positive quantity. Then uni-
formly for p(1 − p) ≥ δ and |x| ≤ 1/δ,

pn(m) ∼ (2πnp(1 − p))−1/2 exp
{

−x2

2

}
, (2.1.11)

where x = (m − np)/
√

np(1 − p).

To show that (2.1.11) holds, we express pn(m) with the help of Stirling’s
formula (n! ∼

√
2πn nne−n) obtaining
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pn(m) =
n!

(n − m)!m!
pm(1 − p)n−m ∼ nne−n

√
2πn(n − m)−n+m

×
[
e−n+m

√
2π(n − m)

]−1
m−m

[
e−m

√
2πm

]−1
pm(1 − p)n−m

=
(
2πn

(
1 − m

n

) m

n

)−1/2 (np

m

)m
(

n(1 − p)
n − m

)n−m

.

Solving for m in terms of x so that m = np + x
√

np(1 − p) and n − m =
n(1 − p) − x

√
np(1 − p), and using the boundedness of x, we obtain

pn(m) ∼ (2πnp(1 − p))−1/2
(

1 + x

√
1 − p

np

)−np−x
√

np(1−p)

×
(

1 − x

√
p

n(1 − p)

)−n(1−p)+x
√

np(1−p)

.

Taking the logarithm of the product of the two power terms involving x and
using the expansions of ln(1+x

√
(1 − p)/np) and ln

(
1−x

√
p/n(1 − p)

)
, one

can show that this product equals −1
2x2 + O(1/

√
n).

2.2 Definition of Probability Space

We now discard the finiteness of Ω. It is then natural to replace an algebra
of events by a σ-algebra and to define probability as a countably-additive
function of the events.

2.2.1 σ-algebras. Probability

A σ-algebra A of subsets of Ω is an algebra which together with each sequence
An ∈ A contains

⋃
n An. Then A also contains

⋂
n An = Ω \

⋃
n(Ω \ An) and

it is therefore closed under countable unions and countable intersections of
events. Each algebra of events A0 can be extended to a σ-algebra by consid-
ering all of the sets that can be obtained from those in A0 by the operations
∩,∪ and \ applied at most countably many times. To express such sets, one
would have to use transfinite numbers. It is more convenient to employ the
following construction which allows one to extend a measure to the σ-algebra
also. A collection M of subsets is said to be monotone if together with every
increasing sequence of sets An it contains

⋃
n An and with every decreasing

sequence Bn it contains
⋂

n Bn.

Theorem on a Monotone Collection. The smallest monotone collection
M containing an algebra A0 is the same as the smallest σ-algebra containing
A0.

This σ-algebra is said to be the σ-algebra generated by A0. If S is a
collection of subsets of Ω, then the smallest σ-algebra containing all of the
sets in S is the σ-algebra generated by S and is denoted by σ(S).
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(a) Definition of probability. If Ω is infinite, then a σ-algebra is nondenumer-
able since the elementary events belong to the σ-algebra as singletons and
its power set is nondenumerable. Therefore it is impossible in general to give
an effective definition of probability for all events. It is possible to do this in
the simplest infinite case where Ω is denumerable and A is the σ-algebra of
subsets of Ω. Every subset is representable as a union of at most countably
many elementary events and so a probability can be defined by its values
on elementary events. Let Ω = {ωk, k = 1, 2, . . .} and pk = P({ωk}). Then
P(A) =

∑
IA(ωk)pk.

If Ω is nondenumerable, one customarily defines probability as an exten-
sion from finite algebras. Let An be an increasing sequence of finite algebras
and let A0 =

⋃
n An be a denumerable algebra. Let {Ei

n, i = 1, . . . , kn} be
atoms of An. To specify probability on the algebra An, it suffices to specify
the values of P(Ei

n), i = 1, . . . , kn. They must satisfy the condition

P(Ei
n) =

∑
P(Ej

n+1)I{Ej
n+1⊂Ei

n}. (2.2.1)

This determines the probability on A0. The probabilities on A0 uniquely
determine the probabilities on σ(A0). Indeed, the countable additivity of
probability is equivalent to its continuity: if An ↑ or An ↓, then P(∪An) =
limn→∞ P(An) or P(∩An) = limn→∞ P(An). Therefore if two probabilities
P and P∗ coincide on A0, they also coincide on some monotone collection
containing A0 and consequently also on σ(A0).

Relation (2.2.1) is not the sole restriction on P(Ei
n); it ensures additivity

on A0 (the nonnegativity and normalization of P are understood; the nor-
malization is ensured by the condition

∑
P(Ei

1) = 1). In order for P to be
extendable to a σ-additive function on σ(A0), it is necessary and sufficient
that P be σ-additive on A0. A necessary condition for this is the following: if
Ein

n is a decreasing sequence for which
⋂

n Ein
n = ∅, then limP(Ein

n ) = 0. The
fulfillment of this condition makes it possible to extend a measure. It suffices
to prove this for the case where limn→∞ P(Ein

n ) = 0 for every decreasing se-
quence (Ein

n ) (a “continuous” measure). This follows because there exist only
at most countably many decreasing sequences E

in(k)
n , k = 1, 2, . . . , such that

limn→∞ P(Ein(k)
n ) = qk > 0 and for which

⋂
n E

in(k)
n = Fk ∈ σ(A0) is not

empty. Each Fk is an atom of σ(A0) and if Q1(A) =
∑

I{Fk⊂A}qk, then clearly
Q1 is a countably-additive measure. Putting Q2(A) = P(A)−Q1(A), A ∈ A0,
we then obtain a continuous measure. For this measure, one can make use of
the interpretation of the Ei

n as intervals in [0, 1] of length Q2(Ei
n) and the

intervals are chosen so that the inclusion relations for the intervals and sets
Ei

n coincide.

(b) Geometrical probabilities. Geometrical probabilities arose in the attempt
to generalize the notion of equal likelihood on which the classical definition
of probability is based. They involve choosing a point at random in some
geometric figure. If the figure is planar, then it is assumed that the probability
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of choosing the point in a given part of the figure equals the quotient of the
area of that part of the figure and the area of the entire figure. Very simple
illustrations of geometrical probability are the following.
The encounter problem. Two persons agree to meet between 12:00 P.M. and
1:00 P.M. The first to arrive at the meeting place waits 20 minutes. What
is the probability of an encounter if the time of arrival of each is chosen at
random and independently of the time of arrival of the other person? If x is
the fraction of the hour after 12:00 P.M. when the first person arrives and y is
the fraction of the second, then a meeting will take place if |x − y| < 1/3. We
take the sample space to be the square of side 1 with one vertex at the origin
and the two sides going from that vertex on the coordinate axes. We identify
the pair (x, y) with the point of the square with these coordinates. For the σ-
algebra of events, we take the Borel subsets of the square and the probability
is Lebesgue measure. The points satisfying the condition |x − y| < 1/3 lie
between the lines x − y < 1/3 and x − y = −1/3. The complement of this set
consists of the two triangles x > y +1/3 and y > x+1/3 which together form
a square of side 2/3 and area 4/9. Hence, the probability of a meeting is 5/9.
Buffon’s problem. A needle of length 2	 is tossed onto a plane on which parallel
lines have been ruled lying a distance 2a apart. What is the probability that
the needle intersects a line?

We locate the needle by means of the distance x of its midpoint to the
closest line and the acute angle ϕ between that line and the needle, 0 ≤ x ≤ a
and 0 ≤ ϕ ≤ π/2. The rectangle determined by these inequalities is the sample
space. The needle intersects a line if x ≤ l sinϕ. The required probability is
the quotient of the area of the figure determined by the three inequalities
0 ≤ x ≤ 	, 0 ≤ ϕ ≤ π/2 and x ≤ l sinϕ and the area of the rectangle πa/2.
Assume that 	 < a. Then the area of the figure is

∫ π/2
0 dϕ

∫ l sin ϕ

0 dx = 	 and
so the probability of intersection is 2	/πa.

Geometrical probability now also encompasses probability spaces in which
some subset of finite-dimensional Euclidean space plays the role of the sample
space and Lebesgue measure (with appropriate normalization) is the probabil-
ity. It should be pointed out that the applications of geometrical probability
show that the expression “at random” is meaningless for spaces with infinitely
many outcomes. By using different sets for the sample space, one can deduce
different values for probabilities. Thus, if we locate a chord in a circle by the
position of its midpoint, then the probability that its length exceeds the ra-
dius equals 3/4. But if we specify the position of the chord by one point on
the circumference and the angle between the chord and the tangent, then the
probability is 2/3.

2.2.2 Random Variables. Expectation

Random variables are quantities which can be measured in random experi-
ments. This means that the value of the quantity is determined once an ex-
periment has been performed or, in other words, an elementary event has been
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chosen. Therefore a random variable is a function of the elementary events
(we are considering numerical variables here).

The possibility of making a measurement means that for each interval we
can observe an event: the measured quantity assumes a value in that interval.
Thus a random variable ξ is a measurable function of the elementary events:
ξ = ξ(ω) and {ω : ξ(ω) < x} ∈ A for all x ∈ R (the reals). The mapping
ξ : Ω → R sends the measure P on A into some measure µξ defined on the σ-
algebra B of Borel sets of R (the Borel algebra); µξ is also a probability measure
and it is called the distribution of ξ. It is given by its values on the intervals
[a, b[ and hence it is determined just by specifying the distribution function
Fξ(x) = µξ(] − ∞, x[) = P({ω : ξ(ω) < x). A random variable is discrete if
a countable set S can be specified such that µξ(S) = 1. If S = {x1, x2, . . .},
then the distribution of ξ is the set of probabilities pk = P({ω : ξ(ω) = xk});
and µξ(B) =

∑
pkIB(xk) for any B ∈ B. A distribution is continuous if

µξ({x}) = 0 for all x. It is called absolutely continuous if there exists a mea-
surable function fξ(x) : R → R such that

µξ(B) =
∫

B

fξ(x)dx ;

fξ(x) is termed the (distribution) density of the random variable ξ.
Let ξ assume finitely many values x1, . . . , xr. Let Ak be the event that ξ

takes the value xk. Suppose that n experiments have been performed in which
ξ takes the values ξ1, ξ2, . . . , ξn. Consider the average value of the resulting
observations

ξ̄ =
1
n

(ξ1 + . . . + ξn) =
1
n

(
x1

∑
IA1 + x2

∑
IA2 + . . .

+ xr

∑
IAr

)
=

m1

n
x1 +

m2

n
x2 + . . .

+
mr

n
xr =

r∑
k=1

xkνn(Ak) .

Here mi is the number of occurrences of Ai in the n experiments and νn(Ai)
is the relative frequency of Ai. If we replace the relative frequencies on the
right-hand side by probabilities, we obtain

∑
xkP{ξ = xk}. It is natural to

view this as the stochastic average of the random variable. Then clearly

∑
xkP{ξ = xk} =

∫
ξ(ω)P(dω) =

∫
ξdP . (2.2.2)

If the integral on the right-hand side of (2.2.2) is defined for a random vari-
able ξ (with arbitrary distribution), then ξ is said to have a (mathematical)
expectation, mean or expected value. It is denoted by Eξ:
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Eξ =
∫

ξ(ω)P(dω) . (2.2.3)

A change of variables in the integral results in the following formula for Eξ in
terms of the distribution function of ξ:

Eξ =
∫

xµξ(dx) =
∫

xdxFξ(x) (2.2.4)

(the existence of the expectation implies the existence of the indicated inte-
grals). If ξ is non-negative, then Eξ is always regarded as defined but it may
have the value +∞. Therefore one can talk about random variables with finite
expectation. From (2.2.3) it follows that Eξ is a linear function of a random
variable; Eξ ≥ 0 if ξ ≥ 0 and if ξ ≥ 0 and Eξ = 0, then P{ξ = 0} = 1.

(a) Expectation of a function of a random variable. Let g(x) be a Borel func-
tion from R to R. If ξ(ω) is a random variable, then so is µ(ω) = g(ξ(ω)). On
the basis of the formula for a change of variables in an integral,

Eg(ξ) =
∫

g(x)µξ(dx) =
∫

g(x)dxFξ(x)

if these integrals exist.
To characterize a random variable, use is made of its moments

Eξk =
∫

xkµξ(dx),

where k is positive integer. This is the k-th order moment. If Eξ = a exists,
then the expression

E(ξ − a)k =
∫

(x − a)kµξ(dx)

is the k-th order central moment. In particular,

Vξ = E(ξ − a)2 =
∫

(x − a)2µξ(dx)

is the variance of the random variable ξ.1 If Vξ = 0, then P{ξ = a} = 1.

2.2.3 Conditional Expectation

Let E1, E2, . . . , Er be a complete group of events. The conditional expectation
of a random variable ξ given Ek is defined by

1
P (Ek)

∫
Ek

ξ(ω)P(dω) = E(ξ|Ek) . (2.2.5)

1 It is easy to show that V(ξ) = Eξ2 − (Eξ)2.
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The formula (2.2.5) can be obtained from (2.2.3) if the measure P(A) is re-
placed in it by the conditional probability P(A|Ek). We now consider con-
ditional expectation with respect to {E1, . . . , Er}. Introduce the algebra E ,
generated by E1, . . . , Er. We define

E(ξ|E) =
r∑

k=1

IEk
E(ξ|Ek) . (2.2.6)

We point out two properties of E(ξ|E).

1. E(ξ|E) is a random variable which is measurable with respect to E .
2. For any set B ∈ E , ∫

B

E(ξ|E)dP =
∫

B

ξdP . (2.2.7)

The first assertion follows since E(ξ|E) is constant on the atoms of E . The
second assertion holds for the sets Ek, which results from (2.2.5), and so holds
also for their unions which comprise E . These two properties determine E(ξ|E)
uniquely. By the first property, this variable is constant on the atoms of E ,
that is, on each Ek. This constant is determined by (2.2.7): if ck = E(ξ|E) for
ω ∈ Ek, then ckP(Ek) =

∫
Ek

ξdP, where we replaced B by Ek in (2.2.7). This
makes it possible to extend conditional expectation to the case where E is an
arbitrary σ-algebra.

Definition. Let E ⊂ A be a σ-algebra and ξ a random variable for which
Eξ ≤ ∞. Then E(ξ|E) is called the conditional expectation of ξ with respect
to the σ-algebra E if conditions 1 and 2 hold. If A ∈ A, then E(IA|E) is the
conditional probability of A with respect to E and it is denoted by P(A|E).

Properties 1 and 2 determine a conditional expectation uniquely up to sets
of measure 0, that is, if η1 = E(ξ|E) and η2 = E(ξ|E), then P{η1 = η2} = 1.
Indeed, {ω : η1 − η2 > 0} belongs to E and hence by 2,∫

(η1 − η2)I{η1−η2>0}dP =
∫

ξI{η1−η2>0}dP −
∫

ξI{η1−η2>0}dP = 0 .

In similar fashion,
∫

(η1 − η2)I{η2−η1>0}dP = 0 implies
∫

|η1 − η2|dP = 0.
We now show that a conditional expectation exists. Consider the

countably-additive set function Q(E) =
∫

E
ξdP on E . It is clearly absolutely

continuous with respect to the measure P considered on E . Therefore by the
Radon-Nikodym theorem, the density of Q with respect to P exists, that is,
an E-measurable function q(ω) exists such that Q(B) =

∫
B

q(ω)P(dω). It is
easy to see that this last relation is simply (2.2.7).

We now state the main properties of conditional expectation. Since it is
a random variable and is determined up to sets of measure 0, we emphasize
that all of the equalities (and inequalities) below are understood to hold with
probability 1.
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I. Conditional expectation is an additive function of random variables.
This means the following. Let ξn = ξn(ω) be a finite sequence of random
variables. Then

E
(∑

ξn|E
)

=
∑

E(ξn|E) . (2.2.8)

Proving this amounts to showing that (2.2.7) holds for η =
∑

ξn if E(η|E) is
replaced by the quantity on the right-hand side of (2.2.8).

II. Let η be E-measurable and let ξ be such that E|ξη| < ∞ and E|ξ| < ∞.
Then

E(ξη | E) = ηE(ξ | E) .

It is necessary to show that∫
B

ξηdP =
∫

B

ηE(ξ|E)dP (2.2.9)

for every B ∈ E . Let η = IC with C ∈ E . Then the preceding relation may be
written as ∫

B∩C

ξdP =
∫

B∩C

E(ξ|E)dP .

Thus (2.2.2) holds for η assuming finitely many values. From this it is easy
to deduce this relation for all η for which one of the sides of the equality is
meaningful.

III. Formula for iterated expectations. Given two σ-algebras E ⊂ F ⊂ A.
Then

E(ξ|E) = E(E(ξ|F)|E) . (2.2.10)

Let E ∈ E . Then∫
E

E(E(ξ|F)|E)dP =
∫

E

E(ξ|F)dP =
∫

E

ξdP

(the fact that E ∈ E ⊂ F was used in the last relation). This shows that the
right-hand side of (2.3.10) satisfies property 2.

Let ζ be a random variable. Let Bζ be the σ-algebra of sets of the form
{ω : ζ ∈ B} with B ∈ B (B is the σ-algebra of Borel sets on the line).
The conditional expectation with respect to Bζ must be measurable with
respect to Bζ and this signifies that it is a Borel function of ζ. We shall
denote it by E(ξ|ζ). Similarly, if {ζλ, λ ∈ Λ} is a family of random variables
and σ{ζλ, λ ∈ Λ} is the smallest σ-algebra with respect to which the variables
ζλ are measurable, then the conditional expectation with respect to this σ-
algebra can be denoted by E(ξ|ζλ, λ ∈ Λ). For the conditional probabilities,
we shall use the notation P(A|ζ) and P(A|ζλ, λ ∈ Λ).
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2.2.4 Regular Conditional Distributions

Let A0 ⊂ A be a countable algebra. Since P(A1 ∪A2|E) = P(A1|E)+P(A2|E)
for all A1 and A2 ∈ A0 if A1 ∩ A2 = ∅ (the equality holds with probability
1), a C ∈ A can be specified such that P(C) = 0 so that this equality holds
for all ω �∈ C. Therefore using the countability of A0 we can say that there is
a subset U ∈ A such that P(U) = 1 and for all ω ∈ U the function P(A|E) is
additive with respect to A on A0 (for each A it is a function of ω).

Suppose that there exists a function p(A, ω) satisfying: 1. p(A, ω) is a mea-
sure in A on A; 2. p(A, ω) is E-measurable for all A ∈ A; 3. P(A|E) = p(A, ω)
(with probability 1). Then p(A, ω) is called regular conditional probability.
Examples show that the regular conditional probability does not exist in gen-
eral. At the same time, it is possible to form a function p(A, ω) on A0 which
is additive for each ω and coincides with a conditional probability (p(A, ω)
may be specified arbitrarily for ω ∈ Ω \ U , provided there is additivity and
E-measurability). Therefore it is apparently impossible to construct a regular
conditional probability due to A containing too many sets. But if A0 is such
that each additive function on A0 can be extended to a countably-additive
one on σ(A0), then p(A, ω) will be countably-additive on σ(A0). The simplest
example of such an A0 is the algebra generated by the union of countably
many finite covers of a compact set by spheres of radius εk, k = 1, 2, . . . , with
εk → 0. If ν is a given additive function on such an A0, then

∫
ϕdν is defined

for every continuous function ϕ and due to the form of the linear functional,
this integral must be an integral with respect to a countably-additive function.

Let X be a complete separable metric space. Every measure µ on the σ-
algebra BX of Borel sets has the following property: ∀ε > 0, there exists a
compact set Kε such that µ(X \Kε) < ε. Let x(ω) be the meaurable mapping
of Ω into X : {ω : x(ω) ∈ B} ∈ A for B ⊂ BX . Let µx(B) denote the
measure into which x(ω) maps the measure P : µx(B) = P({ω : x(ω) ∈ B}).
The mapping x(ω) is called a random element in X (a random element in
R is merely a random variable) and µx(B) is its distribution. Let Bx be the
σ-algebra of subsets of A of the form {ω : x(ω) ∈ B} with B ∈ BX . The
conditional probability P(C|E) considered on Bx is mapped by x(ω) into a
function µx(B|E), B ∈ BX , which will be called the conditional distribution
of x(ω). It clearly determines a regular conditional distribution.

Theorem. A random element in a complete separable metric space has a
regular conditional distribution.

The proof of this rests on the following assertions. 1. An increasing se-
quence of compact sets Kn can be specified so that µx(Kn) ↑ 1; then there is
a U ∈ A with P(U) = 1 such that µx(Kn|E) ↑ 1 for all ω ∈ U . 2. For each Kn,
it is possible to specify a countable algebra of its subsets An and a Un ∈ A
such that P(Un) = 1 and µx(B|E) is additive on An for ω ∈ Un. 3. An may
be chosen so that every additive function on it can be extended in a unique
way to a countably-additive function on BKn , the σ-algebra of Borel subsets
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of Kn. 4. An may always be chosen to be increasing with n. Then µx(B|E)
will be countably-additive on BX for ω ∈ (

⋂
n Un) ∩ U , P ((

⋂
n Un) ∩ U) = 1.

For the remaining ω, µx(B|E) may be chosen to coincide with µx.

2.2.5 Spaces of Random Variables. Convergence

Consider the space of real random variables defined on a probability space
(Ω, A,P), which we denote by R(Ω). This is a linear space. A sequence of
random variables ξn is said to converge to a random variable ξ in probability
if limn→∞ P{|ξn − ξ| > ε} = 0 for any positive ε.

Convergence in probability is equivalent to the convergence of 1−Ee−|ξn−ξ|

to zero. To show this, we need an important inequality.

(a) Chebyshev’s inequality. If ξ ≥ 0 and Eξ < ∞, then P{ξ > a} ≤ 1
aEξ for

a > 0.

Proof. Since ξ ≥ aI{ξ>a}, we have Eξ ≥ EaI{ξ>a} = aP{ξ > a}. ��

Put rP(ξ, η) = 1 − E exp{−|ξ − η|}. Then by Chebyshev’s inequality,

P{|ξ − η| > a} = P{1 − e−|ξ−η| > 1 − e−a}
≤ rP(ξ, η)(1 − e−a)−1

On the other hand, if 0 < ε < 1,

rP(ξ, η) ≤ ε + EI{1−exp{−|ξ−η|}>ε} ≤ ε + P{|ξ − η| > ln
1

1 − ε
}.

Therefore if ξn converges to ξ in probability, limn→∞rP(ξn, ξ) ≤ ε for any
positive ε. But if rP(ξn, ξ) → 0, then limn→∞P{|ξn − ξ| > ε} ≤ limn→∞
rP(ξn, ξ)(1 − e−ε)−1 for any positive ξ.

The quantity rP(ξ, η) satisfies the triangle inequality. If ξ, η, and ζ are any
three random variables, then

rP(ξ, η) ≤ rP(ξ, ζ) + rP(ζ, η).

Random variables that coincide almost everywhere with respect to a mea-
sure P are identified (properties that hold almost everywhere with respect to
P are said to hold almost surely). Since this identification will be assumed
throughout the sequel, we shall retain the old notation for random variables
so determined and for the set of all random variables. Therefore rP(ξ, η) is a
metric on R(Ω) and R(Ω) is complete in this metric. We shall discuss com-
pleteness a little bit below.

A sequence of random variables ξn converges almost surely or with proba-
bility 1 to a random variable ξ if there exists a U ∈ A such that ξn → ξ for
all ω ∈ U with P(U) = 1. The set of ω for which ξn → ξ can be written as
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k

⋃
m

⋂
n≥m

{|ξn − ξ| ≤ 1/k} . (2.2.11)

This set belongs to A and if the probability of this set is 1, then
ξn → ξ with probability 1. If ξn → ξ with probability 1, then
limm→∞ P

(⋂
n≥m{|ξn − ξ| ≤ 1/k}

)
= 1 for all k and hence limm→∞ P{|ξm−

ξ| > 1/k} = 0, that is, ξn → ξ in probability. If ξn is a sequence such that∑
rP(ξn, ξ) < ∞, then ξn → ξ with probability 1. To prove that the probabil-

ity of (2.2.11) is 1, it suffices to show that the probability of the complement
of this set is zero or that for all k,

P

⎛
⎝⋂

m

⋃
n≥m

{
|ξn − ξ| >

1
k

}⎞⎠ = lim
m→∞ P

⎛
⎝ ⋃

n≥m

{
|ξn − ξ| >

1
k

}⎞⎠ = 0 .

(2.2.12)
But

P

⎛
⎝ ⋃

n≥m

{|ξn − ξ| > 1/k}

⎞
⎠ ≤

∑
n≥m

P{|ξn − ξ| > 1/k}

≤
∑
n≥m

rP(ξn, ξ)
(
1 − e− 1

k

)−1

and the right-hand side tends to zero as m → ∞. Thus we have the following.

Theorem 2.2.1. If rP(ξn, ξ) → 0, then there is a sequence nk such that
ξnk

→ ξ with probability 1.

The next theorem establishes a connection between convergence in prob-
ability and convergence with probability 1.

Theorem 2.2.2. A sequence ξn converges to ξ in probability if and only if
every subsequence ξnk

contains a subsequence ξnkm
converging to ξ with prob-

ability 1.

If ξn converges to ξ in probability, then the necessity follows by Theorem
2.2.1. If ξn did not converge to ξ in probability, there would be a positive
ε and a subsequence ξnk

such that rP(ξnk
, ξ) ≥ ε. No sequence could be

extracted from the subsequence ξnk
converging to ξ in probability (and hence

with probability 1). ��

Let ξi
n, i = 1, . . . , r, be sequences of random variables converging to ξi

respectively in probability and let Φ(x1, x2, . . . , xr) be a continuous function
from Rr to R. Then Φ(ξ1

n, . . . , ξr
n) converges to Φ(ξ1, . . . , ξr) in probability.

This assertion follows from Theorem 2.2.2 and the fact that ξi
nk

→ ξ, i =
1, . . . , r, implies that Φ(ξ1

nk
, . . . , ξr

nk
) → Φ(ξ1, . . . , ξr).
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A sequence ξn is fundamental with probability 1 if

P

⎛
⎝⋂

k

⋃
l

⋂
n,m≥l

{
|ξn − ξm| ≤ 1

k

}⎞⎠ = 1 . (2.2.13)

The sequence ξn(ω) is fundamental for all ω belonging to the set under the
probability sign and hence it has a limit. Therefore limn→∞ ξn(ω) exists for
almost all ω and the limit is a random variable.

Now let rP(ξn, ξm) → 0. Choose a sequence nk so that rP(ξnk
, ξnk+1)(1 −

e−1/k2
)−1 ≤ 1/k2. Then P{|ξnk

− ξnk+1 | ≤ 1/k2} ≤ 1/k2. Write U =⋃
m

⋂
k≥m{|ξnk

− ξnk+1 | ≤ k−2}. Then P(U) = 1 since

P(Ω \ U) = lim
m→∞ P

⎛
⎝ ⋃

k≥m

{
|ξnk

− ξnk+1 | >
1
k2

}⎞⎠

≤ lim
m→∞

∞∑
k=m

P
{

|ξnk
− ξnk+1 | >

1
k2

}
= 0 .

For ω ∈ U ,

limk→∞|ξnk
− ξnk+1 |k2 ≤ 1

and so the series ξn1 + ξn2 − ξn1 + . . . + ξnk+1 − ξnk
+ .. converges absolutely,

that is, limk→∞ ξnk
= ξ exists. But then

limn→∞rP(ξn, ξ) ≤ limn→∞rP(ξn, ξnk
) + rP(ξnk

, ξ).

Letting k → ∞, one can see that rP(ξn, ξ) → 0.

(b) Passage to the limit under the expectation sign. A sequence ξn is uniformly
integrable if

lim
α→∞ sup

n
E|ξn|I{|ξn|>α} = 0 . (2.2.14)

Theorem 2.2.3. Let ξn converge to ξ in probability. 1. If ξn is uniformly
integrable, then E|ξ| < ∞ and limn→∞ Eξn = Eξ. 2. If ξn ≥ 0,Eξ < ∞ and
limn→∞ Eξn = Eξ, then ξn is uniformly integrable.

Proof. 1. Let ga(x) = −a for x < −a, ga(x) = x for |x| ≤ a and ga(x) = a
for x > a. By Lebesgue’s dominated convergence theorem, limn→∞ Ega(ξn) =
Ega(ξ). By the uniform integrability, it follows that

sup
n

E|ga(ξn) − ξn| ≤ sup
n

E|ξn|I{|ξn|>a} ,

and this quantity may be made arbitrarily small by the choice of a. 2. Let
us show that a may be chosen so that EξnI{ξn>a} < ε for all n and any
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positive ε. To this end, it suffices that Efa(ξn) < ε, where fa(x) = 0 for
x < a/2, fa(x) = 2x − a for a/2 ≤ x ≤ a and fa(x) = x for x > a. Since fa

is continuous, fa(ξn) → fa(ξ) in probability and ξn − fa(ξn) → ξ − fa(ξ) in
probability. But x − fa(x) is a bounded function and by Lebesgue’s theorem
limn→∞ E(ξn − fa(ξn)) = E(ξ − fa(ξ)). Now fa(ξ) → 0 as a → ∞ and
fa(ξ) ≤ ξ and so again by the same theorem,

lim
a→∞ Efa(ξ) = 0 .

Now choose a1 so that Efa1(ξ) < ε/2. Since Eξn → Eξ, we have
limn→∞ Efa(ξn) = Efa(ξ) and there is an n1 such that Efa1(ξn) < ε for
n > n1. Letting a increase, one may also deduce for a finite collection
ξ1, . . . , ξn1 , that EξkI{ξk>a} < ε for k ≤ n1. ��

In addition to the space with convergence in probability discussed above,
we shall also utilize the space Lp(Ω,P) of functions ξ(ω) for which

∫
|ξ|pdP <

∞ with norm ||ξ||p = (
∫

|ξ|pdP)1/p.
Of special interest is L2(Ω,P), which is a Hilbert space with the inner

product < ξ, η >= Eξη.

2.3 Random Mappings

2.3.1 Random Elements

Let (X, B) be a measurable space. Consider a measurable mapping x = f(ω)
from (Ω, A) to (X, B) or, in other words, a mapping such that f−1(B) = {ω :
f(ω) ∈ B} ∈ A for all B ∈ B. It is called a random element in X; X is the
phase space of the element, {x(ω) ∈ B}, B ∈ B, is the σ-algebra generated
by x(ω), which we shall denote by σ(x(ω)), and the measure µx(B) = P({ω :
x(ω) ∈ B}) on B is the distribution of x(ω).

If we are just examining a random element x(ω), then it is natural to deal
with the image of the original probability space under the mapping x(ω). It
will also be a probability space (X, B, µx), where X serves as the sample space,
B is the σ-algebra of events and µx is the probability. This new probability
space describes an experiment involving the “measurement of x(ω).”

(a) Random variables. If X is the real line R and B = BR is the Borel σ-
algebra of R, then x(ω) is a numerical random variable. If we consider this
variable by itself, we can view the random experiment as measuring the vari-
able. It is then described by the space {R, BR, µx}, where µx is some proba-
bility measure on the real line. It is customary to specify it by a distribution
function

Fx(t) = µx(] − ∞, t[) = P({x(ω) < t}).
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This function determines the distribution µx uniquely. If two measures
coincide on intervals of the form ] − ∞, t[, then they coincide on the algebra
generated by these intervals and thus on the smallest σ-algebra containing
all such intervals, that is, on BR. We now give examples of distributions that
occur frequently in probability theory and its applications.

A discrete distribution is a measure concentrated on at most a countable
set.

1. The binomial distribution. Let 0 < p < 1. Then

µx(A) =
n∑

k=0

IA(k)
(

n
k

)
pk(1 − p)n−k.

2. The Poisson distribution: a > 0, µx(A) =
∑n

k=0 IA(k)ake−a/k!.
These distributions were encountered earlier in independent trials. The

first is the distribution of the number of occurrences of an event in n inde-
pendent trials having probability p in each trial. The second occurred in the
Poisson limit theorem.

We give one further example involving independent trials. Assume that the
trials are continued as long as the event A does not occur. The probability
that A happens for the first time in the n-th trial is (1 − p)n−1p.

3. The geometric distribution. Let 0 < p < 1. Then

µx(A) =
∞∑

k=1

p(1 − p)kIA(k) .

Continuous distributions. These are the distributions with no atoms. In other
words, no A ∈ B exists with µx(A) > 0 such that either µX(C) = 0 or µx(C) =
µx(A) for all C ∈ B, C ⊂ A. The corresponding distribution functions are
continuous. If a distribution is absolutely continuous with respect to Lebesgue
measure, that is,

µx(A) =
∫

A

f(y)dy,

then f(y) is called the density of the distribution.

4. The uniform distribution on a set C ∈ BR has the density IC(y)/m(C)
where m is Lebesgue measure. The distribution itself is µx(A) = m(C ∩
A)/m(C) and it is assumed that 0 < m(C) < ∞. If C = [a, b], then the
uniform distribution on [a, b] has the density I[a,b](x)/(b − a).

5. The exponential distribution. This is the distribution with density f(t) =
λe−λtIt>0; λ > 0 is the parameter of the exponential distribution. The ex-
ponential distribution occurs in experiments involving the observation of rare
events to which Poisson’s theorem is applicable. The parameter a in Poisson’s
theorem (Sect. 2.1.3(c)) is generally proportional to time: a = λt. The proba-
bility that a rare event has not occurred up to time t is e−a = e−λt. Therefore
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if τ is the time when the required event first happens, P{τ ≥ t} = e−λt (the
left-hand side is the probability that the event has not occurred up to time
t). The distribution function of τ is Fτ (t) = (1 − e−λt)I{t>0}.

The exponential distribution is always encountered when one considers
the “delay” in some event. Suppose that a system spontaneously changes its
state abruptly (say, a neutron is converted into a proton). Let g(t) be the
probability that the state of the system did not change during the time t.
Let At be the event that the state of the system did not change during the
time t. Then the conditional probability of At+s (that the state is unchanged
a further time s after it was unchanged up to time t) given At must equal
simply the probability that the system did not change state during time s.
That is,

g(s) = P(At+s|At) =
P (At+s ∩ At)

P (At)
=

P (At+s)
P (At)

=
g(t + s)

g(t)
,

g(t + s) = g(t)g(s).

Since 0 ≤ g ≤ 1, it follows that g is montone nonincreasing; g(t+) = g(t)g(0+)
and so g(0+) is 0 or 1. In the first case, g(t) = 0 for all positive t. In the second
case, g(t) > 0 for all positive t since g(2t) = g2(t). Consequently, ln g(t) is a
monotone additive function; ln g(t) = −λt, λ ≥ 0, or g(t) = e−λt.

6. The normal(Gaussian) distribution. The DeMoivre-Laplace theorem in-
volved the function ϕ(x) = (2π)−1/2e−x2/2. It is the density of a distribution:
ϕ(x) > 0 and

∫
ϕ(x)dx = 1. Similarly, the function

g(a, b, x) = (2πb)−1/2 exp
{

− (x − a)2

2b

}
(2.3.1)

is also the density of a distribution. The distribution with density (2.3.1) is
called the normal (Gaussian) distribution and its parameters a and b are
expressed in terms of the density by the formulas

a =
∫

xg(a, b, x)dx, b =
∫

(x − a)2g(a, b, x)dx . (2.3.2)

The formulas (2.3.2) have the following interpretation. Let ξ be a random
variable having a distribution with density g(a, b, x). Then a = Eξ and b =
E(ξ − a)2 = Vξ. Thus a is the expectation of a random variable with density
g(a, b, x) and b is its variance.

(b) Random vectors. Now let X = Rn (that is, the space of vec-
tors (x1, x2, . . . xn)). Then a mapping x(ω) defines a random vector
(ξ1(ω), . . . , ξn(ω)). Giving a random vector is equivalent to specifying its n
component real random variables. The distribution of a random vector is a
probability measure on the σ-algebra of Borel sets of Rn. It is also called the
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joint distribution of the random variables ξ1(ω), . . . , ξn(ω) and it is completely
determined by the joint distribution function of ξ1(ω), . . . , ξn(ω),

Fξ1,...,ξn(t1, . . . , tn) = P

(
n⋂

k=1

{ω : ξk(ω) < tk}
)

. (2.3.3)

Sometimes it is more advantageous to view X without a fixed basis (simply
as n-dimensional Euclidean space). A random vector can be prescribed by
giving its coordinates in some basis and the coordinates in any other basis
may be found by the familiar formulas. Distributions in Rn are also called
n-dimensional distributions. If a distribution is absolutely continuous with
respect to Lebesgue measure in Rn, then its density is called the density of
the distribution.

1. Uniform distribution in C. Let m be Lebesgue measure in Rn. If C is a
Borel set in Rn with 0 < m(C) < ∞, then

µ(B) =
m(B ∩ C)

m(C)

is the uniform distribution in C. It has the density ϕ(x) = IC(x)/m(C), x ∈
Rn.

2. Normal (Gaussian) distribution in Rn. Let a ∈ Rn, B be an n-th order
positive symmetric matrix, det B be its determinant and B−1 be its inverse.
The distribution with density

gn(a,B, x) = ((2π)n det B)−1/2 exp
{

−1
2
((x − a)B−1, x − a)

}
(2.3.4)

is the n-dimensional normal or Gaussian distribution. If b̃ij are the elements
of B−1 and a = (a1, . . . , an), then the argument of the exponential function
in (2.3.4) is −1

2

∑n
i,j=1 b̃ij(xi − ai)(xj − aj). In addition,

ai =
∫

xign(a,B, x)dx ,

while the elements bij , of B are given by

bij =
∫

(xi − ai)(xj − aj)gn(a,B, x)dx .

If (ξ1, ξ2, . . . , ξn) is a random vector having density (2.3.4), then ai = Eξi and

bij = E(ξi − Eξi)(ξj − Eξj) . (2.3.5)

Let (ξ1, ξ2, . . . , ξn) be any vector satisfying
∑n

1 E(ξi)2 < ∞. The vector
Eξ = a = (Eξ1, . . . ,Eξn) is its expectation (mean) and the linear operator
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acting in Rn by way of the matrix (bij), where bij is given by (2.3.5), is its
covariance.

Let ξ(ω) be a random vector in n-dimensional Euclidean space R (no
basis has been selected in it) with E|ξ(ω)|2 < ∞. Then Eξ(ω) can be found
from the relation E(ξ(ω), z) = (Eξ(ω), z), which must hold for all z ∈ X.
Similarly, the symmetric operator B can be found using the relation (Bz, u) =
E(ξ(ω)−Eξ(ω), z)(ξ(ω)−Eξ(ω), u) with u and z ∈ X (the right-hand side is
a bilinear form and so this operator exists).

2.3.2 Random Functions

Let Θ be a parameter set (space) and let (X, B) be a measurable space (phase
space). A random function with domain Θ and phase space (X, B) is a family
of mappings x(θ, ω) of the probability space (Ω, A,P) into (X, B) defined
for all θ ∈ Θ. In other words, it is a function x(θ, ω) : Θ × Ω → X, with
x(θ, ω) : (Ω, A) → (X,B) a measurable mapping for all θ ∈ Θ. If Θ is a set on
the real line, then the parameter θ is treated as time and the random function
is then called a random or stochastic process. Commonly considered are real-
valued functions (X = R), complex-valued functions (X is the complex plane
Z) and vector spaces (X = Rn or X = Zn). If Θ = Rn, then the further term
random field is used.

(a) Finite-dimensional distributions. One of the basic probability character-
istics of a random function are its finite-dimensional distribution functions

Fθ1,...θn
(B1, . . . Bn) = P

(
n⋂

k=1

{ω : x(θk, ω) ∈ Bk}
)

(2.3.6)

defined for all n ≥ l, θk ∈ Θ, k ≤ n and Bk ∈ B, k ≤ n. If we know the
finite-dimensional distribution functions, we can make judgments about the
joint behavior of the values of the random function on any finite subset of
the parameter space (and so also any denumerable one). In principle, this
makes it possible to know “everything” about the random function. A more
precise meaning of this statement will be discussed in Sect. 2.4 and later
in Chap. 4. For given n and θ1, . . . , θn, the functions (2.3.6) determine a
measure on (Xn,Bn) – the joint distribution of the values of the random
function at the points θ1, . . . , θn. For given n, the functions (2.3.6) are called
the n-dimensional distributions of the random function. Finite-dimensional
distributions satisfy the following consistency conditions:

1. If i1, . . . , in is a permutation of 1, . . . , n, then

Fθ1,...,θn(B1, . . . , Bn) = Fθi1 ,...,θin
(Bi1 , . . . , Bin);

2. Fθ1,...,θn−1,θn
(B1, . . . , Bn−1, X) = Fθ1,...,θn−1(B1, . . . , Bn−1)
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(b) Moment functions. To specify all of the finite-dimensional distribution
functions is constructively impossible. Therefore other parameters of random
functions are used particularly the moment functions. Let X = R1. Assume
that E|x(θ, ω)|m < ∞ for all θ ∈ Θ with m a positive integer. Then

Mk(θ1, . . . , θk) = Ex(θ1, ω)x(θ2, ω) . . . x(θk, ω), k ≤ m , (2.3.7)

is the k-th moment function of x(θ, ω). The first moment function M1(θ) =
Ex(θ, ω) is again called the mean of x(θ, ω) and

R(θ1, θ2) = M2(θ1, θ2) − M1(θ1)M1(θ2)
= E(x(θ1, ω) − Ex(θ1, ω))(x(θ2, ω) − Ex(θ2, ω)) (2.3.8)

is its covariance function. In many applications, one is satisfied in knowing
just these two parameters of a random function. It should be pointed out that
they assist in solving an entire class of problems in the theory of stochastic
processes (the linear problems). Any function M1(θ) may clearly play the role
of a mean. But M2(θ1, θ2) and R(θ1, θ2) are positive-definite functions:

k∑
i,j=1

M2(θi, θj)ziz̄j ≥ 0,

k∑
i,j=1

R(θi, θj)ziz̄j ≥ 0 (2.3.9)

for any k, θ1, . . . , θk ∈ Θ and complex z1, . . . , zk (z̄ is the conjugate of z). The
first inequality in (2.3.9) follows from the relation

k∑
i,j=1

M2(θi, θj)ziz̄j = E

∣∣∣∣∣
k∑

i=1

zix(θi, ω)

∣∣∣∣∣
2

.

If X = Rn, yi ∈ X and E|x(θ, ω|m < ∞ for all θ ∈ Θ, then the k-th
moment function can be expressed as

Mk(θ1, . . . , θk, y1, . . . yk) = E(x(θ1, ω), y1) . . . (x(θ, ω), yk) . (2.3.10)

This is a k-linear function of y1, . . . , yk. The first two moment functions are
M1(θ, y) = E(x(θ, ω), y) and

M2(θ1, θ2, y1, y2) = (B(θ1, θ2)y1, y2) − M1(θ1, y1)M1(θ2, y2) ,

in which B(θ1, θ2) is a function defined on Θ2 whose values are symmetric op-
erators in Rn. It is termed the operator covariance function of x(θ, ω). Ex(θ, ω)
may again clearly be any function. The covariance function is positive-definite:

k∑
i,j=1

(B(θi, θj)yi, yj) ≥ 0

for arbitrary k, θ1, . . . , θk and yi ∈ X, i = 1, . . . , k.
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(c) Gaussian random functions. Let X = R1. A random function x(θ, ω) is
said to be Gaussian if

∑
λkx(θk, ω) (a scalar random variable) has a normal

distribution for any n, θ1, . . . , θn ∈ Θ and numbers λ1, . . . , λn. In other words,
it has a density of the form (2.3.1) with certain a and positive b (or it is a
constant with probability 1 in which event we take b = 0). This is equivalent
to x(θ1, ω), . . . , x(θn, ω) having a joint n-dimensional normal distribution for
all n, θ1, . . . , θn. (The density (2.3.4) determines a nondegenerate distribution.
A more general distribution may be obtained from a nondegenerate one by
means of a passage to the limit.) To specify the joint distribution of n Gaus-
sian random variables, it suffices to assign their expectations and covariances
(2.3.5). Therefore to specify the finite-dimensional distributions of a Gaussian
random function, it suffices to give its mean a(θ) = Ex(θ, ω) and covariance
function

R(θ1, θ2) = E(x(θ1, ω) − a(θ1))(x(θ2, ω) − a(θ2)) . (2.3.11)

2.3.3 Random Elements in Linear Spaces

Let X be a linear space and let L be a linear set of linear functionals on
X (that is, linear mappings from X to R). The functionals in L will be as-
sumed to separate the points in X. Denote by BL the smallest σ-algebra of
subsets of X with respect to which all the functionals in L are measurable.
We shall view (X, BL) as a measurable space. We are interested in the ran-
dom elements in this space and their distributions. If X is a locally convex
linear topological space, we take L to be the space X∗ of all continuous linear
functionals and if Xis separable, then BL coincides with the σ-algebra BX of
Borel sets of X. Most interesting is the case where X is a separable Banach
space and particularly a Hilbert space. The main question is the assignment of
the probability distributions on (X, BL). A procedure will be discussed below
for specifying a probability distribution by way of its Fourier transform or, in
other words, its characteristic functional. This procedure is used extensively
also for a finite-dimensional space and we shall explain it in detail for that
case.

(a) The characteristic function of a random variable and a random vector.
Let ξ be a real random variable. Then fξ(t) = E exp{iξt}, t ∈ R, is called
the characteristic function of ξ (or of its distribution). Let us mention a few
properties of a characteristic function.

1. It is uniformly continuous in t and fξ(0) = 1.
2. fξ(t) is positive-definite:

m∑
k,j=1

fξ(tk − tj)zkz̄j ≥ 0 (2.3.12)

for any choice of m, real t1, . . . , tm and complex z1, . . . , zm.
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Bochner’s Theorem. If f(t) is a continuous positive-definite function with
f(0) = 1, then f(t) =

∫
eitxµ(dx), where µ is a probability measure on R. In

other words, f is a characteristic function.

3. A characteristic function determines the distribution of a random variable.
To see this, we introduce the notion of complete set of functions. F is said to be
a complete set of continuous functions if for any choice of distinct probability
measures µ1 and µ2 on R, there is an f ∈ F such that

∫
fµ1 �=

∫
fdµ2. To

show that property 3 is valid, it suffices to establish that {eitx, t ∈ R} is a total
family of functions. However, this is a consequence of being able to specify
for every bounded and continuous function f(x) a sequence of trigonometric
polynomials gn(x) such that

sup
n,x

|gn(x)| < ∞, lim
n→∞ sup

|x|≤n

|gn(x) − f(x)| = 0 .

Now let ξ = (ξ1, . . . , ξn) be a random vector. Its characteristic function is
fξ(t) = E exp{i(ξ, t)}, t ∈ Rn and (ξ, t) =

∑
k ξktk, where t = (t1, . . . , tn). It

is also called the joint characteristic function of ξ1, . . . , ξn or n-dimensional
characteristic function. Statements 1-3 hold for multivariate characteristic
functions. (Positive-definiteness is also expressed here by (2.3.12) except
tl, . . . , tm ∈ Rn).

Bochner’s Theorem remains valid also in the multivariate case.
(b) The characteristic functional. Let µ be a probability measure on (X, BL).
The characteristic functional of µ is the function

ϕµ(l) =
∫

exp{il(x)}µ(dx) . (2.3.13)

If µ is the distribution of a random element x(ω), then ϕµ(l) =
E exp{il(x(ω))} and ϕµ(l) is also called the characteristic functional of x(ω).
We now note the main properties of ϕµ(l).

1. ϕµ(l) is weakly continuous in l: if ln(x) → l(x) for all x, then ϕµ(ln) →
ϕµ(l); ϕµ(0) = 1.

2. ϕµ(l) is a positive-definite function:
m∑

k,j=1

ϕµ(lk − lj)zkz̄j ≥ 0

for any choice of m, l1, . . . , lm ∈ L and complex z1, . . . , zm.
3. ϕµ(l) determines the measure µ uniquely. This statement follows because

every bounded BL-measurable function g(x) is the limit of a sequence of
collectively bounded functions of the form

gn(x) =
∑

k

cnk exp{ilnk(x))},

where cnk ∈ Z,
∑

k |cnk| < ∞ and lnk ∈ L.
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Bochner’s Theorem is generally false when X is infinite-dimensional. How-
ever, it is possible to indicate an X for which it is preserved. Let X = R∞,
the space of X-sequences x = (x1, x2, . . . , xn, . . .), xi ∈ R. Take L to be the
collection of all functionals of the form l(x) =

∑
αkxk, in which only finitely

many of the numbers αk ∈ R are nonvanishing. In this case, the σ-algebra BL

is the smallest σ-algebra containing the sets of the form {x : xk ∈ ∆}, where
∆ is an interval of the line. It is natural to denote this σ-algebra by BR∞ .

Theorem. Let ϕ(l) be a function on L satisfying: 1. it is continuous and
ϕ(0) = 1; 2. it is positive-definite. Then ϕ(l) is the characteristic functional
of some distribution on BR∞ .

An example of an infinite-dimensional linear space X in which Bochner’s
theorem is false is a separable Hilbert space with L taken to be X∗ = X. This
fact will be discussed in the next section.

2.4 Construction of Probability Spaces

We now turn to probability spaces with specific sample spaces Ω. We shall
describe the σ-algebras in these spaces and ways of assigning measures on
these σ-algebras.

2.4.1 Finite-dimensional Space

Such a space has already been discussed when defining a random vector. The
σ-algebra was chosen to be the Borel σ-algebra. The measure was determined
by the distribution function. A nontrivial assertion is that every distribution
function determines some measure. This fact will now be established here. We
first define distribution function.

Definition. A function F (x1, x2, . . . , xn) defined on Rn and assuming values
in [0, 1] is an n-dimensional distribution function if

1. lim
x1→−∞,

...,xn→−∞

F (x1, . . . , xn) = 0, lim
x1→∞,

...,xn→∞

F (x1, . . . , xn) = 1,

2. ∆
(1)
h1

. . . ∆
(n)
hn

F (x1, . . . xn) ≥ 0 for all h1 > 0, . . . , hn > 0, where for any
G(x1, . . . , xn) define on Rn,

∆
(k)
h G(x1, . . . , xn) = G(x1, . . . , xk−1, xk + h, xk+1, . . . , xn)

−G(x1, . . . , xn),

3. F (x1, . . . , xn) is left-continuous jointly in its arguments.
If there exists a measure µ such that F (x1, . . . , xn) = µ({y : y1 <
x1, . . . , yn < xn}), then F is the distribution function for µ. Observe
that then
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∆
(1)
h1

. . . ∆
(n)
hn

F (x1, . . . , xn)

= µ([x1, x1 + h1[× . . . × [xn, xn + hn[) . (2.4.1)

Theorem. To every distribution function, there exists a probability measure
µ satisfying (2.4.1).

Proof. Consider the sets in Rn that are representable as a finite union of half-
open intervals in Rn of the form [a1, b1[×[a2, b2[× . . . × [an, bn[ (ai may be
−∞ and bi may be ∞). These sets form an algebra A0. Every set in A0 is
expressible as the union of disjoint half-open intervals. Let I be a half-open
interval of the above form. Put

µ̃(I) = ∆
(1)
b1−a1

. . . ∆
(n)
bn−an

F (a1, . . . , an)

and extend µ̃(I) to A0 as an additive function. Thus one can form a finitely
additive function for which (2.4.1) holds.

It remains to show that it can be extended to a countably-additive func-
tion. To this end, it has to be continuous on A0. Let Cm be a sequence of sets
in A0, Cm ⊃ Cm+1, with µ(Cm) ≥ δ > 0. It is necessary to show that ∩Cm

is nonempty. By property 3, if I = [a1, b1[×, . . . × [an, bn[ is any interval, it
is possible to find an I ′ = [a1, b

′
1[× . . . × [an, b′

n[ such that ai < b′
i < bi and

µ̃(I) − µ̃(I ′) is arbitrarily small. Let Cm =
⋃Nm

k=1 Imk and suppose that the
Imk are disjoint. As was indicated above, for each m and k we can form an
I ′
mk ⊂ Imk so that [I ′

mk] ⊂ Imk and µ̃(Imk) − µ̃(I ′
mk) < δ/2m+k+1 ([·] is the

closure of a set). Put C ′
m =

⋃Nm

k=1 I ′
mk and C̃m =

⋂m
i=1 C ′

i. Then

µ̃(C̃m) ≥ µ(Cm) −
m∑

i=1

µ̃(Ci \ C ′
i) ≥ δ −

m∑
i=1

∑
k

µ̃(I \ I ′
mk)

≥ δ − δ
m∑

i=1

∞∑
k=1

1
2m+k+1 ≥ δ

2
.

Clearly C̃m ⊃ C̃m+1, C̃m ∈ A0 and [C̃m] ⊂ [C ′
m] ⊂ Cm. Since C̃m is nonempty,

we have
⋂

m[C̃m] �= ∅ and hence so is ∩Cm nonempty. ��

2.4.2 Function Spaces

Let (X, B) be a measurable space and let Θ be any (parameter) space. Let Xθ

denote the space of all functions θ : Θ → X. We now examine how to construct
a σ-algebra in Xθ and a measure on this σ-algebra so that a random function
can be defined on the probability space having Xθ as sample space.

(a) Cylinder sets and σ-algebras. Let Λ be a finite subset of Θ and nλ the num-
ber of elements in Λ. Let PΛ denote a mapping from Xθ to XnΛ : PΛ(x(·)) =
(x(θΛ

1 ), . . . , x(θΛ
nΛ

)), where θΛ
i , i = 1, . . . , nΛ, are all the points of Λ. Sets in
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Xθ of the form P−1
Λ (BnΛ

) with BnΛ
∈ BnΛ are called cylinders and Λ is said

to be the base of the cylinder. The collection of all cylinder sets with a given
base forms a σ-algebra, which we shall denote by CΛ. If Λ1 ⊂ Λ2, then clearly
CΛ1 ⊂ CΛ2 . The collection

⋃
Λ⊂Θ CΛ, where the union is taken over all finite

subsets Λ, is the algebra of cylinder sets. The smallest σ-algebra including it
is the cylinder σ-algebra. We denote it by C(X,Θ). If Θ1 ⊂ Θ, then Cθ1(X,Θ)
denotes the smallest σ-algebra containing

⋃
Λ⊂Θ1

CΛ with the Λ finite sets.
Every set in C(X,Θ) is generated by at most countable unions and inter-

sections of cylinder sets. Therefore if A is any set in C(X,Θ), one can find
a sequence {Ck, k ≥ 1} of cylinder sets producing A and if Θ1 is a count-
able subset of Θ such that Ck ∈

⋃
Λ⊂Θ1

CΛ, then A ∈ CΘ1(X,Θ). Thus,
C(X,Θ) =

⋃
Θ1⊂Θ CΘ1(X,Θ), the union being over all countable subsets Θ1.

To assign a measure on C(X,Θ), it suffices to assign it on each σ-algebra
CΘ1(X,Θ).

(b) Consistent finite-dimensional distributions. Suppose that to each finite set
(θ1, θ2, . . . , θn) there corresponds a probability measure µθ1,...,θn on Bn. All
such measures are consistent finite-dimensional distributions if the following
conditions hold:

1. Let T be a mapping of Xn into itself: T (x1, . . . , xn) = (xi1 , . . . , xin),
where i1, . . . , in is a permutation of 1, 2, . . . , n. Then µθ1,...,θn(B) =
µθi1 ,...,θin

(T−1B) for B ∈ Bn;
2. If Q(x1, . . . , xn) = (x1, . . . , xn−1) is a mapping from Xn to Xn−1, then

µθ1,...,θn−1(B) = µθ1,...,θn(Q−1B), B ∈ Bn.

If (θ1, . . . , θn) = Λ, then a measure µΛ, is defined on CΛ by

µΛ(P−1
Λ B) = µθ1,...,θn(B), B ∈ Bn.

Property 1 guarantees that the values of the measure are independent of the
way the elements of Λ are numbered. Further, since CΛ1 ⊂ CΛ2 if Λ1 ⊂ Λ2, the
natural question arises of how µΛ1 and µΛ2 are related. Property 2 ensures
that µΛ2 and µΛ1 coincide on CΛ1 , that is, µΛ2 is an extension of µΛ1 (property
2 establishes this if Λ2 \Λ1 is a singleton set). This determines a non-negative
finitely-additive set function on the algebra

⋃
Λ⊂Θ CΛ. It can be extended to a

countably-additive measure on C(X,Θ) if and only if it is countably additive
(or continuous) on the algebra of cylinder sets.

(c) Kolmogorov’s theorem. This theorem gives sufficient conditions for the
existence of a measure on C(X,Θ) with given finite-dimensional distribution
functions. These conditions are formulated in terms of a measurable space.

Condition K. For all n ≥ 1, there is a class of sets Kn ⊂ Bn, satisfying:

K1. QS ∈ Kn−1 for n > 1 and S ∈ Kn in which Q is the projection of Xn on
Xn−1.
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K2. ∩Sm ∈ Kn if Sm ∈ Kn, m = 1, 2 . . .
K3. For all B ∈ Bn and any measure µn on Bn,

µn(B) = sup[µn(S) : S ∈ Kn, S ⊂ B].

If X is a Borel space (that is, it is a Borel subset of a complete separable
metric space), Kn may be taken to be the class of compact sets in Xn.

Theorem. If (X, B) satisfies Condition K, consistent finite-dimensional dis-
tribution functions determine a probability measure on C(X,Θ).

Proof. It suffices to consider denumerable Θ. We take Θ = {1, 2, . . .}. Let µn

be the probability measure on (Xn,Bn) corresponding to Λn = {1, 2, . . . , n}.
Since any finite subset belongs to Λn for n sufficiently large, the finite-
dimensional distributions determine µn and the consistency conditions for
them are the same. In the situation in question, the theorem says that there ex-
ists a sequence of random elements xn(ω) in (X, B) such that x1(ω), . . . , xk(ω)
have the given joint distributions for all k. To prove the theorem, it suffices
to show that if {Cn} is a sequence of cylinder sets with Cn ⊃ Cn+1 and
µ(Cn) ≥ δ > 0, then ∩Cn is nonempty. Here µ is a finitely-additive function
on
⋃

n CΛn which coincides with µΛn
on CΛn . Without loss of generality, we

may assume that Cn ∈ CΛn . Let Cn = {PΛnx ∈ Ĉn}, where Ĉn ∈ Bn. By K3,
we may assume that Ĉn ∈ Kn. Consider the operator Qn on

⋃
m≥n Xm given

by Qn(x1, . . . , xm) = (x1, . . . , xn), m ≥ n. Define the following sets in Xn:

Ĉ(1)
n =

⋂
m≥n

Qn(Ĉm), Ĉ(k+1)
n =

⋂
m≥n

Qn(Ĉ(k)
m ), k ≥ n, C̄n = ∩Ĉ(k)

n .

If Ĉn ∈ Kn and Ĉ
(k)
n ∈ Kn, then C̄n ∈ Kn. Furthermore,

µn(Ĉ(k+1)
n ) = lim

m→∞ µn(QN (Ĉ(k)
m )) = lim

m→∞ µm(Ĉ(k)
m )

= lim
m→∞ µm(Ĉ(k−1)

m ) = lim
m→∞ µm(Ĉm) ≥ δ .

Hence µn(C̄n) > δ also and so C̄n �= ∅. It can be shown that Qn(C̄n+1) = C̄n.
We say that (x1, . . . xm) ∈ Xm can be extended if for all l > m there are
x


m+1, . . . , x



 such that (x1, . . . , xm, x


m+1, . . . , x



) ∈ Ĉ
. These new points will

be called extensions of (x1, . . . xm). It is easy to see that Ĉ
(1)
n comprises the

points (x1, . . . xn) that can be extended, Ĉ
(2)
n the points whose extensions can

be extended (we then say that (x1, . . . xn) admits a 2-fold extension), Ĉ
(k)
n the

points that admit k-fold extensions and C̄n comprises the points admitting
extensions of any frequency. If (x1, . . . , xn+1) can be extended any number of
times, then clearly (x1, . . . , xn) possesses this property: Qn(C̄n+1) = C̄n. Let
x̄1 ∈ C̄1 ⊂ Ĉ1. There is a point (x̄1, x̄2) ∈ C̄ ⊂ Ĉ2 and so on. Thus for all n,
there is an x̄n such that (x̄1, . . . , x̄n) ∈ C̄n ⊂ Ĉn. But then x̄ = (x̄1, x̄2, . . .) ∈⋂

n Cn. ��
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2.4.3 Linear Topological Spaces. Weak Distributions

Let X be a locally convex linear topological space and X∗ the space of linear
functionals on X. To each finite-dimensional linear subset Λ ⊂ X∗, introduce
the σ-algebra BΛ generated by the sets {x : ϕ(x) < α}, α ∈ R and ϕ ∈ Λ. If B
is the σ-algebra generated by all linear functionals in X∗, then B ⊃ BΛ. On
the other hand, if B0 =

⋃
Λ⊂X∗ BΛ taken over all finite-dimensional subspaces

Λ, then B0 is an algebra and B is the smallest σ-algebra containing B0. The
members of B0 are called cylinder sets and those of BΛ cylinder sets with base
Λ. To assign a measure on B, it suffices to know it on B0. Let µ̃ be a given
additive set-function on B0, which is a probability measure on each σ-algebra
BΛ with Λ finite-dimensional. Then µ̃, is called a weak distribution. Every
probability measure on B clearly generates a weak distribution on B0 and the
weak distribution determines this measure uniquely. It is therefore natural
to assign probability measures on (X, B) with the help of weak distributions.
The characteristic functional of a probability distribution on a linear space
has already been discussed. Since for all ϕ ∈ X∗ the function ϕ(x) is BΛ-
measurable if ϕ ∈ Λ, a weak distribution µ̃ also determines the characteristic
functional

f(ϕ) =
∫

eiϕ(x)µ̃(dx) . (2.4.2)

It is easy to show that f(ϕ) has the following properties:

1. f(ϕ) is positive-definite and f(0) = 1;
2. f(ϕ) is continuous in ϕ on each finite-dimensional subspace Λ of X∗.

The converse is also true. If f(ϕ) has properties 1 and 2 , then there
exists a weak distribution µ̃ for which (2.4.2) holds. µ̃ may be constructed as
follows. Let Λ be a finite-dimensional subspace of X∗ and ϕ1, . . . , ϕn a basis
for Λ. Define fΛ(t1, . . . , tn) = f (

∑n
k=1 tkϕk). The function fΛ(t1, . . . , tn) is

continuous and positive-definite. Thus by Bochner’s theorem, a probability
measure µΛ(dx) exists in Rn such that

fΛ(t1, . . . , tn) =
∫

exp

{
i

n∑
k=1

tkyk

}
µΛ(dy),

y = (y1, . . . , yn) ∈ Rn. Let ΦΛ : X → Rn, ΦΛ(x) = (ϕ1(x), . . . , ϕn(x)), and
put µ̃(Φ−1

Λ (B)) = µΛ(B) for B ∈ BRn . Thus a measure has been defined on BΛ.
We now use the fact that if Λ ⊂ Λ1 and ϕ1(x), . . . , ϕn(x), ϕn+1(x), . . . , ϕm(x)
is a basis for Λ1, then

fΛ(t1, . . . , tn) = fΛ1(t1, . . . , tn, 0, . . . , 0).

This helps to show that the values of µ̃ on BΛ and BΛ1 are consistent and do
not depend on the choice of basis. That (2.4.2) holds for µ̃ follows from our
construction (µΛ was found instantly with the help of Bochner’s theorem).
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The question of the extendability of µ̃ to B as a countably-additive function
reduces again to showing the continuity of µ̃ on the algebra B0. The following
is a general result on extendability.

Theorem. Suppose that to any positive ε there is a sequence of weakly closed
cylinder sets Kn such that µ̃(Kn) ≥ 1 − ε, Kn ⊃ Kn+1 and ∩Kn is weakly
compact. Then µ̃ can be extended to a measure.

Proof. Let Bn ∈ B0, Bn ⊃ Bn+1, and µ̃(Bn) ≥ δ. If Bn = Φ−1
Λn

(B̃n) with B̃n ∈
BRn , we can choose a closed set F̃n ⊂ B̃n so that µΛn(B̃n \ F̃n) < δ/2n+1. Put
Fn = Φ−1

Λn
(F̃n) and F̂n =

⋂n
k=1 Fk. Then each F̂n is weakly closed, F̂n+1 ⊂ F̃n

and µ̃(F̂n) ≥ δ/2. Let Kn be a sequence for which the hypotheses of the
theorem hold when ε < δ/2. Then Kn ∩ F̂n is a nonempty closed cylinder
set with base Λn. Without loss of generality, we may assume F̂n and Kn to
be cylinder sets with the exact same base Λn. From the condition on Kn, it
follows that

⋂
n(Kn ∩ F̂n) is nonempty. ��

2.4.4 The Minlos-Sazonov Theorem

Let X be a separable Hilbert space. We identify X∗ with X by expressing the
linear functionals in terms of the inner product putting ϕ(x) = (ϕ, x), ϕ ∈ X.
Introduce a topology S in X as follows. X is a linear topological space with
neighborhoods of zero VA = {x : (Ax, x) < 1}, where A is a nonnegative
symmetric operator with a finite trace: if {ek} is a basis in X, then TrA =∑

(Aek, ek) < ∞. This system of neighborhoods clearly gives a separable
topology.

Theorem. Suppose that f(ϕ), ϕ ∈ X, is a continuous positive-definite func-
tional with f(0) = 1. It is the characteristic functional of a probability dis-
tribution in X if and only if Re f(ϕ) is continuous at ϕ = 0 in the topology
S.

Necessity. Let µ be a probability measure on X. Then

1 − Re f(ϕ) =
∫

(1 − cos(ϕ, x))µ(dx) ≤ 2
∫

|x|>ρ

µ(dx)

+
1
2

∫
|x|≤ρ

(ϕ, x)2µ(dx).

Put (Aρϕ, ϕ) =
∫

|x|≤ρ
(ϕ, x)2µ(dx); Aρ is a non negative symmetric operator.

Then

Tr Aρ =
∫

|x|≤ρ

∞∑
k=1

(ek, x)2µ(dx) ≤ ρ2 .

Take a positive ε, choose ρ so that
∫

|x|>ρ
µ(dx) < ε/4 and let B = 1

εAρ.
Then (Aρϕ, ϕ) < ε/2 when (Bϕ, ϕ) < 1 and so
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1 − Re f(ϕ) < ε/2 + 1/2(Aρϕ, ϕ) < ε .

Sufficiency. Let {ek} be a fixed basis. Put Kn(ρ) = {x :
∑n

k=1(x, ek)2 < ρ2}.⋂
n Kn(ρ) is clearly a weakly compact ball in X of radius ρ. On the basis of

the theorem in the preceding section, it suffices to show that to any positive ε
there is a ρ such that µ̃(Kn(ρ)) > 1−ε for all n. Here µ̃ is the weak distribution
constructed from f . We now make use of the relation

exp

{
−λ

2

n∑
k=1

(x, ek)2
}

= (2πλ)−n/2
∫

exp

{
i

n∑
k=1

tk(x, ek

}
exp

{
− 1

2λ

n∑
k=1

t2k

}
dt1 . . . dtn .

Integration with respect to µ̃ yields

∫ (
1 − exp

{
−λ

2

n∑
k=1

(x, ek)2
})

µ̃(dx)

= (2πλ)−n/2
∫ (

1 − Re f

(
n∑

k=1

tk, ek

))
exp

{
− 1

2λ

n∑
k=1

t2k

}
dt1 . . . dtn .

If A is a kernel operator such that 1 − Re f(ϕ) < ε/4 when (Aϕ, ϕ) < 1, then
the right-hand side is majorized by the quantity

(2πλ)−n/2
∫ (

ε/4 + 2

(
A

n∑
k=1

tkek,

n∑
k=1

tkek

))
exp

{
− 1

2λ

n∑
k=1

t2k

}
dt1

. . . dtn = ε/4 + 2λ Tr A .

Thus,

µ̃(Kn(ρ))
(

1 − exp{−λ

2
ρ2}
)

≤
∫ (

1 − exp

{
−

n∑
k=1

(x, ek)2
})

µ̃(dx) ≤ ε/4 + 2λ Tr A .

Let λ = ε/(8 Tr A). Then µ̃(Kn(ρ)) < 1
2ε(1 − exp{− 1

2λρ2})−1 < ε if λρ2 < 1.

��
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Independence

Independence is one of the basic concepts of probability theory. The study
of independent events, random variables, random elements and σ-algebras
comprises to a considerable extent the content of probability theory. This
chapter presents the main concepts and facts concerning independence and
it examines sequences of independent events and variables and their related
random processes.

3.1 Independence of σ-Algebras

3.1.1 Independent Algebras

It will be recalled that algebras A1, . . . ,An are independent if

P

(
n⋂

i=1

Ai

)
=

n∏
i=1

P(Ai) (3.1.1)

for any choice of A1 ∈ A1, . . . , An ∈ An (see p. 24).
Let Ai, i = 1, . . . , l, be finite algebras and A

(i)
1 , . . . , A

(i)
ni be the atoms of

Ai.

Theorem 3.1.1. Algebras Ai are independent if and only if for any ki ≤ ni,

P

(
l⋂

i=1

A
(i)
ki

)
=

l∏
i=1

P(A(i)
ki

). (3.1.2)

Proof. The necessity is obvious. It is easy to prove the sufficiency by induction
making use of the following trivial assertion: if A and B are independent, A
and C are independent and B∩C = ∅, then A and B∪C are also independent.
��
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Observe that there are only n1n2 . . . nl − n1 − . . . − nl + l − 1 inde-
pendent relations among those in (3.1.2). This is by virtue of the relations∑ni

k=1 P(A(i)
k ) = 1 and

∑ni

k=1 P(A(i)
k ∩ (A(1)

j ) = P(A(1)
j ) and others similar to

the latter which are based on the fact that
⋃ni

k=1 A
(i)
k = Ω. Since Ai has 2ni

elements, (3.1.2) involves 2n1+...+nl equalities. But the theorem shows that
only n1n2 . . . nl − n1 − . . . − nl + l − 1 of them are independent.

Remark. Each algebra A is a union of its finite subalgebras; if A ∈ A, then
A belongs to the four-element algebra {∅, A, Ā, Ω} (if A = ∅ or A = Ω the
algebra consists of two elements {∅, Ω}).

Let A and B be algebras. A ∨ B denotes the smallest algebra containing
A and B. The algebra A ∨ B consists of sets of the form

n⋃
k=1

(Ak ∩ Bk) ,

where Ak ∈ A, Bk ∈ B and n is arbitrary. If A and B are finite and Ak

and Bl are atoms of them, then Ak ∩ Bl is an atom of A ∨ B. Similarly, if
Ak, k = 1, . . . , n, are algebras, then

∨n
k=1 Ak is the smallest algebra containing

A1,A2, . . . ,An. It involves sets of the form

m⋃
k=1

(
n⋂

i=1

Aki

)
, Aki ∈ Ai, m arbitrary .

Let I be an index set. Let Aα
i ⊂ Ai and

⋃
α Aα

i = Ai, where the Aα
i ’s are

finite algebras, α ∈ I. Then
n∨

i=1

Ai =
⋃

α1∈I,...,αn∈I

n∨
i=1

Aai
i . (3.1.3)

This makes it possible to prove the next two theorems just for finite algebras.

Theorem 3.1.2. Let A1,A2, . . . ,Am and B1,B2, . . . ,Bn be independent al-
gebras and let A =

∨m
k=1 Ak. Then the algebras A and B1, . . . ,Bn are also

independent.

Proof. All algebras may be considered finite.
∨m

k=1 Ak is also a finite algebra
and its atoms are of the form A1 ∩ A2 ∩ . . . ∩ Am, whereAi is an atom of Ai.
If Bk ∈ Bk, then

P

((
m⋂

k=1

Ak

)
∩
(

n⋂
i=1

Bi

))
=

m∏
k=1

P(Ak) ·
n∏

i=1

P(Bi)

= P

(
m⋂

k=1

Ak

)
· P
(

n⋂
i=1

Bi

)
.

Therefore the independence of the algebras follows by Theorem 3.1.1. ��
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Theorem 3.1.3. Let A1,A2, . . . ,An be algebras of events. They are indepen-
dent if and only if Ai and

∨
k<i Ak are independent for all i.

Proof. That the latter algebras are independent if A1, . . . ,An are independent
follows from Theorem 3.1.2. Let the hypothesis of the theorem hold with
Ai ∈ Ai. Since

⋂n−1
k=1 Ak ∈

∨n−1
k=1 Ak, we have

P

((
n−1⋂
k=1

Ak

)
∩ An

)
= P

(
n−1⋂
k=1

Ak

)
P(An) .

Furthermore,
⋂n−2

k=1 Ak ∈
∨

i<n−1 Ai which implies that

P

(
n−1⋂
k=1

Ak

)
= P

(
n−2⋂
k=1

Ak

)
P(An−1) .

In the exact same way,

P

((
m⋂

k=1

Ak

)
∩ Am+1

)
= P

(
m⋂

k=1

Ak

)
P(Am+1)

for all m < n since
⋂m

k=1 Ak ∈
∨

k<m+1 Ak. Thus, P (
⋂n

k=1 Ak) =∏n
k=1 P(Ak). ��

3.1.2 Conditions for the Independence of σ-Algebras

The preceding section gave some conditions for the independence of algebras
of events. The next theorem makes it possible to reduce the question of inde-
pendence of σ-algebras to the independence of the algebras generating them.
(Since a σ-algebra is an algebra, the definition of independence given above
is applicable to σ-algebras.)

Theorem 3.1.4. Let A0
1, . . . ,A0

n be algebras of events and let Ai = σ(A0
i ). If

A0
1, . . . ,A0

n are independent, then the σ-algebras A1, . . . ,An are independent.

Proof. We shall apply Theorem 3.1.3. Let us show that
∨

i<k Ai, and Ak are
independent. Observe that σ(

∨
i<k A0

i ) is a σ-algebra containing A0
i , i < k.

This implies that σ(
∨

i<k A0
i ) ⊃

∨
i<k Ai =

∨
i<k σ(A0

i ) and so
∨

i<k Ai ⊂
σ(
∨

i<k A0
i ). But

∨
i<k A0

i and A0
k are independent. Therefore to prove the

theorem, it suffices to show that it is true for n = 2. For fixed A1 ∈ A0
i ,

P(A1 ∩ A2) = P(A1)P(A2) (3.1.4)

on a monotone class of sets A2. This holds for A2 ∈ A0
2 and thus on σ(A0

2) =
A2. Let A2 be a fixed member of A2. Then (3.1.4) holds on a monotone class
of sets A1 which contains A0

1 and thus for all A1 ∈ A1 and A2 ∈ A2. ��
Corollary 3.1.1. Let A1, . . . ,An and B1, . . . ,Bm be independent σ-algebras.
Then σ(

∨n
i=1 Ai) and σ(

∨m
j=1 Bj) are independent.

This is a consequence of the independence of the algebras
∨n

i=1 Ai and
∨m

j=1 Bj

and Theorem 3.1.4.
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3.1.3 Infinite Sequences of Independent σ-Algebras

Let An, n = 1, 2, . . . , be σ-algebras of events. They are independent if
A1, . . . ,An are independent for all n. If Bn is a sequence of algebras , then⋃

n

∨n
k=1 Bk will be denoted by

∨
n Bn. It is clearly an algebra and it is the

smallest algebra containing all Bn. It consists of finite unions of sets of the
form

⋂n
k=1 Bk, where Bk ∈ Bk and n is arbitrary.

Theorem 3.1.5. If An is a sequence of independent σ-algebras, then
A1, . . . ,An and σ(

∨∞
k=n+1 Ak) are independent for any n.

Proof. By Theorem 3.1.2, A1, . . . ,An and
∨m

k=n+1 Ak are independent for
all m > n. Therefore the algebras A1,A2, . . . ,An and

∨∞
k=n+1 Ak =⋃

m

∨m
k=n+1 Ak are independent. It remains to apply Theorem 3.1.4. ��

(a) Kolmogorov’s zero-one law. Let An be a sequence of σ-algebras.⋂
n σ(
∨∞

k=n Ak) is called the tail σ-algebra. It characterizes the events that
are expressible in terms of the events in Ak with arbitarily large indices. If
we interpret the index k of Ak as time and Ak as the σ-algebra of observable
events at time k, then the tail σ-algebra comprises events that occur “later”
than any finite moment of time.

Kolmogorov’s Theorem (Zero-One Law). If the σ-algebras An are inde-
pendent and A is any event in the tail σ-algebra, then P(A) is either 0 or 1
(this means that the tail σ-algebra is trivial).

Proof. By Theorem 3.1.5, the σ-algebras A1,A2, . . . ,An and
⋂

m σ(
∨∞

k=m Ak)
are independent for every n (the last σ-algebra is a subset of σ(

∨∞
k=n+1 Ak)).

Thus for all n, the algebras
∨n

i=1 Ai,
⋂

m σ(
∨∞

k=m Ak) and
⋃

n

∨n
i=1 Ai =∨∞

i=1 Ai,
⋂

m σ(
∨∞

k=m Ak) are independent. This is a consequence of Theo-
rem 3.1.2. Therefore, by Theorem 3.1.4, σ(

∨∞
i=1 Ai) and

⋂
m σ(

∨∞
k=m Ak)

are independent. If A ∈
⋂

m σ(
∨∞

k=m Ak), then A ∈ σ (
∨∞

k=1 Ai) and by
virtue of the independence of these σ-algebras, P(A ∩ A) = P(A)P(A) or
P(A) = P2(A). The theorem is proved. ��

(b) The Borel-Cantelli Lemma. The next assertion concerns an infinite se-
quence of events and for independent events, furnishes necessary and sufficient
conditions for finitely many of these events to happen with probability 1. Let
Ak be a sequence of events. The event that Ak’s with arbitrarily large indices
have occurred (which is equivalent to infinitely many of the Ak’s having oc-
curred) is representable as

⋂
n

⋃∞
k=n Ak. Let Ak be the σ-algebra comprising

the events Ω, Ak, Ω \ Ak, ∅. Then
⋂

n

⋃∞
k=n Ak ∈

⋂
n σ(
∨∞

k=n Ak). If the Ak’s
are independent (that is, A1, . . . , An are independent for all n), then the σ-
algebras Ak are independent. In that case, P(

⋂
n

⋃∞
k=n Ak) equals 0 or 1 by

the zero-one law.
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Borel-Cantelli Lemma.

1. If
∑∞

k=1 P(Ak) < ∞, then P(
⋂

n

⋃∞
k=n Ak) = 0;

2. If the events Ak are independent and
∑∞

k=1 P(Ak) = ∞, then
P(
⋂

n

⋃∞
k=n Ak) = 1.

Proof. 1. For any choice of m,

P

(⋂
n

∞⋃
k=n

Ak

)
≤ P

( ∞⋃
k=m

Ak

)
≤

∞∑
k=m

P(Ak)

and the right-hand side tends to zero.
2. The events Ω \ Ak are also independent. We have

P

(⋂
n

∞⋃
k=n

Ak

)
= 1 − P

(⋃
n

∞⋂
k=n

(Ω \ Ak)

)
.

Then

P

(⋃
n

∞⋂
k=n

(Ω \ Ak

)

= lim
n→∞ P

( ∞⋂
k=n

(Ω \ Ak

)
= lim

n→∞ lim
m→∞ P

(
m⋂

k=n

(Ω \ Ak)

)

= lim
n→∞ lim

m→∞

m∏
k=n

(1 − P(Ak)) = lim
n→∞

∞∏
k=n

(1 − P(Ak)) = 0

since the divergence of
∑∞

k=1 P(Ak) implies that
∏∞

k=n(1 − P(Ak)) = 0 for
all n. ��

3.1.4 Independent Random Variables

Let (Xn,Bn) be a (finite or infinite) sequence of measurable spaces and
let ξn(ω) be a random element in (Xn,Bn) defined on a probability space
(Ω, F ,P). Let Aξn

be the σ-algebra of events {ω : ξn(ω) ∈ Bn} with Bn ∈ Bn

(this is the σ-algebra generated by ξn). Then {ξn} is said to be a sequence
of independent random elements if {Aξn} is a sequence of independent σ-
algebras.

Let F(Xn,B)n
be the space of bounded Bn-measurable scalar functions on

Xn. A subset Tn of F(Xn,Bn) is called complete if the relation∫
f(x)µ1(dx) =

∫
f(x)µ2(dx), f ∈ Tn ,

with µ1 and µ2 finite measures on Bn, entails that µ1 = µ2.
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Theorem 3.1.6. 1. If ξ1(ω), . . . , ξn(ω) are independent random elements,
then

E
n∏

k=1

gk(ξk) =
n∏

k=1

Egk(ξk) (3.1.5)

for any choice of gk ∈ F(Xk,Bk), k = 1, . . . , n.
2. If (3.1.5) holds for all gk ∈ Tk, with Tk a complete subset of F(Xk,Bk) then
ξ1(ω), . . . , ξn(ω) are independent.

Proof. 1. The relation (3.1.5) holds if the gk are indicator functions. Both
sides of (3.1.5) are linear and continuous in gk under uniform convergence
and every function in F(Xk,Bk) can be expressed as the uniform limit of
finite linear combinations of indicator functions.

2. Let us show that (3.1.5) is satisfied by all gk ∈ F(Xk,Bk). The left-hand
side of (3.1.5) is clearly representable as

∫
g1(x)µ1(dx), where µ1(B1) =

EIB1(ξ1)g2(ξ2) . . . gn(ξn). The right-hand side of (3.1.5) is representable
as
∫

g1(x)µ̃1(dx), where µ̃1(B) = P{ξ1 ∈ B1}Eg2(ξ2) . . . gn(ξn). This is
true for all g1 ∈ F(X1,B1). If g1 ∈ T1, then

∫
g1(x)µ1(dx) =

∫
g1(x)µ̃1(dx)

and hence µ1 = µ̃1. Therefore (3.1.5) holds for all g1 ∈ F(X1,B1), g2 ∈
T2, . . . , gn ∈ Tn. Similar reasoning shows that (3.1.5) holds for all g1 ∈
F(X1,B1); g2 ∈ F(X2,B2), g3 ∈ T3, . . . gn ∈ Tn and so on. For ξ1, . . . ξn to
be independent, it suffices to prove that (3.1.5) is satisfied by indicator
functions.

��

Remark. If ξk is an infinite sequence of independent elements, then statement
1 is valid for all n; if (3.1.5) holds for all n and gk ∈ Tk, then the ξk are
independent.

Corollary 3.1.2. Let Xn = Rd and Bn = BRd . Vectors ξk ∈ Rd, k = 1, . . . , n,
are independent if
1. for any continuous functions f1, . . . , fn ∈ CRd ,

E
n∏

k=1

fk(ξk) =
n∏

k=1

Efk(ξk) ;

2. for any z1, . . . , zn ∈ Rd

E exp

{
i

n∑
k=1

(ξk, zk)

}
=

n∏
k=1

E exp{i(ξk, zk)} .

Statements 1 and 2 result because CRd , and {exp{i(z, x)} : z ∈ Rd} are
respectively complete sets.

Corollary 3.1.3. If the R1-variables ξ1, ξ2, . . . , ξn are independent, then
1. their joint distribution function is the product of the separate (marginal)
distribution functions of the ξk:
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Fξ1,...,ξn(x1, . . . , xn) = P{ξ1 < x1, . . . , ξn < xn} =
n∏

k=1

Fξk
(xk) ;

2. their joint characteristic function is the product of the characteristic func-
tions of the ξk:

ϕξ1...ξn
(t1, . . . , tn) = E exp

{
i

n∑
k=1

tkξk

}
=

n∏
k=1

ϕξk
(tk)

and each of these conditions implies the independence of ξ1, . . . , ξn.

Corollary 3.1.4. If ξ1, . . . , ξn are independent random variables and E|ξk| <
∞, then Eξ1 . . . ξn =

∏n
k=1 Eξk.

This assertion is easily proved by passing to the limit from bounded vari-
ables.

3.2 Sequences of Independent Random Variables

3.2.1 Sums of Independent Random Variables

Let ξ1, ξ2, . . . be a sequence of independent random variables in R1. Consider
the successive sums ζk = ξ1 + . . . + ξk, k = 1, 2, . . .. The distribution function
of the sum of two independent variables ξ and η is easily seen to be expressible
as the convolution of their distribution functions:

Fξ+η(x) = Fξ(x) ∗ Fη(x) =
∫

Fξ(x − y)dFη(y) .

If Fi is the distribution function of ξi, then the distribution function Fζk

of ζk is F1 ∗ F2 ∗ . . . ∗ Fk (it is easy to show that convolution is commutative
and associative). The characteristic function of a sum is even more simple to
express in terms of the characteristic functions of the variables, namely,

E exp

{
it

n∑
1

ξk

}
= E

n∏
k=1

exp{itξk} =
n∏

k=1

E exp{itξk} .

That is, the characteristic function of a sum of independent random variables
is the product of the characteristic functions of the terms. In exactly the same
way, if the ξk’s are nonnegative random variables and λ > 0, then

E exp

{
−λ

n∑
1

ξk

}
=

n∏
k=1

E exp{−λξk} .

The Laplace transform of a sum of independent random variables is the prod-
uct of their Laplace transforms. If the ξk’s are nonnegative integer-valued
independent random variables and |z| ≤ 1, then
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Ezξ1+...+ξn =
n∏

k=1

Ezξk .

The function Ezξ, with ξ integer-valued and nonnegative, is called the
generating function of ξ. Thus, the generating function of a sum of independent
random variables equals the product of the generating functions of the terms.

(a) Chebyshev’s inequality. The law of large numbers. Let ξ be a random
variable for which Eξ2 < ∞. Then for any positive c,

P{|ξ − Eξ| > c} ≤ Vξ/c2 . (3.2.1)

This inequality is proved as follows. If η > 0, Eη < ∞ and a > 0, then

P{η > a} ≤ a−1Eη . (3.2.2)

Clearly, η ≥ aI{η≥a}. Taking the expectation, we arrive at (3.2.2). To
deduce (3.2.1), one need only apply (3.2.2) with η = (ξ − Eξ)2 and a =
c2. The inequalities (3.2.1) and (3.2.2) are known as Chebyshev’s inequality.
Chebyshev obtained (3.2.1) for sums of independent random variables and
used it to prove the next theorem known as the law of large numbers.

We need the following basic property. If ξ and η are independent, then
V(ξ + η) = V(ξ) + V(η) provided the right-hand side is finite. Indeed,

V(ξ + η) = E(ξ + η)2 − (Eξ + Eη)2

= Eξ2 + 2Eξη + Eη2 − (Eξ)2 − 2EξEη − (Eη)2 = Vξ + Vη

since Eξη = EξEη by the independence of ξ and η. The variance of a sum of
any number of independent random variables equals the sum of their variances.
This is simple to prove.

Chebyshev’s Theorem. Let ξ1, ξ2, . . . , ξn, . . . be independent random vari-
ables for which Eξn and Vξn exist and let supn Vξn < ∞. Then for any
positive ε,

lim
n→∞ P

{∣∣∣∣∣ 1n
n∑

k=1

ξk − 1
n

n∑
k=1

Eξk

∣∣∣∣∣ > ε

}
= 0 . (3.2.3)

Proof. On the basis of (3.2.1), the probability in (3.2.3) can be majorized
above by

1
ε2 V

(
1
n

n∑
k=1

ξk

)
=

1
n2ε2

n∑
k=1

Vξk = O

(
1

nε2

)
.

��
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Chebyshev’s Theorem establishes that the difference between the average
of random variables and the average of their expectations converges to zero
in probability. Theorems that give conditions for this property to be true are
called laws of large numbers. The law of large numbers asserts that the average
of a large number of random variables is “practically” nonrandom. A physical
illustration of the law is the constancy of the pressure of a gas on the walls
of a container although this pressure is determined by the overall momentum
of the molecules of gas colliding with the walls. The law of large numbers is
used in precision measurements with instruments that yield random errors.
By taking the average of n independent measurements, one will obtain as
precise a value as desired for the quantity being measured if n is sufficiently
large.

Remark. Bernoulli’s theorem (p. 25) is a special case of Chebyshev’s theorem.
For, if the An are independent random events with P(An) = p, and if ξn =
IAn

, then νn =
∑n

1 ξk, Eξn = p and Vξn = p − p2. Since the variables ξn are
independent,

lim
n→∞ P

{∣∣∣∣ 1nνn − p

∣∣∣∣ > ε

}
= 0

for all positive ε.

3.2.2 Kolmogorov’s Inequality

Kolmogorov’s Theorem. Let ξ1, . . . , ξn be independent random variables
with Eξk = 0 and Vξk < ∞ and let ζk = ξ1 + . . .+ ξk. Then for every positive
a

1. P
{

sup
k≤n

|ζk| > a

}
≤ a−2Vζn; if in addition, |ξk| ≤ c, k = 1, . . . , n, then

2. Vζn ≤ (a + c)2

P{supk≤n |ζk| ≤ a} .

Proof. Let χ1 = I{|ζ1|>a} and χk = I{|ζ1|≤a,...,|ζk−1|≤a,|ζk|>a}, k = 2, . . . , n.
Then

∑n
k=1 χk = I{supk |ζk|>a}. χk is independent of ξk+1, . . . , ξn. Therefore

E(ζn − ζk)χkζk = E(ζn − ζk)Eχkζk = 0 ,

E(ζn − ζk)2χk = E(ζn − ζk)2Eχk ≤ Eχk · Eζ2
n .

It is also evident that

aχk ≤ |ζk|χk ≤ (a + sup
k

|ζk|)χk .

Thus
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Eζ2
n ≥ Eζ2

n

n∑
k=1

χk = E
n∑

k=1

[(ζn − ζk)2χk + 2(ζn − ζk)χkζk + ζ2
kχk]

≥ a2E
n∑

k=1

χk = a2P
{

sup
k≤n

|ζk| > a

}
.

This yields statement 1. For 2,

Eζ2
n = Eζ2

n

n∑
k=1

χk + Eζ2
n

(
1 −

n∑
k=1

χk

)
≤

n∑
k=1

(Eζ2
kχk + Eχk · Eζ2

n)

+ a2E

(
1 −

n∑
k=1

χk

)
≤ P

{
sup
k≤n

|ζk| > a

}
Eζ2

n + (a + c)2
n∑

k=1

Eχk

+ a2

(
1 −

n∑
k=1

Eχk

)
≤ Eζ2

nP
{

sup
k≤n

|ζk| > a

}
+ (a + c)2 .

From this we obtain statement 2. ��

We now give one further inequality in which P
{
supk≤n |ζk| > a

}
is esti-

mated. First, there is this result.

Theorem 3.2.1. For some α and all k = 1, 2, . . . , n, let P{ζn − ζk ≥ α} ≥
β > 0. Then

P
{

sup
k≤n

ζk > a

}
≤ 1

β
P{ζn > a + α} . (3.2.4)

Proof.

P{χk = 1} ≤ 1
β
P{χk = 1}P{ζnζk ≥ α} =

1
β
P{χk = 1, ζn − ζk ≥ α}

≤ 1
β
P{χk = 1, ζn > a + α}

(we have made use of the independence of χk and ζn − ζk in this). Summing
these inequalities, we obtain (3.2.4) since∑

P{χk = 1, ζn > a + α} ≤ P{ζn > a + α}

because the events {χk = 1} are mutually exclusive for different values of k.
��

Corollaries.

1. If the random variables ξk have symmetric distributions (which means that
ξk and −ξk have the exact same distribution), then

P
{

sup
k≤n

ζk > a

}
≤ 2P{ζn > a}, P

{
sup
k≤n

|ζk| > a

}
≤ 2P{|ζn| > a} .
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2. If P{|ζn − ζk| ≤ c} ≥ β for some positive c, all k = 1,2, . . . , n and positive
β, then for a > c,

P
{

sup
k≤n

|ζk| > a

}
≤ 1

β
P{|ζn| > a − c} .

In the first case, ξk and −ξk satisfy the hypotheses of the theorem with
α = 0 and β = 1

2 . In the second case, ξk and −ξk satisfy the hypotheses of
the theorem with α = −c. Writing out the further relation

P
{

sup
k≤n

(−ζk) > a

}
≤ 1

β
P{−ζn > a + α}

and combining it with (3.2.4), we arrive at the inequality for the absolute
value. ��

3.2.3 Convergence of Series of Independent Random Variables

Suppose that an decreases monotonely to zero. Then the series
∑

(−1)nan

always converges. One could pose the following question. What can be said
about the convergence of a series if the sign of the n-th term is selected at
random? More precisely, this means that we want to investigate

∑
εkak where

εk is a sequence of independent random variables each assuming the values 1
or −1 with probabilities 1/2. (This is an example of a series of independent
random variables.) It is natural to examine the convergence of such a series.
Kolmogorv’s zero-one law implies that the series either converges with prob-
ability 1 or else it diverges with probability 1. Henceforth, we shall consider∑∞

k=1 ξk whose terms ξk are independent random variables; ζn =
∑n

k=1 ξk are
its partial sums.

Theorem 3.2.2. Suppose that Eξk and Vξk exist.
1. The series

∑∞
k=1 ξk is convergent with probability 1 if

∑∞
k=1 Eξk and∑∞

k=1 Vξk are convergent.
2. If P{|ξk| > c} = 0 for some positive c, then the conditions in part 1 are
necessary for

∑∞
k=1 ξk to converge in probability (and thus also with probability

1).

Proof. 1. With no loss of generality, we may assume that Eξk = 0. Then for
a > 0, we have by Kolmogorov’s inequality that

P
{

sup
n<k≤m

|ζk − ζn| > a

}
≤ a−2

m∑
k=n+1

Vξk ≤ a−2
∞∑

k=n+1

Vξk .

Letting m → ∞, we find that

P
{

sup
k>n

|ζk − ζn| > a

}
≤ a−2

∞∑
k=n+1

Vξk .
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Thus

P

{
sup

k,l>n
|ζk − ζl| > 2a

}
≤ P

{
sup
k>n

|ζk − ζn| > a

}

+P
{

sup
l>n

|ζl − ζn| > a

}
≤ 2a−2

∞∑
k=n+1

Vξk .

Let ηn = supk,l>n |ζk − ζl|. The random variables ηn decrease with n and so
limn→∞ ηn = η exists. Clearly,

P{η > 2a} ≤ lim
n→∞ P{ηn > a} = 0 .

Therefore the series
∑

ξk satisfies the Cauchy convergence criterion with prob-
ability 1.

2. We now apply the symmetrization process which is often used in the
study of sums of independent random variables. Consider along with the ran-
dom variables ξk another sequence ξ′

k of independent random variables. The
collections of variables {ξk, k = 1, 2, . . .} and {ξ′

k, k = 1, 2, . . .} are also inde-
pendent and ξk and ξ′

k have the exact same distribution. Such variables may be
formed by taking a second copy of the original probability space (Ω, F ,P). If
we denote it by (Ω′,F ′,P′), we can investigate the product of the probability
spaces (Ω×Ω′,F ×F ′,P×P′). If the ξk(ω) are the original random variables,
then they may be viewed as variables on the product space: ξk(ω, ω′) = ξk(ω).
The variables ξ′

k are then ξk(ω′). The random variables ξ̃k = ξk − ξ′
k are sym-

metric. Clearly, |ξ̃k| ≤ 2c, Eξ̃k = 0 and Vξ̃k = 2Vξk.
By hypothesis, there is a positive r such that for all n,

P{|ζ̃n| > r} ≤ 1
4

.

By Corollary 1 of Sect. 3.2.2,

P
{

sup
k≤n

|ζ̃k| > r

}
≤ 1

2
.

From part 2 of Kolmogorov’s inequality, it follows that for all n,

Vζ̃n ≤ 2(r + 2c)2 and 2
n∑

k=1

Vξk ≤ 2(r + 2c)2 .

Thus,
∑∞

k=1 Vξk < ∞. The sequence ξk −Eξk satisfies the hypotheses of part
1 of the theorem and so

∑∞
k=1(ξk − Eξk) converges with probability 1 and in

probability. By hypothesis,
∑∞

k=1 ξk also converges in probability and so the
difference

∑∞
k=1 Eξk of these two series also converges (the latter is a series

of nonrandom terms; its convergence in probability is the same as ordinary
convergence). ��
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Corollary. The series
∑∞

k=1 εkak, in which the εk are independent and iden-
tically distributed random variables, P{εk = ±1} = 1

2 , and ak is a bounded
sequence, converges with probability 1 if and and only if

∑
a2

k < ∞.

Kolmogorov’s Three-Series Theorem. The series
∑

ξk of independent
random variables is convergent if and only if for some positive c

(a)
∑

P{|ξk| > c}, (b)
∑

EξkI{|ξk|≤c}, (c)
∑

VξkI{|ξk|≤c}

are convergent.

Proof. If the series (a) converges, then so does∑
ξkI{|ξk|>c} (3.2.5)

since by the Borel-Cantelli lemma it has only finitely many nonzero terms with
probability 1. If the series (b) and (c) converge, then so does

∑
ξkI{|ξk|≤c}

by virtue of part 1 of Theorem 3.2.2. This establishes the sufficiency of the
hypotheses of the theorem.

Now let
∑

ξk converge with probability 1. Then P{limn→∞ ξn = 0} = 1.
Thus,for any choice of positive c, only finitely many of the events {|ξk| > c}
occur with probability 1 and so the series (a) is convergent. But then the
series (3.2.5) converges with probability 1 and hence so does the series∑

ξkI{|ξk|≤c} .

It remains to make use of part 2 of Theorem 3.2.2. ��

3.2.4 The Strong Law of Large Numbers

The law of large numbers establishes the convergence in probability of the
difference between the average of n random variables and the average of their
expectations. If convergence in probability is replaced by convergence with
probability one then the corresponding theorems are known as strong laws of
large numbers.

Theorem 3.2.3. Suppose that ξk is a sequence of independent random vari-
ables for which Eξk and Vξk exist. If

∑
(1/k2)Vξk < ∞, then

P

{
lim

n→∞
1
n

n∑
k=1

(ξk − Eξk) = 0

}
= 1 .

Proof. We may assume that Eξk = 0. Put ηn = supm≤2n |
∑m

k=1 ξk|. Then∣∣∣∣∣ 1
m

m∑
k=1

ξk

∣∣∣∣∣ ≤ 2−nηn+1
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for 2n ≤ m ≤ 2n+1. We have to prove that limn→∞ 2−nηn = 0 with probability
1. To this end, it suffices to show that

∑
n P{2−nηn > ε} converges for any

positive ε since by the Borel-Cantelli lemma, there then exists an N such that
2−nηn ≤ ε for n > N . On the basis of Kolmogorov’s inequality,

∑
n

P{ηn > 2nε} ≤
∑

n

ε−22−2n
n∑

k≤2n

Vξk

= ε−2
∞∑

k=1

Vξk

∑
n≥log2 k

2−2n = O(ε−2)
∞∑

k=1

Vξk

k2 < ∞ .

��

Theorem 3.2.4. Suppose that ξk is a sequence of independent and identically
distributed random variables. Then there exists a constant a such that

P

{
lim

n→∞
1
n

n∑
k=1

ξk = a

}
= 1 (3.2.6)

if and only if Eξ1 exists and a = Eξ1.

Proof. Let (3.2.6) hold for some a. Then P{limn→∞ 1
nξn = 0} = 1. By

the Borel-Cantelli lemma,
∑

P{| 1
nξn| > c} < ∞, c > 0, since the events{

| 1
nξn| > c

}
are independent and only finitely many of them occur. There-

fore,

E|ξ1| ≤
∞∑

k=1

ckEI{(k−1)c<|ξ1|≤kc} = c

∞∑
k=1

kP{(k − 1)c < |ξ1| ≤ kc}

≤ c

∞∑
k=1

P{|ξ1| > kc} < ∞ .

Now let E|ξ1| < ∞ We may assume that Eξ1 = 0. Put ξ′
n = ξnI{|ξn|≤n}

and ξ′′
n = ξn − ξ′

n. Then∑
P{ξ′′

n �= 0} =
∑

P{ξn| > n} < ∞

and beginning with some index, ξ′′
n = 0 and

P

{
lim

n→∞
1
n

n∑
k=1

ξ′′
k = 0

}
= 1 . (3.2.7)

The hypotheses of Theorem 3.2.2 hold for ξ′
n because

∞∑
n=1

1
n2 Vξ′

n ≤
∞∑

n=1

1
n2

∫
|x|≤n

x2P{ξ1 ∈ dx} =
∫ ∞∑

n=1

x2

n2 I{|x|≤n}P{ξ1 ∈ dx}

≤ c1

∫
|x|P{ξ1 ∈ dx} = c1E|ξ1| ,
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in which c1 = supx |x|
∑

n>|x| n
−2. Hence,

P

{
lim

n→∞
1
n

n∑
k=1

(ξ′
k − Eξ′

k) = 0

}
= 1 .

Since

lim
n→∞

1
n

n∑
1

Eξ′
k = lim

n→∞

∫ n

−n

xP{ξ1 ∈ dx} = Eξ1 = 0 ,

it follows that also

P

{
lim

n→∞
1
n

n∑
k=1

ξ′
k = 0

}
= 1 . (3.2.8)

The relations (3.2.7) and (3.2.8) show that (3.2.6) holds with a = 0. ��

A most important consequence of Theorem 3.2.4, is the following refine-
ment of Bernoulli’s theorem.

Corollary. If An is a series of independent events with P(An) = p and νn is
the number of events that occur among A1, A2, . . . , An, then

P
{

lim
1
n

νn = p

}
= 1,

that is, the relative frequency tends to the probability almost surely.

Nevertheless, the attempt to define probability as the limit of the relative
frequency (the axiom of von Mises) proves to be logically untenable.

3.3 Random Walks

Let ξ1, ξ2, . . . , ξn, . . . be a sequence of independent and identically distributed
random variables. The sequence with ζ0 = x and ζn = x +

∑n
k=1 ξk, n =

1, 2, . . . , is called a random walk, x is its initial position, ξk is the k-th step
of the walk and ζn is its position at time n (after the n-th step). A random
walk is customarily interpreted as the motion of a particle taking independent
random steps. It is one of the simplest stochastic processes with discrete time.
One is usually interested in the behavior of this process on an infinite time
interval.

3.3.1 The Renewal Scheme

Let x = 0 and P{ξ1 > 0} = 1. The corresponding random walk is often
interpreted as follows. Let there exist a device running for a random time. As
soon as it goes out of commission, it is replaced by an identical one and so
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on. If 0 is the moment that the first device is switched on, ξ1 is its running
time and ξn is the running time of the n-th device, then it is reasonable
to assume that the ξk’s are independent and identically distributed. Thus,
ζn = ξ1 + . . . + ξn, the moment that the n-th device stops running (and the
(n + 1)st is switched on), is called a renewal or regeneration time.

Let ν(t) be the number of the device running at time t; ν(t) = n if ζn−1 ≤
t < ζn. N(t) = Eν(t) is called the renewal function. The basic results of
renewal theory (this is the name given to the section of probability that studies
the process ν(t)) concern the asymptotic behavior of N(t). Let g(λ) = Ee−λξ1

be the Laplace transform of ξ1. It is easy to see that

N(t) =
∞∑

n=1

nP{ν(t) = n} =
∞∑

n=1

nP{ζn−1 ≤ t < ζn}

=
∞∑

n=1

n(P{ζn > t} − P{ζn−1 > t}) .

Therefore∫ ∞

0
e−λtN(t)dt =

∞∑
n=1

n

∫ ∞

0
e−λt(P{ζn > t} − P{ζn−1 > t})dt

=
∞∑

n=1

n(gn−1(λ) − gn(λ))/λ =
1

λ(1 − g(λ))
.

It follows from this relation that N(t) is finite for all t.

Theorem 3.3.1. Let Eξ1 < ∞. Then

lim
t→∞

1
t
N(t) =

1
Eξ1

.

Proof. It is easy to see that ν(ζn +h)− ν(ζn) is independent of ξ1, . . . , ξn and
is distributed the same as ν(h) − ν(0) = ν(h) − 1 (ν(ζn + h) − ν(ζn) is the
number of renewals on ]ζn, ζn + h]; since the left-hand endpoint is a renewal
time, this number has the same distribution as the number of renewals on
]0, h]). If ζk−1 ≤ t < ζk, then ν(ζk) − ν(t) = 1 and so

ν(t + h) − ν(t) =
∑

k

I{ζk−1<t≤ζk}I{ζk<t+h}(ν(t + h) − ν(t))

≤
∑

k

I{ζk−1<t≤ζk}I{ζk<t+h}(ν(t + h) − ν(ζk) + 1)

≤ ν(ζk + h) − ν(ζk) + 1 .

Taking the expectation, we obtain N(t + h) ≤ N(t) + N(h). From this in-
equality it follows that lim supt→∞ N(t)/t < ∞. Let c = lim inft→∞ N(t)/t.
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If tn is a sequence such that limn→∞
N(tn)

tn
= c, then limn,m→∞

N(mtn)
mtn

≤ c
and so

lim
t→∞

N(t)
t

= c .

To determine c, we use the relation∫ ∞

0
e−λtN(t)dt =

∫ ∞

0
e−u 1

λ
N
(u

λ

)
du =

1
λ(1 − g(λ))

or

λ

1 − g(λ)
=
∫ ∞

0
e−uλN

(u

λ

)
du .

Letting λ → 0 and noting that limλ→0(1−Ee−λξ1)/λ = Eξ1, we complete the
proof of the theorem. ��

This theorem shows that N(t) ∼ 1
Eξ1

· t, that is, the expected number of
renewals in time t is asymptotically proportional to the time and inversely
proportional to the mean running time of a device. A more precise study of
the asymptotic behavior of N(t) as t → ∞ necessitates distinguishing two
cases.

(a) Arithmetic distributions. A random variable ξ in R has an arithmetic
distribution if h−1ξ is integer-valued for some h. The largest such h is the
distribution span. If f(z) = Eeizξ is the characteristic function of an arith-
metically distributed ξ with span h, then 2πh−1 is the smallest positive root
of the equation f(z) = 1. This follows because h is the smallest positive num-
ber belonging to the minimal group G that contains all those real x for which
P{ξ = x} > 0.

Theorem 3.3.2. Suppose that ξ1 is arithmetically distributed with span h and
Eξ1 < ∞. Then

lim
t→∞[N(t + h) − N(t)] =

h

Eξ1

Proof. We shall assume that h = 1. Let qn =
∑

k P{ζk = n}, n ≥ 1, q0 = 1.
Then N(t) = q0 + . . . + qt for positive integral t. To prove the theorem, it
suffices to show that

lim
t→∞ qt =

1
Eξ1

.

Let f(z) = Eeizξ1 =
∑

P{ξ1 = n}eizn. Then fk(z) = Eeizζk =∑
P{ζk = n}eizn. Therefore
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qn =
∞∑

k=0

1
2π

∫ π

−π

e−iznfk(z)dz =
∞∑

k=0

1
2π

∫ π

−π

(e−izn − eizn)fk(z)dz

=
1
πi

∞∑
k=0

∫ π

−π

sin nzfk(z)dz .

Noting that f(z) �= 1 for 0 ≤ |z| ≤ π, f ′(0) = iEξ1 and thus that
∣∣∣ sin nz
1−f(z)

∣∣∣ is
bounded, we can interchange the summation and integration. Therefore

qn =
1
πi

∫ π

−π

sin nz

z
· z

1 − f(z)
dz =

1
Eξ1

− 1
πif ′(0)

∫
|z|>nπ

sin z

z
dz

+
1
πi

∫ π

−π

sin nz

z

(
z

1 − f(z)
− 1

f ′(0)

)
dz .

The last integral tends to zero if f(z) is continuously differentiable and f(z) �=
f(0). This is a purely analytic and easily proved fact. ��

Remark. If Eξ1 = ∞, the theorem remains true if we put 1
∞ = 0.

(b) Nonarithmetic Distributions. Now let ξ1 have a nonarithmetic distribu-
tion, that is, it is not arithmetically distributed. If f(z) = Eeizξ1 , then
Re f(z) < 1 for z �= 0.

Theorem 3.3.3. If ξ1 has a nonarithmetic distribution and Eξ1 < ∞, then
for all u > 0,

lim
t→∞(N(t + u) − N(t)) =

u

Eξ1
.

If Eξ1 = ∞, the right-hand side of this last relation is zero.

Proof. It suffices to prove that if ψ(u) is any sufficiently smooth function with
compact support, then

lim
t→∞

∫
ψ(u)dN(t + u) = lim

t→∞

∫
ψ(u − t)dN(u) =

1
Eξ1

∫
ψ(u)du .

Now
∫

ψ(u − t)dN(u) =
∑∞

n=0 Eψ(ζn − t). If ψ(u) =
∫

eiuvψ̃(v)dv, then
Eψ(ζn − t) =

∫
e−ivt

∑∞
n=0 fn(v)ψ̃(v)dv. Hence,

∫
ψ(u − t)dN(u) =

∫
e−ivt

∞∑
n=0

fn(v)ψ̃(v)dv

=
∫

e−ivt − eivt

1 − f(v)
ψ̃(v)dv = 2

∫
sin vt

v
· −iv

1 − f(v)
ψ̃(v)dv .

Again we use the fact that limv→0
−iv

1−f(v) = 1
Eξ1

and that it is permissible to
take the limit (which is a purely analytic problem causing no difficulties). We
find that the limit of the right-hand side is
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2ψ̃(0)
Eξ1

lim
t→∞

∫
sin vt

v
dv =

2πψ̃(0)
Eξ1

=
1

Eξ1

∫
ψ(u)du

since by the inversion formula,

ψ̃(v) =
1
2π

∫
e−ivuψ(u)du, ψ̃(0) =

1
2π

∫
ψ(u)du .

��

3.3.2 Recurrency

We now examine a random walk that starts at x = 0. A random walk is
called arithmetic if the step ξ1 is arithmetically distributed. Otherwise, it is
nonarithmetic. The distribution span is then the step of the random walk.

(a) Arithmetic walks. Consider an integer-valued walk of step 1. Define the
random variable ν to be the smallest positive n for which ζn = 0. If ζn �= 0 for
all n > 0, then set ν = ∞. A random walk is called recurrent if P{ν < ∞} = 1.
If P{ν = ∞} > 0, then it is called nonrecurrent.

Theorem 3.3.4. In order for a walk to be recurrent, it is necessary and suf-
ficient that

∑∞
n=1 P{ζn = 0} = ∞.

Proof. If ζn = 0, then ν < n. Thus, these events satisfy the relation

{ζn = 0} =
n⋃

k=1

{ν = k} ∩ {ζn = 0} =
n⋃

k=1

{ν = k} ∩ {ζn − ζk = 0} .

The events {ν = k} and {ζn − ζk = 0} are independent. Consequently,

P{ν = k, ζn − ζk = 0} = P{ν = k}P{ζn − ζk = 0}
= P{ν = k}P{ζn−k = 0} ,

and so

P{ζn = 0} =
n∑

k=1

P{ν = k}P{ζn−k = 0} .

Multiply this equation by λn with |λ| < 1 and sum over n obtaining

∞∑
n=1

λnP{ζn = 0} =
∞∑

n=1

n∑
k=1

λkP{ν = k}λn−kP{ζn−k = 0}

=
∞∑

n=1

λnP{ν = n}
(

1 +
∞∑

n=1

λnP{ζn = 0}
)

or
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∞∑
n=1

P{ν = n}λn =
∞∑

n=1

P{ζn = 0}λn

(
1 +

∞∑
n=1

λnP{ζn = 0}
)−1

.

Thus

P{ν < ∞} = lim
λ↑1

∞∑
n=1

P{ζn = 0}λn

(
1 +

∞∑
n=1

λnP{ζn = 0}
)−1

and the limit of the right-hand side is 1 if and only if
∑∞

n=1 P{ζn = 0} = ∞.
��

Remark. Let f(z) = Eeizξ1 . Then

P{ζn = 0} =
1
2π

∫ π

−π

fn(z)dz =
1
2π

∫ π

−π

Re fn(z)dz

and so
∞∑

n=0

P{ζn = 0} = lim
λ↑1

∞∑
n=0

λnP{ζn = 0} = lim
λ↑1

1
2π

∫ π

−π

Re
1

1 − λf(z)
dz .

The limit may be taken under the integral sign and so a random walk is
recurrent if and only if

∫ π

−π
Re 1

1−f(z)dz = ∞ (the integrand is nonnegative
and finite if z �= 0). A probabilistic proof exists but it is quite complicated
and there is no sense in reproducing it.

(b) Nonarithmetic walk. In this case, a walk is said to be recurrent if∑∞
n=1 I{ζn∈U} ≥ 1 almost surely for U any open set containing 0. Let νU

be the smallest subscript for which ζνU
∈ U . P{νU < ∞} = 1 for a recurrent

walk. Notice that
∞∑

n=1

I{ζn∈U} = ∞

for a recurrent walk. For, by taking V so that x + y ∈ U if x ∈ V and y ∈ V ,
one can write

∞∑
n=1

I{ζn∈U} ≥
∞∑

n>ν

I{ζn−ζνV
∈V } + 1 ,

and the right-hand sum is distributed the same as
∑∞

n=1 I{ζn∈V }.1 Therefore
if E

∑∞
n=1 I{ζn∈U} < ∞ for some open set U containing 0, the random walk

is not recurrent.
1 This is true because the event {νn = m} is independent of ξm+1, ξm+2, . . . for all

m.
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Assume now that a random walk is nonrecurrent. This means that there ex-
ists a neighborhood V (it may be taken to be an interval of the form (−2δ, 2δ))
for which P

{∑∞
n=1 I{ζn∈V } < ∞

}
> 0. Thus, P

{∑∞
n=1 I{ζn∈V } ≥ r

}
< α for

some positive r and α < 1. If U = (−δ, δ), then for all x

P

{ ∞∑
n=1

I{ζn−x∈U} ≥ r + 1

}
≤

∞∑
k=1

P
{

ζ1 − x �∈ U, . . . , ζk − x ∈ U,

∞∑
n=1

I{ζn−ζk∈U} ≥ r

}
≤

∞∑
k=1

P {ζ − x �∈ U, . . . , ζk−1 − x �∈ U, ζk − x ∈ U} ≤ α .

Next,

P

{ ∞∑
n=1

I{ζn−x∈U} ≥ 2r + 2

}
=

∞∑
k=1

P

{
k−1∑
n=1

I{ζn−x∈U} < r + 1,

k∑
n=1

I{ζn−x∈U} = r + 1,

∞∑
n=k+1

I{ζn−x∈U} ≥ r + 1

}

=
∞∑

k=1

EI{∑k−1
n=1 I{ζn−x∈U}<r+1=

∑k
n=1 I{ζn−x∈U}}

×P

{ ∞∑
n=k+1

I{ζn−ζk+ζk−x∈U} ≥ r + 1|ζk

}

since ζn − ζk is independent of ζk. The last probability does not exceed α and
so

P

{ ∞∑
n=1

I{ζn−x∈U} ≥ 2r + 2

}

≤ α

∞∑
k=1

P

{
k−1∑
n=1

I{ζn−x∈U} ≤ r + 1 =
k∑

n=1

I{ζn−x∈U}

}
≤ α2 .

In similar fashion, we can establish that

P

{ ∞∑
n=1

I{ζn−x∈U} ≥ mr + m

}
≤ αm .

Therefore

E
∞∑

n=1

I{ζn∈U} ≤ (r + 1)
∑
m

mαm−1 < ∞ .

We have proved the following statement.
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Theorem 3.3.5. A random walk is not recurrent if and only if
∑

n P{ζn ∈
U} < ∞ for some open set U containing 0.

It is easy to see that this also holds for any bounded open set U .

Remark. As in the arithmetic case, it is possible to express this condition in
terms of the characteristic function of the step. For recurrency, it is necessary
and sufficient that ∫ δ

−δ

Re
1

1 − f(z)
dz = ∞

for all positive δ.

3.3.3 Ladder Functionals

Let {ζn} with ζ0 = 0 be a random walk and let a ≥ 0. Define τa = inf{n >
0 : ζn > a} (if the set is empty, we take inf = ∞). If τa < ∞, let γa = ζτa − a.
The variable τa is called the overshoot time of level a and γa is the overshoot
of level a. They are also called ladder functionals. We shall study their joint
distribution. Observe that P{τa = k} = P{ζ1 ≤ a, . . . , ζk−1 ≤ a, ζk > a}. Let
F (y) be the distribution function of ξ1. Then

P{τa = k} =
∫ a

−∞
dF (y)P{ζ2 ≤ a, . . . , ζk−1 ≤ a, ζk > a|ζ1 = y}

=
∫ a

−∞
dF (y)P{ζ2 − ζ1 ≤ a − y, . . . , ζk−1 − ζ1 ≤ a − y,

ζk −ζ1 > a − y} =
∫ a

−∞
dF (y)P{τa−y = k − 1}

(we have used the fact that {ζn−1 − ζ1, n ≥ 2} is also a random walk with
steps ξ2, ξ3, . . .). Let |λ| < 1 and Q(λ, a) =

∑∞
k=1 λkP{τa = k}. Then

Q(λ, a) = λP{ξ1 > a} + λ

∫ a

−∞
Q(λ, a − y)dF (y), a ≥ 0 .

For a < 0, define Q(λ, a) = 0. This leads to the system of equations

Q(λ, a) = λ(1 − F (a+)) + λ
∫

Q(λ, a − y)dF (y), a ≥ 0
Q(λ, a) = 0, a < 0

}
. (3.3.1)

The first is a convolution equation on the half-line. Below we describe Wiener’s
method for solving such an equation.

Let ε(z) = 1 if z ≥ 0 and ε(z) = 0 if z < 0. We can rewrite (3.3.1) in
the form ε(z)λ(1 − F (z+)) = ε(z)

∫
Q(λ, z − y)d(ε(y) − λF (y)). Consider the

convolution of this equation with a function v1(t) of bounded variation such
that v1(t) = v1(0) for t > 0. We obtain
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λ

∫
ε(z − t)[1 − F ((z − t)+)]dv1(t)

=
∫

ε(z − t)
∫

Q(λ, z − t − y)d(ε(y) − λF (y))dv1(t) . (3.3.2)

Since ε(z − t)dv1(t) = dv1(t) for positive z, (3.3.2) leads to the equation

λΦ1(z) =
∫

Q(λ, z − y)dv2(y) , (3.3.3)

in which λΦ1(z) is the left-hand side of (3.3.2) and v2(y) =
∫

[ε(y−t)−λF (y−
t)]dv1(t). If v2(t) is constant for negative t, then equation (3.3.3) can be solved
by using Fourier transforms. Let

Φ̃1(µ) =
∫ ∞

0
eiµzdΦ1(z), Q̃(λ, µ) =

∫ ∞

0
eiµzdQ(λ, z), ṽ2(µ) =

∫ ∞

0
eiµzdv2(z)

(since Q(λ, a) = Eλτa and τa increases with a,Q(λ, a) is monotone in a for
0 < λ < 1). From (3.3.3) we obtain

λΦ̃1(µ) = Q̃(λ, µ)ṽ2(µ), Q̃(λ, µ) = λΦ̃1(µ)/ṽ2(µ) . (3.3.4)

To determine the functions ṽ1(µ) and ṽ2(µ), we make use of the equation

ṽ2(µ) = (1 − λf(µ))ṽ1(µ) , (3.3.5)

in which f(µ) =
∫

eiµydF (y) is the characteristic function of the step. Let
Fn(y) be the distribution function of ζn. Then

(1 − λf(µ))−1 = exp

{ ∞∑
n=1

λn

n
fn(µ)

}
= exp

{ ∞∑
n=1

λn

n

∫
eiµydFn(y)

}

= exp

{ ∞∑
n=1

λn

n

∫ 0

−∞
eiµydFn(y)

}/
exp

{
−

∞∑
n=1

λn

n

∫ ∞

0
eiµydFn(y)

}
.

Thus (3.3.5) will hold if we put

ṽ1(µ) = exp

{ ∞∑
n=1

λn

n

∫ 0

−∞
eiµydFn(y)

}

and

ṽ2(µ) = exp

{
−

∞∑
n=1

λn

n

∫ ∞

0
eiµydFn(y)

}
.

These are functions of bounded variation with the required properties since
ṽk(µ) =

∫
eiµtdvk(t) with2

2 a ∧ b = min(a, b); a ∨ b = max(a, b).
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vk(t) = ε(t) +
∑ 1

n
w∗n

k (t),

w1(t) =
∞∑

n=1

λn

n
Fn(t ∧ 0), w2(t) =

∞∑
n=1

λn

n
[Fn(t) − Fn(0)]I{t≥0} ,

and w∗n is the n-fold convolution of w with itself. Let v+(λ, t) be defined by
its Fourier transform∫

eiµtdv+(λ, t) =
1

ṽ2(µ)
= exp

{ ∞∑
n=1

λn

n

∫ ∞

0
eiµtdFn(t)

}
. (3.3.6)

Then from (3.3.4) we find that

Q(λ, x) = λ

∫ x

0
Φ1(x − t)dv+(λ, t) . (3.3.7)

Or if we substitute the value of Φ1(x) and recall that ε(z − t)dv1(t) = dv1(t)
for z ≥ 0,

Q(λ, x) = λ

∫ x

0

∫ ∞

−∞
[1 − F ((x − t − z)+)dv−(λ, z)dv+(λ, t) , (3.3.8)

where v−(λ, t) = v1(t).
The expression on the right-hand side of (3.3.8) may be transformed by

using

λ

∫
(1 − F (t − z))dv1(z)

= (λ − 1)v1(0) +
∫

(ε(t − z) − λF (t − z))dv1(z) = v2(z),

(1 − λ)v1(0) = (1 − λf(0))ṽ1(0) = ṽ2(0),∫ x

0
v2(x − t)dv+(λ, t) = ε(x)

for positive t to obtain

Q(λ, x) = ε(x) − ṽ2(0)v+(λ, x) .

This formula leads to the following expression for Q̃(λ, µ):

Q̃(λ, µ) = 1 − exp

{ ∞∑
n=1

λn

n

∫ ∞

0
(eiµx − 1)dFn(x)

}
. (3.3.9)

Now consider the function

Q1(λ, x, y) =
∞∑

k=1

λnP{τx = n, γx > y}, x ≥ 0 .
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Extending its definition so that Q1(λ, x, y) = 0 for x < 0, we find similarly to
Eq. (3.3.1) that

Q1(λ, x, y) = λ(1−F ((x+y)+))+λ

∫
Q1(λ, x−z, y)dF (z), x ≥ 0 . (3.3.10)

This equation differs from (3.3.1) in its free term. Its solution is given by
(3.3.7) with Φ1(x − t) replaced by Φ1(x + y − t). Therefore

Q1(λ, x, y) = λ

∫ x

0

∫
[1 − F ((x + y − t − z)+)]dv−(λ, z)dv+(λ, z) . (3.3.11)

(a) Semibounded walks. The zero-one law implies that the supn ζn is finite
either with probability 0 or probability 1. In the latter instance, the random
walk is bounded from above. If P{infn ζn > −∞} = 1, then the walk is
bounded from below.

Theorem 3.3.6. A random walk is bounded from above if and only if

∞∑
n=1

1
n
P{ζn > 0} < ∞ . (3.3.12)

Proof. Formula (3.3.9) is true for complex µ with Im µ ≥ 0. We replace µ in
it by iµ with µ > 0. This gives

∫ ∞

0
e−µxdQ(λ, x) = 1 − exp

{ ∞∑
n=1

λn

n

∫ ∞

0
(e−µx − 1)dFn(x)

}
.

Since Q(λ, 0−) = 0 by definition and the integrals are over regions that include
zero, the left-hand integral is equal to Q(λ, 0)+

∫∞
0+ e−µxdQ(λ, x). This integral

approaches zero as µ → ∞. Therefore

lim
λ↑1

λτ0 = I{τ0<∞}, P{τ0 < ∞} = 1 − exp

{
−

∞∑
n=1

1
n
P{ζn > 0}

}
. (3.3.13)

Consider the pairs (τ0, γ0), (τ
(1)
0 , γ

(1)
0 ), . . . defined sequentially as follows: if

τ0 < ∞, then τ
(1)
0 and γ

(1)
0 are the time and size of the first overshoot of

zero by the random walk ζ
(2)
n = ζ

(1)

τ
(1)
0 +n

− ζ
(1)

τ
(1)
0

and so on. It is easy to show

that the distribution of the pair τ
(k)
0 , γ

(k)
0 , if it is determined under the

condition that (τ0, γ0), . . . , (τ
(k−1)
0 , γ

(k−1)
0 ) have been specified, coincides with

the distribution of (τ0, γ0). Let condition (3.3.12) hold. Then on the basis of
(3.3.13),

P
{

sup
n

ζn < ∞
}

> P{τ0 = ∞} = exp

{
−

∞∑
n=1

1
n
P{ζn > 0}

}
> 0
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and thus P {supn ζn < ∞} = 1.
Now let the series in (3.3.12) be divergent. Then P{τ0 < ∞} = 1 and all

τ (k) and γ(k) are well defined, independent and identically distributed and
P{γ

(k)
0 > 0} = 1. Therefore

P
{

sup
n

ζn = ∞
}

= P

{ ∞∑
k=0

γ
(k)
0 = ∞

}
= 1, γ

(0)
0 = γ0 .

This follows by the three-series theorem since P{γ
(k)
0 > c} = P{γ0 > c} > 0

for some positive c and hence
∑

P{γ
(k)
0 > c} = ∞. ��

3.4 Processes with Independent Increments

3.4.1 Definition

Let T ⊂ R. A process ξ(t), t ∈ T , with values in a measurable linear space
(X, B) is called a process with independent increments if for any choice of t0 <
t1 < . . . < tn in T , the random variables ξ(t0), ξ(t1)−ξ(t0), . . . , ξ(tn)−ξ(tn−1)
with values in X are mutually independent. A linear space X with σ-algebra
B is said to be measurable if the mapping of X × X into X, defined by the
sum x+ y, is measurable. The difference of two random variables will, also be
a random variable. A random walk with T = {0, 1, . . .} exemplifies a process
with independent increments. We shall concentrate on real-valued processes.

Introduce the characteristic functions f(t, z) = E exp{izξ(t)} and
g(s, t, z) = E exp{iz(ξ(t) − ξ(s))}, t, s ∈ T and s < t. They satisfy the fol-
lowing: 1. f(t, z) = g(s, t, z)f(s, z) for s < t; 2. g(s, u, z) = g(s, t, z)g(t, u, z)
for s < t < u. The characteristic functions f(t, z) and g(s, t, z) determine the
finite-dimensional distributions of the process. If t1 < t2 < . . . < tn, then

E exp

{
i

n∑
k=1

zkξ(tk)

}
= E exp

{
izn(ξ(tn) − ξ(tn−1))

+i(zn + zn−1)(ξ(tn−1 − ξ(tn−2)) + . . . + i(z1 + . . . + zn)ξ(t1)
}

= f(t1, z1 + . . . + zn)g(t1, t2, z2 + . . . + zn) . . . g(tn−1, tn, zn) .

Thus describing processes with independent increments reduces to describing
the above characteristic functions. We shall assume that T is R+. Evidently,
ξ(0) may be anything. Therefore the problem becomes one of finding g(s, t, z).

(a) Discrete processes with independent increments. Let {tk, k = 1, 2, . . .} be a
sequence in R+. Let ξ+

k and ξ−
k be two independent sequences of independent

random variables such that the series∑
I{tk≤t}ξ

−
k and

∑
I{tk<t}ξ

+
k
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converge for all t ∈ R+ and their sums are independent of the order of the
terms (by analyzing the proof of the three-series theorem, one can convince
oneself that the latter will hold if∑

I{tk≤t}(|Eξ−
k I{|ξ−

k |≤c}| + |Eξ+
k I{|ξ+

k |≤c}|) < ∞
)

.

The process

ξ′(t) =
∑

I{tk≤t}ξ
−
k +

∑
I{tk<t}ξ

+
k

has independent increments. A sequence nm → ∞ may be selected so that
the process

ξ′
m(t) =

∑
k≤nm

I{tk≤t}ξ
−
k +

∑
k≤nm

I{tk<t}ξ
+
k

converges uniformly with probability 1 as m → ∞. To this end, it suffices that

∑
m

P
{

sup
t≤am

|ξ′
m(t) − ξ′

m+1(t)| >
1

m2

}
< ∞

for some sequence am ↑ ∞. The probability being summed can be estimated
using the inequalities in Sect. 3.2.3. If ξ′(t) is understood to be the limit of
ξ′
m(t) (ξ′(t) is determined up to modification; see Chap. 4, Sect. 4.1), then

ξ′(t) is continuous everywhere except at the points tk, k = 1, 2, . . .. In this
connection, ξ+

k = ξ′(tk+) − ξ′(tk) and ξ−
k = ξ′(tk) − ξ′(tk−).

(b) Stochastically continuous processes. A stochastic process ξ(t) is stochas-
tically continuous at t0 if ξ(tn) → ξ(t0) in probability as tn → t0. Let ξ(t) be
defined for t ∈ [a, b] and stochastically continuous at each point. Then given
any ε > 0 and ρ > 0, there exists a δ > 0 such that P{|ξ(t1)− ξ(t2)| > ε} < ρ
for |t1 − t2| < δ. This property is termed uniform stochastic continuity. If this
were not so, then there would exist two sequences t′n and t′′n with t′n − t′′n → 0
such that P{|ξ(t′n) − ξ(t′′n)| > ε} ≥ ρ, for some ε > 0 and ρ > 0. With no
loss of generality, we could assume that t′n → t0 and t′′n → t0 with t0 ∈ [a, b].
But then ξ(t′n) → ξ(t0), ξ(t′′n) → ξ(t0) and so ξ(t′′n) − ξ(t′n) → 0 in probability
contradicting the assumption.

(c) Lévy’s decomposition.

Theorem 3.4.1. Let ξ(t) be any process with independent increments. There
exists a nonrandom function a(t) such that ξ(t) = a(t) + ξ′(t) + ξ′′(t), where
ξ′(t) and ξ′′(t) are independent processes with independent increments, ξ′(t)
being discrete and ξ′′(t) being stochastically continuous.

Proof. Let a(t) = tan(E arctan ξ(t)). Then one can show that the function

g1(s, t, z) = exp{−i(a(t) − a(s))z}g(s, t, z)
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has right-hand and left-hand limits in s and in t. In other words, it has at
most jump discontinuities. If {tk} are all the discontinuities, then g(tk−, tk, z)
and g(tk, tk+, z) will be characteristic functions of certain variables. These
variables can be defined to be the limits of ξ(tk) − ξ(tk − h) and ξ(tk +
h) − ξ(tk) in probability as h → 0. Denoting the respective limits by ξ−

k and
ξ+
k , one can show that they are independent random variables. If ξ′(t) is the

discrete process formed from these variables, then ξ′′(t) = ξ(t) − ξ′(t) will
be a stochastically continuous process with independent increments that is
independent of ξ′(t). ��

3.4.2 Stochastically Continuous Processes

Let ξ(t) be a stochastically continuous process on R+. Let D+ be the set
of all nonnegative binary rational numbers. It can be shown that lim ξ(tn)
exists with probability 1 for every monotone decreasing sequence tn ∈ D+.
Since the process is stochastically continuous, this limit equals ξ(lim tn) with
probability 1. Extending ξ(t) from D+ in the stated way, we arrive at a right-
continuous modification ξ(t). It has a left-hand limit at each point so that it
will be a process with at most jump discontinuities.

Let x(t) be a numerical-valued function defined on the set T . We shall say
that x(t) has k ε-oscillations if there exist t0 < t1 < . . . < tk in T such that
|x(ti) − x(ti−1)| ≥ ε, i = 1, . . . , k, and no k + 2 points exist with the same
property. The function x(t) has at most jump discontinuities if and only if it
has finitely many ε-oscillations for all positive ε.

Lemma 3.4.1. Let ξ(t) be a process with independent increments defined on
Λn = {t1, . . . , tn} with tl < . . . < tn, and let P{|ξ(tn) − ξ(tk)| ≥ ε

4} ≤ α < 1
2

for all k. If νε is the number of ε-oscillations of ξ(t) on Λn, then Eνε ≤
α/(1 − 2α).

Proof. The event {νε ≥ m} implies one of the events⋂k−1
j=1{|ξ(tj)−ξ(t1)| < ε

2}∩{|ξ(tk)−ξ(t1)| ≥ ε
2}∩ {the number of ε-oscillations

of ξ(t) on Λn ∩ [tk,∞[ ≥ m− 1}. These events are mutually exclusive, the last
event in the intersection is independent of the first k events and its probability
does not exceed P{νε ≥ m − 1}. Thus

P{νε ≥ m} ≤ P{νε ≥ m − 1}P
{

sup
k

|ξ(tk) − ξ(t1)| ≥ ε

2

}

≤ P
{

νε ≥ m − 1
} α

1 − α

(we have made use of Corollary 2 of Sect. 3.2.2). Hence

P{νε ≥ m} ≤
(

α

1 − α

)m

, Eνε ≤
∞∑

m=1

(
α

1 − α

)m

≤ α

1 − 2α
.

��
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Applying this lemma, we can say the following. If h is chosen so that
P{|ξ(s) − ξ(t)| ≥ ε

4} < 1
3 for |s − t| < h and s, t ≤ T , then ξ(t) has finitely

many ε-oscillations on D+ ∩ [0, T ] with probability 1 (since this will hold for
any finite subset of [kh, (k + 1)h] and the expected number of ε-oscillations is
uniformly bounded).

Lemma 3.4.2. Let ξε(t) =
∑

s≤t(ξ(s) − ξ(s−))I{|ξ(s)−ξ(s−)|>ε} and ξ̄ε(t) =
ξ(t) − ξε(t). Then ξε(t) and ξ̄ε(t) are mutually independent processes with
independent increments.

Proof. Let Fs
t be the σ-algebra generated by ξ(u) − ξ(s) with s ≤ u ≤ t.

For t0 < t1 < . . . < tn, the σ-algebras F t0
t1 ,F t1

t2 , . . . ,F tn−1
tn

are independent.
Clearly, ξε(t) − ξε(s) and ξε(t) − ξε(s) are Fs

t -measurable. Therefore to com-
plete the proof, it suffices to show that ξε(t) − ξε(s) and ξε(t) − ξε(s) are
independent. With no loss of generality, we may assume that s = 0 and
ξ(0) = 0. Let us prove that ξε(t) and ξε(t) are independent.

Let tnk = k
n t. For all ε > 0, with the possible exception of

a countable set, ξε(t) = limn→∞
∑n

k=1 ξnk, where ξnk = (ξ(tnk) −
ξ(tnk−1))I{|ξ(tnk)−ξ(tnk−1)|>ε} and ξε(t) = limn→∞

∑n
k=1 ηnk, where ηnk =

ξ(tnk) − ξ(tnk−1) − ξnk. Therefore∣∣∣Eeiuξε(t)+ivξε(t) − Eeiuξε(t)Eeivξε(t)
∣∣∣

=

∣∣∣∣∣
n∏

k=1

Eeiuξnk+ivηnk −
n∏

k=1

Eeiuξnk

∣∣∣∣∣
≤

n∑
k=1

|Eeiuξnk+ivηnk − Eeiuξnkeivηnk |

=
n∑

k=1

|Eeiuξnk + Eeivηnk − 1 − EeiuξnkEeivηnk |

≤
n∑

k=1

|Eeiuξnk − 1| · |Eeivηnk − 1|

(eiuξnk+ivηnk = eiuξnk +eivηnk −1 since ξnkηnk = 0). The last sum is majorized
by

sup
k

|Eeivηnk − 1|
n∑

k=1

|Eeiuξnk − 1|

≤ 2 sup
k

|E exp{iv(ξ(tnk) − ξ(tnk−1)} − 1|
n∑

k=1

P{|ξ(tnk) − ξ(tnk−1)| > ε}.

Lemma 3.4.1 can be applied to obtain a bound for the sum that is uniform in
n and the factor in front of the sum approaches zero by the uniform stochastic
continuity of ξ(t). ��
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Corollary. Let 0 < εn < εn−1 < . . . < ε1. Then ξ̄εn
(t), ξεn

(t) −
ξεn−1(t), . . . , ξε2(t) − ξε1(t) and ξε1(t) are independent processes with inde-
pendent increments.

Proof. ξ̄εn(t) is independent of ξεn
(t) and thus also of ξεn

(t) −
ξεn−1(t), . . . , ξε1(t), which are expressible in terms of it. This is because
ξεk

(t) − ξεk−1(t) is the sum of the jumps in ξ(t) that occur up to time t inclu-
sively and their absolute values lie in the interval ]εk, εk−1]. If ξ̄(t) = ξεk

(t),
then ξ̄εk−1(t) = ξεk

(t) − ξεk−1(t). This fact can be used to show that
ξεk

(t) − ξεk−1(t), ξεk−1(t) − ξεk−2(t), . . . , ξε1(t) are independent processes for
all values of k. ��

Lemma 3.4.3. E(ξε(t) − ξε(0) and V(ξε(t) − ξε(0)) exist for any ε > 0. A
sequence εn ↓ 0 may be chosen so that for all t the processes ξ̄εn

(t) − ξ̄εn(0) −
E(ξ̄εn(t) − ξ̄εn(0)) converge uniformly to a process ξ0(t) with probability 1.
This process is continuous and has independent increments.

Proof. Assume that ξ(0) = 0. Let the ηnk be the variables introduced in the
proof of Lemma 3.4.2. The symmetrization method and part 2 of Kolmogorov’s
theorem imply that Eξε(t) and Vξ̄ε(t) exist. Now, ξ̄ε1(t) = ξ̄ε2(t) − (ξε2(t) −
ξε1(t)) if ε2 < ε1 and the terms on the right-hand side are independent. Thus
Vξ̄ε1(t) = Vξ̄ε2(t)+V(ξε2(t)−ξε1(t)) and hence Vξε(t) is decreasing together
with ε. Choose the sequence εn so that∑

n4[Vξ̄εn
(n) − Vξ̄εn+1(n)] < ∞

(this is possible because Vξε(t)−Vξε′(t) → 0 for all t as ε and ε′ → 0). Then
by Kolmogorov’s inequality,

P

{
sup
t≤n

|ξ̄εn+1(t) − Eξ̄εn+1(t) + Eξ̄ε−n(t)| >
1
n2

}

≤ n4V(ξ̄εn+1(t) − ξ̄εn(t)) = n4Vξ̄εn(n) − Vξ̄εn+1(n)) ,

Kolmogorov’s inequality is employed first for values of t = k
2m , k ≤ n2m, and

then let m → ∞ (the processes ξε(t) are right-continuous and the supremum
over binary rationals t equals the supremum over all t).

Now apply the Borel-Cantelli lemma: starting with some subscript n,
supt≤n |ξ̄εn+1(t) − Eξ̄εn+1 + Eξ̄εn(t) − ξ̄εn(t)| ≤ 1/n2 and so the series∑

n(ξ̄εn+1(t) − Eξ̄εn+1(t) + Eξ̄εn(t) − ξ̄εn(t)) is uniformly convergent. This
implies the uniform convergence of the sequence ξ̄εn(t) − Eξ̄εn(t) on each fi-
nite interval. Consequently, the limiting process ξ0(t) has no jumps greater
than εn no matter what n is. Thus, the process ξ0(t) is continuous. It has
independent increments, being the limit of such processes, and since ξ̄εn(t) is
independent of ξε(t) if εn < ε the limit ξ0(t) will also not depend on ξε(t). ��
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Corollary. With probability 1, limn→∞[ξεn
(t)+E(ξε1(t)−ξεn

(t))] exists uni-
formly on each bounded interval. If this limit is ξ′(t), then ξ(t) = ξ0(t)+ξ′(t)+
Eξ̄ε1(t). The process ξ′(t) is referred to as the discontinuous part of ξ(t).

Since ξ0(t) is the limit of random variables with zero expectations and
bounded variances, it follows that Eξ0(t) = 0. The stochastic continuity of
ξ̄ε1(t) and boundedness of E|ξ̄ε1(t)|2 imply that Eξ̄ε1(t) is continuous.

We have obtained a decomposition into a sum of a continuous process with
zero mean, a discontinuous part and a nonrandom continuous function.

3.4.3 Lévy’s Formula

We now find an expression for the characteristic function of a stochastically
continuous process with independent increments. We shall assume that ξ(0) =
0.

(a) Poisson process. Let ξ(t) be a process having a finite number of jumps on
each bounded interval. It is constant between discontinuities and each jump
is of size 1. ξ(t) assumes only nonnegative integer values. Certainly, ξ(t) has
a Poisson distribution: there exists a nondecreasing continuous function λ(t)
with λ(0) = 0 such that

P{ξ(t) = m} =
(λ(t))m

m!
e−λ(t) . (3.4.1)

Let us prove this.
The stochastic continuity implies that p0(t) = P{ξ(t) = 0} is a continuous

function. Since p0(s + t) = p0(s) × P{ξ(s + t) − ξ(s) = 0} and the probability
on the right is nonvanishing for t sufficiently small, the set {t : p0(t) = 0} is
both open and closed. But p0(0) = 1 and so this set is empty. The function
λ(t) = − ln p0(t) is defined for all t, it is nonnegative and continuous and it is
nondecreasing since p0(t) is nondecreasing. With this choice of λ(t), formula
(3.4.1) holds for m = 0. Observe that

P{ξ(t) − ξ(s) > 0} = 1 − e−(λ(t)−λ(s))

= λ(t) − λ(s) + O((λ(t) − λ(s))2), t > s .

If tnk = k
n t, then P{supk≤n(ξ(tnk)−ξ(tnk−1)) ≤ 1} → 1 as n → ∞ and hence∏n

k=1(1 − P{ξ(tnk) − ξ(tnk−1) > 1}) → 1.
This last relation implies that

lim
n→∞

n∑
k=1

P{ξ(tnk) − ξ(tnk−1) > 1} = 0 . (3.4.2)

For m > 0, it now follows that
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P{ξ(t) = m} = lim
n→∞

n∑
k=1

P{ξ(tnk−1) = m − 1}P{ξ(tnk) − ξ(tnk−1) = 1}

+O

(
n∑

k=1

P{ξ(tnk) − ξ(tnk−1) > 1}
)

= lim
n→∞

n∑
k=1

P{ξ(tnk−1) = m − 1}

×P{ξ(tnk+1) − ξ(tnk) ≥ 1} = lim
n→∞

(
n∑

k=1

P{ξ(tnk−1) = m − 1}
)

×[λ(tnk+1) − λ(tnk)] + O

(
n∑

k=1

(λ(tnk+1) − (tnk)

)2

=
∫ t

0
P{ξ(t) = m − 1}dλ(t) .

Formula (3.4.1) is obtained from this by induction.

(b) Brownian motion (Wiener process). We now consider a continuous process
ξ0(t) with independent increments. It is known by the two different names.
Using the fact that P{supk |ξ0(tnk) − ξ0(tnk−1)| < ε} → 1 for every positive
ε, one can show that

lim
n→∞

n∑
k=1

P{|ξ0(tnk) − ξ0(tnk−1)| > ε} = 0 (3.4.3)

(the derivation of (3.4.3) is analogous to that of (3.4.2)). Let εn → 0 be chosen
so that (3.4.3) holds with ε replaced by εn. Then writing

ηnk = [ξ0(tnk − ξ0(tnk−1)]I{|ξ0(tnk−ξ0(tnk−1|≤εn} ,

we have

P

{
ξ0(t) −

n∑
k=1

ηnk �= 0

}
≤

n∑
k=1

P{|ξ0(tnk) − ξ0(tnk−1)| > εn} → 0

and hence

E eizξ0(t) = lim
n→∞

n∏
k=1

Eeizηk = lim
n→∞ eiz

∑
Eηnk

n∏
k=1

Eeiz(ηnk−Eηnk)

= lim
n→∞ exp

{
iz

n∑
k=1

Eηnk

}
n∏

k=1

(
1 − z2

2
Vηnk(1 + O(εn)

)

= lim
n→∞ exp

{
iz

n∑
k=1

Eηnk − z2

2

n∑
k=1

Vηnk

}
(1 + O(εn) + O(max

k
Vηnk)) .

From the existence of the limit, it follows that it has the form exp{iza(t) −
z2

2 b(t)}. In other words ξ0(t) is normally distributed for all t > 0 with mean
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a(t) and variance b(t). Now ξ0(t) − ξ0(s) also is normally distributed with
mean a(t) − a(s) and variance b(t) − b(s), t > s. Thus b(t) is nondecreasing
and the stochastic continuity of ξ0(t) implies the continuity of a(t) and b(t).

The standard Wiener process (or simply Wiener process) is the process
w(t) for which a(t) = 0 and b(t) = t. The process w(t) is continuous with
independent increments and w(0) = 0. For t ≥ 0 and h > 0, the increment
w(t + h) − w(t) is normally distributed with mean 0 and variance h.
(c) Jump component. Let A be a Borel set in R lying at a positive distance
from the origin. Let ξ(A, t) denote the sum of the jumps of a process which
happen up to time t inclusively with values lying in A. Let ν(A, t) be the
number of such jumps. Then as functions of t, both processes are stochas-
tically continuous with independent increments. The process ν(A, t) is Pois-
son. Put Π(t, A) = Eν(A, t). Π(t, A) is a nondecreasing continuous function
of t and a measure with respect to A. If A1, A2, . . . , An are pairwise dis-
joint, then the processes ξ(A1, t), ξ(A2, t), . . . , ξ(An, t) are independent (this
is proved in exactly the same way as Lemma 3.4.2 and its Corollary). Hence,
ν(A1, t), ν(A2, t), . . . , ν(An, t) are also independent. Let ∆ be a bounded closed
interval not containing the origin. Let ∆ =

⋃n
k=1 ∆nk, where the ∆nk are pair-

wise disjoint and maxk diam∆nk → 0 as n → ∞, and xnk ∈ ∆nk. Then

ξ(∆, t) = lim
n→∞

∑
xnkν(∆nk, t) ,

and

Eeizξ(∆,t) = lim
n→∞

n∏
k=1

exp{(eizxnk − 1)Π(t, ∆nk)}

= exp
{∫

∆

(eizx − 1)Π(t, dx)
}

. (3.4.4)

(We have made use of the fact that the characteristic function of a Poisson
distribution with parameter a is exp{a(eiz − 1)}.) Differentiating (3.4.4) and
setting z = 0, we find that

Eξ(∆, t) =
∫

∆

xΠ(t, dx)

and

Vξ(∆, t) =
∫

∆

x2Π(t, dx)

Therefore

E[ξεn(t) − ξεn−1(t)] =
∫

εn<|x|≤εn−1

xΠ(t, dx),

and

V[ξεn(t) − ξεn−1(t)] =
∫

εn<|x|≤εn−1

x2Π(t, dx) ,
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(d) General form of a characteristic function. By the uniform boundedness
of V[ξε1(t) − ξεn

(t)], ∫
0<|x|<ε1

x2Π(t, dx) < ∞

for all positive ε1. Let ε1 = 1. Lemma 3.4.3 and its Corollary may be utilized
to obtain the following formula for the characteristic function of ξ(t):

Eeizξ(t) = exp
{

iza(t) − 1
2
z2b(t)

}
+
∫

|x|>1
(eizx − 1)Π(t, dx)

+
∫

|x|≤1
(eizx − 1 − izx)Π(t; dx) . (3.4.5)

This is Lévy’s formula. The characteristic function for an increment in the
process can be deduced from (3.4.5) by way of division. Thus, we have proved
the following.

Theorem 3.4.2. Let ξ(t) be a stochastically continuous process with indepen-
dent increments and ξ(0) = 0. There exist (i) a continuous function a(t),
(ii) a nondecreasing continuous function b(t), (iii) a function Π(t, A), which
is a σ-finite measure on A satisfying

∫
(x2/(1 + x2)Π(t, dx) < ∞ and non-

decreasing and continuous in t for A bounded away from 0, such that (3.4.5)
holds.

Remark. A process ξ(t), t ∈ R+, is said to have stationary independent in-
crements if ξ(0) = 0 and the distribution of ξ(t + h) − ξ(t) is independent
of t for all positive h. For this process, the functions a(t), b(t) and Π(t, A) in
(3.4.5) are proportional to t. Therefore there exist positive a and b and a mea-
sure Π(dx) satisfying

∫
x2/(1 + x2)Π(dx) < ∞ such that the characteristic

function of ξ(t) is expressible in the form

Eeizξ(t) = exp
{

t

[
iaz − b

2
z2 +

∫
(eizx − 1 − izxI{|x|≤1})Π(dx)

]}
. (3.4.6)

3.5 Product Measures

3.5.1 Definition

Let (Xn,Bn), n = 1, 2, . . . , be a sequence of measurable spaces and let µn

be a probability measure on Bn. The product of the measures µn, denoted
by µ = ×∞

n=1µn, is called the product measure. It is defined on the product∏∞
n=1 Xn of the spaces with the σ-algebra ⊗∞

n=1Bn. The latter is the smallest
σ-algebra containing the cylinder sets of the form C = {(x1, x2, . . .) : x1 ∈
A1, . . . , xk ∈ Ak} with Ai ∈ Bi. In addition,
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µ(C) = µ1(A1) . . . µk(Ak) . (3.5.1)

The existence of a product measure, that is, a measure satisfying (3.5.1)
for all k and Ai ∈ Bi with identical (Xn,Bn), follows by Kolmogorov’s theo-
rem, which carries over to this case with slight changes. To consider a product
measure is equivalent to considering a sequence of independent random ele-
ments ξn(ω) assuming values in the respective spaces (Xn,Bn). Of interest
is a probability measure in a measurable space (Y, C) for which there exists
a measurable mapping of (Y, C) into (

∏∞
n=1 Xn,⊗∞

n=1Bn) which carries that
measure into a product measure.

(a) Gaussian measures. Consider a Gaussian measure in a separable Hilbert
space (H, BH). This is a measure which is specified by the characteristic func-
tional ϕ(z) = exp{i(a, z)− 1

2 (Bz, z)}, where a ∈ H and B is a kernel operator
from H to H. Let ak be a sequence in H and consider the mapping from H
to R∞ defined by x → ((x, a1), (x, a2), . . .). If x is a random variable with the
distribution µ, then the joint distribution of the variables (x, a1), . . . , (x, an)
is given by their joint characteristic function

∫
exp

{
i

n∑
k=1

sk(x, ak)

}
µ(dx)

= exp

⎧⎨
⎩i

n∑
k=1

sk(a, ak) − 1
2

n∑
k,l=1

sksl(Bak, al)

⎫⎬
⎭ , sk ∈ R .

From this formula, it follows that (x, a1), (x, a2), . . . are independent if
B(ak, al) = 0 for k �= l. This is possible to have, for instance, by choosing the
ak’s to be eigenvectors of the operator B. This choice is not unique since any
sequence may be orthogonalized by the Gram- Schmidt process with (Bx, y)
viewed as the inner product. With such a choice of ak, the specified mapping
(it is linear) sends µ into a product measure on R∞. It is expressible in the
form ×∞

n=1µn, where µn is a Gaussian measure on R with mean (an, an) and
variance (Ban, an).

3.5.2 Absolute Continuity and Singularity of Measures

Let µ and ν be two given measures on a measurable space (X, B) (only the
case of finite measures will be of interest to us). The measure ν is said to be
absolutely continuous with respect to µ if ν(A) = 0 for all A ∈ B for which
µ(A) = 0. A measure ν is singular with respect to µ (in which case µ is also
singular with respect to ν) if a set S ∈ B exists such that µ(S) = 0 and
ν(X \ S) = 0. The following is a well-known result of measure theory.

Radon-Nikodym Theorem. If ν is absolutely continuous with respect to µ,
then there exists a B-measurable µ-integrable function f(x) such that for all
A ∈ B,
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ν(A) =
∫

A

f(x)µ(dx) ; (3.5.2)

the representation (3.5.2) is sufficient for ν to be absolutely continuous with
respect to µ.

The function f is called the density of ν or derivative of ν with respect to
µ and is denoted by dν

dµ (x). If f > 0 almost everywhere with respect to µ, then
µ is also absolutely continuous with respect to ν and dµ

dν = f−1. The measures
ν and µ are then said to be equivalent. The relation (3.5.2) is equivalent to
the following: ∫

g(x)ν(dx) =
∫

g(x)f(x)µ(dx) (3.5.3)

with g(x) any bounded measurable function. The notation ν � µ is used if
ν is absolutely continuous with respect to µ and ν ⊥ µ if the measures are
mutually singular (they are then also called orthogonal).

If µ, and ν are any finite measures on B, then the following representation
always holds:

ν(A) =
∫

A

f(x)µ(dx) + ν(A ∩ S) , (3.5.4)

where f is integrable with respect to µ and µ(S) = 0. The function f is again
called the derivative of ν with respect to µ and is denoted by dν

dµ . The rep-
resentation (3.5.4) gives a decomposition of ν into an absolutely continuous
component and a singular component with respect to µ (the Jordan decom-
position).

3.5.3 Kakutani’s Theorem

Let X = X1 × X2,B = B1 ⊗ B2, µ = µ1 × µ2, and ν = ν1 × ν2, where µi and
νi are measures on Bi. In order for ν � µ, it is necessary and sufficient that
νi � µi with

dν

dµ
(x1, x2) =

dν1

dµ1

(x1)
dν2

dµ2

(x2), xi ∈ Xi .

This statement is a simple consequence of Fubini’s theorem and formula (3.5.3)
with g(x) the function g(x1, x2) = g(x1)g(x2) and the fact that such functions
form a complete set. The above statement clearly carries over to any finite
number of factors. Kakutani’s theorem concerns two infinite products of mea-
sures, that is, product measures.

Kakutani’s Theorem. Given measures µ = ×∞
n=1µn and ν = ×∞

n=1νn on
(
∏∞

n=1 Xn,⊗∞
n=1Bn) with µn and νn probability measures on Bn. In order for

ν � µ, it is necessary and sufficient that the following two conditions hold:
(a) νn � µn for all n and
(b) the numerical infinite product
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∞∏
n=1

∫ (
dνn

dµn

)1/2

dµn (3.5.5)

should converge.

Proof. The necessity of (a) follows because for every n, the measure µ may be
expressed as the product of µ1 × . . . × µn and

⋂∞
k=n+1 µk. The same is true

for ν. If ν � µ, then so is ν1 ×ν2 × . . .×νn � µ1 ×µ2 . . .×µn. (b) Let ν � µ.
Then for all n,

dν

dµ
(x1, x2, . . .) =

dν1

dµ1
(x1) . . .

dνn

dµ(xn)
ρn+1(xn+1, . . .) ,

where

ρn+1(xn+1, . . .) =
d

∞
×

k=n+1
νk

d
∞
×

k=n+1
µk

(xn+1, . . .) .

It is easy to show that
∫

ρn+1(xn+1, . . .)dµ = 1 and that lim
n→∞ ρn+1(xn+1, . . .)

exists almost everywhere with respect to µ and is a constant by virtue of the
zero-one law. Therefore

dν

dµ
(x1, . . .) =

∞∏
n=1

dνn

dµn
(xn) . (3.5.6)

The integral
∫ (

dν
dµ (x1, . . .)

)1/2
dµ coincides with limn→∞

∫ (
dν1
dµ1

(x1) . . .

dνn

dµn
(xn)

)1/2
dµ, . . . , dµn and so with (3.5.5) (taking the limit under the inte-

gral sign is permissible because the integral of the limiting integrand squared
equals 1). The necessity of the hypotheses of the theorem has been proved.

Sufficiency. Suppose that we can establish the µ-convergence of the infinite
product on the right-hand side of (3.5.6) and the relation

lim
n→∞

∫ ∞∏
k=n+1

dνk

dµk
(xk)dµ = 1 . (3.5.7)

Then if g(x1, . . . , xm) is any bounded measurable function, we obtain



90 3 Independence∫
g(x1, . . . , xm)

∞∏
k=1

dνk

dµk
(xk)dµ

=
∫

g(x1, . . . , xm)
m∏

k=1

dνk

dµk
(xk)dµ1 . . . dµm

×
∫ n∏

k=m+1

dνk

dµk
(xk)dµm+1 . . . dµn

∫ ∞∏
k=n+1

dνk

dµk
(xk)d

(×∞
k=n+1µk

)

=
∫

g(x1, . . . , xm)dν1 . . . dνm

∫ ∞∏
k=n+1

dνk

dµk
(xk)dµ .

Letting n → ∞, we find that
∫

g(x1, . . . , xm)
∞∏

k=1

dνk

dµk
(xk)dµ =

∫
g(x1, . . . , xm)dν1 . . . dνm

=
∫

g(x1, . . . , xm)dν ,

that is, the right-hand side of (3.5.6) equals dν
dµ .

We now show that
∏∞

n=1

(
dνn

dµn
(xn)

) 1
2

converges in the mean-square. Let
m < n. Then

∫ ( m∏
k=1

(
dνk

dµk
(xk)

)1/2

−
n∏

k=1

(
dνk

dµk
(xk)

)1/2
)2

dµ

=
∫ m∏

k=1

dνk

dµk
(xk)

(
1 +

n∏
k=m+1

dνk

dµk
(xk) − 2

n∏
k=m+1

(
dνk

dµk
(xk)

)1/2
)

dµ

= 2 − 2
n∏

k=m+1

∫ (
dνk

dµk
(xk)

)1/2

dµ → 0

as n and m → ∞. By Fatou’s lemma,
∫ ∞∏

k=m+1

dνk

dµk
(xk)dµ ≤ lim

n→∞

∫ n∏
n=m+1

dνk

dµk
(xk)dµ ≤ 1 ,

and by Cauchy’s inequality,

∫ ∞∏
k=m+1

dνk

dµk
(xk)dµ ≥

(∫ ∞∏
k=m+1

(
dνk

dµk
(xk)

)1/2

dµ

)2

=
∞∏

k=m+1

(∫ (
dνk

dµk
(xk)

)1/2

dµk

)2

,
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and the expression on the right approaches 1 as m → ∞. The last equality

follows because the integral of the functions
∏∞

k=m+1

(
dνk

dµk
(xk)

)1/2
squared

with respect to µ equals 1. Therefore these functions are uniformly integrable
and so taking the limit under the integral sign is permissible. The sufficiency
of (3.5.7) has been established and thus the right-hand side of (3.5.6) equals
dν
dµ . ��

3.5.4 Absolute Continuity of Gaussian Product Measures

For all n, let Xn = R and Bn = BR and let µn and νn be Gaussian measures
with means an and ãn and variances bn and b̃n. Then

dνn

dµn
(x) =

√
bn

b̃n

exp
{

x2

2

(
1
bn

− 1
b̃n

)
+
(

ãn

b̃n

− an

bn

)
x +

a2
n

2bn
− ã2

n

2b̃n

}
.

Integration yields∫ (
dνn

dµn
(x)
)1/2

dµn =

(
2b

1/2
n b̃

1/2
n

bn + b̃n

)
exp
{

− (an − ãn)2

4(bn + b̃n)

}
,

The product
∏∞

n=1

∫ (
dνn

dµn

)1/2
dµn is convergent if and only if

∞∑
n=1

(
bn − b̃n

bn

)2

< ∞,

∞∑
n=1

(an − ãn)2

bn
< ∞ .

Let µ̃ and ν̃ be Gaussian measures in H with charactistic functionals

ϕ(x) = exp
{

i(a, z) − 1
2
(Bz, z)

}
, ϕ̃(z) = exp

{
i(ã, z − 1

2
(B̃z, z)

}
.

Choose a sequence of vectors ck ∈ H such that (Bck, cj) = 0 and (B̃ck, cj) = 0
for k �= j. Then the mapping x → ((x, c1), (x, c2), . . .) sends H into R∞ and
µ̃ and ν̃ into Gaussian product measures µ = ×∞

n=1µn and ν = ×∞
n=1νn;

µn has mean (cn, a) and variance (Bcn, cn), νn has mean (cn, ã) and variance
(B̃cn, cn) and ν � µ if

∞∑
n=1

(
(Bcn, cn) − (B̃cn, cn)

(Bcn, cn)

)2

< ∞,

∞∑
n=1

(a − ã, cn)2

(Bcn, cn)
< ∞ . (3.5.8)

The next result is a consequence of these two conditions and the fact that
ν � µ if and only if ν̃ � µ̃.

Theorem. ν̃ � µ̃ if and only if there exists a symmetric Hilbert-Schmidt
operator D such that B̃ − B = B

1
2 DB

1
2 and a − ã = B

1
2 d with d ∈ H.

Deriving these conditions from (3.5.8) is a purely technical matter.



4

General Theory of Stochastic Processes
and Random Functions

4.1 Regular Modifications

Let (Ω, F ,P) be a probability space, Θ a parameter set and (X, B) a measur-
able space. Consider a random function x(θ, ω) defined on Θ with values in
(X, B). If x∗(θ, ω) is another such function such that

P{x∗(θ, ω) = x(θ, ω)} = 1, θ ∈ Θ ,

then x∗(θ, ω) and x(θ, ω) are said to be stochastically equivalent. One also says
that x∗(θ, ω) and x(θ, ω) are modifications of each other (or modifications of
one and the same process). From the second standpoint, a random variable is
a class of functions {ξ(ω)} with any two of its representatives ξ1(ω) and ξ2(ω)
satisfying P{ξ1(ω) = ξ2(ω)} = 1. When viewed as functions of θ, modifications
may be essentially different.

Example. Suppose that Θ = R, τ is a random variable in R with absolutely
continuous distribution and A is a Borel set in R of Lebesgue measure 0.
Define ξ1(t) = IA(t − τ) and ξ2(t) = 0. Then P{ξ1(t) = 0} = 1 and thus ξ1(t)
and ξ2(t) are stochastically equivalent. But ξ2(t) is a continuous process with
P{supt ξ2(t) = 0} = 1, while ξ1(t) has points of discontinuity, the boundary
A′ of A (possibly R), and P{supt ξ1(t) = 1} = 1 providing A is not empty.

The second process is obviously a more natural modification (for instance,
it is continuous). The question arises at to whether a given random function
has a modification that possesses pre-assigned regularity properties (continu-
ity, monotonicity, at most jump discontinuities, differentiability and so on).
A reasonable way to answer the question is in terms of the finite-dimensional
distributions of the process. We now make the statement of the problem more
precise.

Let Xθ be the space of all functions from Θ to X, C(X,Θ) the cylinder
σ-algebra of subsets of this set, and F r some subset of regular functions of
Xθ. Given a consistent family of finite-dimensional distribution functions,
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construct with respect to them a probability measure µ on C(X,Θ) (as in the
proof of Kolmogorov’s theorem; see p. 49). If F r ∈ C(X,Θ), then one may
speak of the probability that a random function is regular. This is µ(F r).
However, for the interesting regularity properties (continuity, at most jump
discontinuities, boundedness and so on), the corresponding set F r does not
belong to C(X,Θ). This is because C(X,Θ) contains those sets for which the
values of the functions on a countable subset of Θ determine if they belong to
C(X,Θ) (continuity of a function, for example, cannot be determined from its
values on a countable set). What is of interest is this: When does there exist
a modification x∗(θ, ω) of a random function such that x∗(θ, ω) ∈ F r for all
ω? Such a modification will be called an F r-modification. The answer to the
question must only utilize the measure µ and the set F r.

Let µ∗ be the outer measure formed from µ: For all F ⊂ Xθ,

µ∗(F ) = inf⋃
Ck⊃F

∑
µ(Ck) ,

where the Ck’s are cylinder sets in C(X,Θ).

Theorem 4.1.1. There exists an F r-modification with finite-dimensional dis-
tributions generating µ if and only if µ∗(F r) = 1.

Proof. Assume that such a modification x∗(θ, ω) exists. Then

P(x∗(θ, ω) ∈ C) = 1

for every C ∈ C(X,Θ) such that C ⊃ F r. Thus µ∗(F r) = 1. Now assume
that this condition holds. Let Cr be the σ-algebra of subsets of F r of the
form F = C ∩ F r with C ∈ C(X,Θ). If C1 ∩ F r = C2 ∩ F r, then [(C1 \
C2) ∪ (C2 \ C1)] ∩ F r = ∅ and therefore µ[(C1 \ C2) ∪ (C2 \ C1)] = 0 (the
condition µ∗(F r) = 1 entails that µ(C) = 0 for all C such that C ∩ F r = ∅.)
Therefore µ(C1) = µ(C2). Consequently, a measure can be introduced on
Cr : µ̄(F ) = µ(C) if F = C ∩ F r. If we view (F r, Cr, µ̄) as the probability
space and we put x∗(θ, ω) = ω̄(θ) with ω̄(θ) ∈ F r, then we obtain an F r-
modification on this specific probability space. ��

4.1.1 Separable Random Functions

Doob proposed a procedure for selecting regular modifications. Let Θ be a
separable topological space, Λ a denumerable everywhere dense subset of Θ
and X a topological space. Consider any open U ⊂ Θ and closed F ⊂ X. A
function x(θ) from Θ to X is said to be Λ-separable if x(θ) ∈ F for θ ∈ U
when x(θ) ∈ F for θ ∈ U ∩ Λ.

A random function x(θ, ω) with phase space X defined on a probability
space (Ω, F ,P) is said to be Λ-separable if there exists an S ∈ F with P(S) =
0 such that



4.1 Regular Modifications 95⋂
θ∈U∩A

{ω : x(θ, ω) ∈ F} \
⋂
θ∈U

{ω : x(θ, ω) ∈ F} ⊂ S (4.1.1)

for all open U ⊂ Θ and closed F ⊂ X. In that case, if ω ∈ Ω \S, the function
x(·, ω) will be Λ-separable.

If X is a complete separable metric space with metric r(·, ·) and x(θ) is a
Λ-separable function, then

1. x(θ) is uniformly continuous on a closed subset Θ1 of Θ if and only if x(θ)
is uniformly continuous on Θ1 ∩ Λ;

2. x(θ) is bounded if and only if it is bounded on Λ;
3. if Θ is an interval of the line, then x(θ) has at most jump discontinuities.

If x(θ) has finitely many ε-oscillations on Λ for each ε > 0, this means that
to any ε > 0 there exists a k such that for n > k,

inf[r(x(θi), x(θi+1)), i = 0, 1, . . . , n − 1] < ε

for any choice of θ0 < θ1 < . . . < θn in Λ.
The following theorem was proved by Doob.

Theorem 4.1.2. If Θ is a separable metric space and X is a compact space,
then to every random function there exists a separable modification. That is,
there is a denumerable dense subset Λ of Θ for which a Λ-separable modifica-
tion exists.

The proof relies on the following considerations. It is sufficient that re-
lation (4.1.1) hold for a denumerable family of open sets Uk ⊂ Θ (forming
an open base in Θ) and a denumerable family of closed sets Fk ⊂ X (whose
complements form an open base in X).

If to each pair k, m, we can construct a set Λk,m such that

P

⎛
⎝ ⋂

θ∈Uk∩Λk,m

{ω : x∗(θ, ω) ∈ Fm} \
⋂

θ∈Uk

{ω : x∗(θ, ω) ∈ Fm

⎞
⎠ = 0 , (4.1.2)

where x∗ is some modification of x, and if we take Λ =
⋃

k,m Λk,m and

S =
⋃
k,m

⎛
⎝ ⋂

θ∈Uk∩Λk,m

{ω : x∗(θ, ω) ∈ Fm} \
⋂

θ∈Uk

{ω : x∗(θ, ω) ∈ Fm}

⎞
⎠ ,

(4.1.3)
then we can show that P(S) = 0.

The problem now reduces to constructing sets Λk,m so that (4.1.2) holds
and finding the modification x∗ itself.

Lemma. To any Uk and Fm, it is possible to form sets Λk,m so that for all
θ ∈ Uk,

P{x(θ, ω) ∈ Fm, θ ∈ Λk,m, x(θ) /∈ Fm} = 0 .
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Proof. Assuming that θ1, θ2, . . . , θn have already been selected, choose θn+1 ∈
Uk so that

P{x(θi, ω) ∈ Fm, i = 1, 2, . . . , n, x(θn+1, ω) /∈ Fm}

≥ 1
2

sup
θ∈Uk

P{x(θi, ω) ∈ Fm, i = 1, n, x(θ, ω) /∈ Fm} .

The sum of the probabilities on the left converges since it involves the prob-
abilities of mutually exclusive events. Therefore its general term approaches
zero. On putting Λk,m = {θ1, θ2, . . .}, we can complete the proof of the lemma.

We now form the required modification. Let Λk =
⋃

m Λk,m and Dk(ω) be
the closure of {x(θ, ω), θ ∈ Λk} (it depends on ω). Put Dθ(ω) =

⋂
Uk
θ Dk(ω).

This set is nonempty since X is a compact space. Let x∗(θ, ω) = x(θ, ω) if
x(θ, ω) ∈ Dθ(ω) and let x∗(θ, ω) ∈ Dθ(ω) be chosen arbitrarily if x(θ, ω) /∈ Dθ.
This then is the required modification. ��

4.1.2 Continuous Stochastic Processes

Now consider the case of a stochastic process x(t, ω) defined on a subset T of
R with values in a complete separable metric space X. If it has a continuous
modification, then we shall simply say that it is continuous. To prove the
continuity of a process on T , it suffices to show that it is uniformly continuous
on a denumerable dense subset T0 of T , that is,

P

{
lim
δ→0

sup
t1,t2∈T0, |t1−t2|≤δ

r(x(t1, ω), x(t2, ω)) = 0

}
= 1 . (4.1.4)

In that case,

lim
t′∈T0, t′→t

x(t′, ω) = x∗(t, ω)

exists with probability 1 for all t ∈ T and x∗(t, ω) is a continuous modification.

Theorem 4.1.3 (Kolmogorov). Let T = [0, 1] and suppose that there exist
positive α, β and k such that

E(r(x(t1, ω), x(t2, ω))β ≤ k|t2 · t1|1+α (4.1.5)

Then x(t, ω) is a continuous process.

Proof. Let T0 be the set of binary rational numbers. Let us show that x(t, ω)
is uniformly continuous on T0. Put

ηn = sup
1≤i≤2n

r

(
x

(
i

2n
, ω

)
, x

(
i − 1
2n

, ω

))
.
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Then for 0 < a < 1,

P{ηn > an} ≤
2n∑
i=1

P
{

r

(
x

(
i

2n
, ω

)
, x

(
i − 1
2n

, ω

))
> an

}

≤
2n∑
i=1

1
anβ

Erβ

(
x

(
i

2n
, ω

)
, x

(
i − 1
2n

, ω

))

≤ 2n · 1
anβ

2−n(1+α) =
(

1
aβ2α

)n

.

Now choose a > 2−α/β . Then
∑

P{ηn > an} < ∞ and so ηn ≤ an for n
sufficiently large by the Borel-Cantelli lemma. It remains to observe that if
t1 = i/2m, |t1 − t2| < 1/2m, t2 = k/2n, n > m, then r(x(t1, ω), x(t2, ω)) ≤
ηm+1 + . . . + ηn. Therefore r(x(t1, ω), x(t2, ω)) ≤ 2

∑∞
n=m+1 ηk for any t1 and

t2 in T0 where m is such that 1/2m > |t2 − t1| ≥ 1/2m+1. The theorem follows
from this last statement. ��

4.1.3 Processes With at Most Jump Discontinuities

Consider again a stochastic process on [0, 1] with phase space X which is
a complete separable metric space. A stochastic process x(t, ω) has at most
jump discontinuities if

lim
t′ ↑ t, t′∈T0

x(t′, ω), lim
t′ ↓ t, t′∈T0

x(t′, ω) ,

exist on a dense set T0 for almost all ω. These limits will be denoted hereafter
by x(t−, ω) and x(t+, ω). In that case, if we put x∗(t, ω) = x(t−, ω) when
the process is stochastically left-continuous at t, x∗(t, ω) = x(t+, ω) when
stochastically right-continuous at t (but not from the left) and x∗(t, ω) =
x(t, ω) if there is no stochastic continuity from the left or right, we arrive at a
modification of x(t, ω) with at most jump discontinuities. It exists if and only
if x(t, ω) has finitely many ε-oscillations on T0 with probability 1.

Theorem 4.1.4. The process x(t, ω) has at most jump discontinuities with
probability 1 if

E[r(x(t1, ω), x(t2, ω))r(x(t2, ω), x(t3, ω))]β ≤ k|t3 − t1|1+α

for some α > 0, β > 0, k > 0 and t1 < t2 < t3.

Proof. We have
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P
{

max
t

[
r

(
x

(
i−1
2n

, ω

)
, x

(
i

2n
, ω

))
∧ r

(
x

(
i

2n
, ω

)
, x

(
i+1
2n

, ω

))]
> an

}

≤
∑

i

P
{

r

(
x

(
i−1
2n

, ω

)
, x

(
i

2n
, ω

))
∧ r

(
x

(
i

2n
, ω

)
, x

(
i+1
2n

, ω

))
> an

}

≤
∑

i

P
{

r

(
x

(
i−1
2n

, ω

)
, x

(
i

2n
, ω

))
r

(
x

(
i

2n
, ω

)
, x

(
i+1
2n

, ω

))
≥ a2n

}

≤ ka−2nβ

(
1

2n−1

)1+α

2n ≤ k1(2αa2β)−n, k1 = k · 21+α .

If 2αa2β > 1 with a < 1, then

r

(
x

(
i − 1
2n

, ω

)
, x

(
i

2n
, ω

))
∧ r

(
x

(
i

2n
, ω

)
, x

(
i + 1
2n

, ω

))
≤ an

for all n sufficiently large by virtue of the Borel-Cantelli lemma. It can be
shown that if there is a function x(t) satisfying

r

(
x

(
i − 1
2n

)
, x

(
i

2n

))
∧ r

(
x

(
i

2n

)
, x

(
i + 1
2n

))
≤ an

for n ≥ n0 and a < 1, then it has finitely many ε-oscillations for all positive
ε. The theorem follows from this. ��

A second theorem makes use of conditional distributions.
Let x(t, ω) be a process on [0, 1] with values in X. Let Ft be the σ-algebra

generated by x(s, ω), s ≤ t.

Theorem 4.1.5. Suppose that there exists a function ϕε(h) ↓ 0 as h ↓ 0 such
that

P{r(x(t + h, ω), x(t, ω)) > ε|Ft} ≤ ϕε(h)

with probability 1 for any ε > 0 and all t ∈ [0, 1]. Then x(t, ω) has at most
jump discontinuities.

Proof. Similarly to the proof of Lemma 3.4.1 on p. 80, an upper bound for
the expected number of ε-oscillations νε of the sequence x(t1, ω), . . . , x(tn, ω)
with tn − t1 ≤ h and ϕε/4(h) < 1/2 is Eνε ≤ ϕε/4(h)/(1 − 2ϕε/4(h)). This
implies that the number of ε-oscillations of x(t, ω) is finite on any countable
subset T0 of [0, 1].

4.1.4 Markov Processes

Let (X, B) be a measurable space and T ⊂ R. A stochastic process x(t, ω)
with phase space (X, B) defined on T is said to be a Markov process if and
there exists a function P (s, x, t, E) defined for x ∈ X, E ∈ B, and s < t with
s and t ∈ T such that
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1. it is a probability measure with respect to E and B-measurable in x,
2. the Chapman-Kolmogorov equation holds: for s < t < u, with s, t, and

u ∈ T ,

P (s, x, u, E) =
∫

P (t, y, u, E)P (s, x, t, dy) , (4.1.6)

3. if F∗
t is the σ-algebra generated by x(s, ω), s ∈ T, s ≤ t, then

P(x(u, ω) ∈ E|F∗
t ) = P (t, x(t, ω), u, E) (4.1.7)

for t and u ∈ T , t < u, with probability 1.

P (s, x, t, E) is called the transition probability of the process. It determines
the conditional finite-dimensional distributions of the process. If t0 < t1 <
. . . < tn, with ti ∈ T , and E1, . . . , En ∈ B, then

P
{

x(t1) ∈ E1, . . . , x(tn) ∈ En|x(t0)
}

=
∫

E1

· · ·
∫

En

P (t0, x(t0), t1, dx1) . . . P (tn−1, xn−1, tn, dxn) . (4.1.8)

This formula results by applying (4.1.7) repeatedly. If T has a smallest (ini-
tial) point t0, then to specify the finite-dimensional distributions of a Markov
process, it suffices to give the distribution of x(t0) (the initial distribution)
and the transition probability. Markov processes describe the evolution of
dynamic systems undergoing independent random perturbations at different
moments of time.

Theorem 4.1.5 leads to a condition for a Markov process to have at most
jump discontinuities.

Theorem 4.1.6. Suppose that X is a complete separable metric space and
T = [0, 1]. Let Sρ(x) be the ball of radius ρ centered at x. Put

ϕρ(h) = sup
x∈X

sup
0≤t−s≤h
t,s∈[0,1]

P (s, x, t, X \ Sρ(x)) .

If ϕρ(0+) = 0 for all ρ > 0, then the Markov process x(t, ω) has at most jump
discontinuities.

This is a consequence of Theorem 4.1.5 and formula (4.1.7).

Corollary. A stochastically continuous process with independent increments
in a separable Banach space X has at most jump discontinuities.

For, if x(t, ω) is such a process, then it is a Markov process with transition
probability P (s, x, t, E) = P{x(t, ω) − x(s, ω) + x ∈ E}. Hence, P (s, x, t, X \
Sρ(x)) = P{|x(t, ω) − x(s, ω)| > ρ} (| · | is the norm in X) and so

ϕρ(h) = sup
0≤t−s≤h
t,s∈[0,1]

P
{

|x(t, ω) − x(s, ω)| > ρ
}

.

It remains to observe that stochastic continuity implies uniform stochastic
continuity.
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4.2 Measurability

Let (Θ, C) and (X, B) be two measurable spaces and let (Ω, F ,P) be a prob-
ability space. A random function x(θ, ω) defined on Θ with phase space X is
said to be measurable if the mapping x(θ, ω) : Θ ×Ω → X is measurable with
respect to C⊗F . In other words, {(θ, ω) ∈ Θ×Ω : x(θ, ω) ∈ B} ∈ C⊗F for all
B ∈ B. If random function x(θ, ω) is measurable, then x(θ, ω) is measurable
with respect to the σ-algebra C for all ω ∈ Ω. If g(x) is a bounded measurable
scalar function and ν is a measure on C, then

∫
g(x(θ, ω))ν(dθ) is defined for

all ω. It is an F-measurable (random) variable and

E
∫

g(x(θ, ω))ν(dθ) =
∫

Eg(x(θ, ω))ν(dθ) . (4.2.1)

All of these statements are consequences of Fubini’s theorem.

4.2.1 Existence of a Measurable Modification

We shall assume that the σ-algebras B in X and C in Θ are countably gen-
erated. Let x(θ, ω) be a random function and let g(x) be a B-measurable
function from X to [0, 1]. We shall say that x(θ, ω) is countably generated if
the space of random variables of the form η = g(x(θ, ω)), θ ∈ Θ, with the
metric

r(η1, η2) = E|η1 − η2| , (4.2.2)

is separable.
A measurable space (X, B) is called a Borel space if it is separable and

metric, it is a Borel subset of its completion and B is its Borel σ-algebra.

Theorem 4.2.1. In order for a random function x(θ, ω) to have a measurable
modification, it is necessary and, if (X, B) is a Borel space, also sufficient that
the following conditions hold: (a) x(θ, ω) is countably generated and (b) for
any choice of B1 and B2 ∈ B and θ̄ and θ ∈ Θ, the numerical function

P{x(θ̄, ω) ∈ B1, x(θ, ω) ∈ B2} = EIB1(x(θ̄, ω))IB2(x(θ, ω))

is C-measurable with respect to θ.

Necessity. That (b) is necessary follows from Fubini’s theorem and the mea-
surability of the function IB(x(θ, ω)). To prove the necessity of (a), it suffices
to show that if x(θ, ω) is measurable, then IB(x(θ, ω)) is countably generated
for any choice of B ∈ B. Since {(θ, ω) : x(θ, ω) ∈ B} ∈ C ⊗ B, there are
sequences of sets Ck ∈ C and Ak ∈ F for which that set belongs to the σ-
algebra generated by the rectangles Ck × Ak, k ≥ 1. Then the closure of the
set of random variables {IAk

(ω)} in the metric r contains all of the variables
{IB(x(θ, ω)), θ ∈ Θ}, which means IB(x(θ, ω)) is countably generated.
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Sufficiency. A Borel space may be mapped into [0, 1] in one-one fashion by
a Borel function. Therefore x(θ, ω) may be assumed to take values in [0, 1]
(with B[0,1] the σ-algebra of Borel sets). Let H be the closure in L2(Ω,P) of
the linear span of the variables IB(x(θ, ω)), with B ∈ B[0,1]. H is a separable
Hilbert space and x(θ, ω) is a measurable function with values in H. To such
a function, there exists a sequence of simple H-valued functions

xn(θ, ω) =
∑

k

ξnk(ω)ICnk
(θ), Cnk ∈ C

such that xn(θ, ω) converges to x(θ, ω) in H for all θ, that is,

E|xn(θ, ω) − x(θ, ω)|2 → 0 .

The function λn(θ) = E|xn(θ, ω) − x(θ, ω)|2 is measurable.
Define the measurable functions

nm(θ) = inf{k : λk(θ) ≤ 2−m},

x̃m(θ, ω) = xnm(θ)(θ, ω) =
∑

n

∑
k ξnk(ω)ICnk

(θ)I{nm(θ)=n} .

Since E|x̃m(θ, ω) − x(θ, ω)|2 ≤ 2−m, it follows that∑
P{|x̃m(θ, ω) − x(θ, ω)| > ε} ≤

∑
ε22−m < ∞ (4.2.3)

for all θ and positive ε and so x̃m(θ, ω) − x(θ, ω) → 0 with probability 1.
Putting x∗(θ, ω) = lim x̃m(θ, ω) if the limit exists, and x∗(θ, ω) = 0 otherwise,
we obtain our required modification. ��

4.2.2 Mean-Square Integration

Let Θ be a compact metric space and m a finite measure on C. Assume
further that x(θ, ω) is a random function defined on Θ taking values in R and
that E|x(θ, ω)|2 < ∞ for all θ ∈ Θ. Write a(θ) = Ex(θ, ω) and R(θ1, θ2) =
Ex(θ1, ω)x(θ2, ω) − a(θ1)a(θ2). They are the mean and covariance function of
x(θ, ω). We are interested in conditions under which the Riemann sums

Sn =
n∑

k=1

x(θk, ω)m(Ck) (4.2.4)

have a limit in the mean square as maxk diamCk → 0, where Ci ∩ Cj = ∅
for i �= j,

⋃n
i=1 Ci = Θ, θk ∈ Ck and Ci ∈ C, and it must be independent

of the choice of θk and Ck. If this limit exists, then it is natural to call it
the Riemann mean-square integral of x(θ, ω) with respect to the measure
m(dθ). The integral will also be denoted by

∫
Θ

x(θ, ω)m(dθ) (like an ordinary
integral). Observe that the integral sums (4.2.4) coincide with probability 1
for different modifications. Therefore the values of the integrals of different
modifications are the same with probability 1. It is shown below that the
Riemann mean-square integral of a measurable modification coincides with
its ordinary one.
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Theorem 4.2.2. A random function is mean-square Riemann integrable if
and only if a(θ) is Riemann integrable with respect to the measure m(dθ) and
R(θ1, θ2) is Riemann integrable with respect to the measure m(dθ1)m(dθ2).

Proof. This theorem is a consequence of the fact that the partial sums Sn

converge in the mean-square if and only if the following limits exist:

lim
n→∞ ESn, lim

n→∞
m→∞

ESnSm ,

ESn is the Riemann sum for a(θ) with respect to m(dθ) and ESnSm is the
Riemann sum for R(θ1, θ2) + a(θ1)a(θ2) with respect to m(dθ1)m(dθ2). ��

Corollary. If x(θ, ω) is Riemann mean-square integrable, then the functions
a(θ) and R(θ1, θ2) are continuous almost everywhere with respect to the re-
spective measures m(dθ) and m(dθ1)m(dθ2).

Theorem 4.2.3. Suppose that x(θ, ω) is a measurable function that is Rie-
mann mean-square integrable. Then the Riemann integral

∫
x(θ, ω)m(dθ) co-

incides with the ordinary integral.

Proof. The Riemann integrability of a(θ) and R(θ1, θ2) implies that they are
bounded and thus

E
∫

|x(θ, ω)|m(dθ) =
∫

E|x(θ, ω)|m(dθ)

(the integral here is Lebesgue and we have made use of Fubini’s theorem).
Therefore

∫
x(θ, ω)m(dθ) exists with probability 1. Using the Riemann inte-

grability and that Riemann integrable (nonrandom) functions have coinciding
Riemann and Lebesgue integrals, we can show that

lim
n→∞ ES2

n =
(∫

a(θ)m(dθ)
)2

+
∫∫

R(θ1, θ2)m(dθ1)m(dθ2),

lim
n→∞ ESn

∫
x(θ, ω)m(dθ)

= lim
n→∞

[∫
a(θ)m(dθ)

n∑
k=1

a(θk)m(Ck) +
∫ n∑

k=1

R(θ, θk)m(Ck)m(dθ)

]

=
(∫

a(θ)m(dθ)
)2

+
∫∫

R(θ′, θ′′)m(dθ′)m(dθ′′) .

Therefore

lim
n→∞ E

(
Sn −

∫
x(θ, ω)m(dθ)

)2

= lim
n→∞ ES2

n − 2 lim
n→∞ ESn

∫
x(θ, ω)m(dθ) + E

(∫
x(θ, ω)m(dθ)

)2

= 0 .

��
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4.2.3 Expansion of a Random Function in an Orthogonal Series

Let (Θ, C) be the same as in the preceding section and let the random function
x(θ, ω) be continuous in the mean-square:

lim
θ→θ0

E|x(θ, ω) − x(θ0, ω)|2 = 0, ∀θ0 ∈ Θ .

Then the mean a(θ) and covariance function R(θ1, θ2) are continuous. There-
fore x(θ, ω) is Riemann mean-square integrable. If f1(x) and f2(x) are any
bounded continuous functions, then E(f1(x(θ1, ω) × f2(x(θ, ω)) is continuous
in θ1 and θ2 and so it is measurable in θ2 for all θ1. The set F of functions
for which such measurability holds is closed under bounded convergence (a
sequence gn converges boundedly to g if supx,n |gn(x)| < ∞ and gn(x) → g(x)
for all x). Thus F contains all bounded Borel functions and particularly the
indicator functions of Borel sets. Thus, by virtue of Theorem 4.2.1, x(θ, ω)
has a measurable modification. We shall view it as x(θ, ω) itself .

Let L2(Θ, m) be the space of numerical C-measurable functions g(x) such
that

∫
g2(θ)m(dθ) < ∞. It is a Hilbert space with the inner product (g1, g2) =∫

g1(θ)g2(θ)m(dθ). Since∫
Ex2(θ, ω)m(dθ) = E

∫
x2(θ, ω)m(dθ) < ∞ ,

x(·, ω) ∈ L2(Θ, m) for almost all ω. If {gk(θ)} is an orthonormal basis in
L2(Θ, m), then every h(θ) ∈ L2(Θ, m) can be represented as

h(θ) =
∑

αkgk(θ), αk =
∫

h(θ)gk(θ)m(dθ) . (4.2.5)

Therefore

x(θ, ω) =
∑

ξk(ω)gk(θ), ξk(ω) =
∫

x(θ, ω)gk(θ)m(dθ) . (4.2.6)

The series (4.2.5) and (4.2.6) converge in L2(Θ, m) (the second one for almost
all ω). Since by Parseval’s equality,

∞∑
k=1

ξ2
k(ω) =

∫
x2(θ, ω)m(dθ) and E

∫
x2(θ, ω)m(dθ) < ∞ ,

it follows that
∞∑

k=1

Eξ2
k(ω) < ∞ .

Consequently
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lim
n→∞

∫
E

∣∣∣∣∣x(θ, ω) −
n∑

k=1

ξk(ω)gk(θ)

∣∣∣∣∣
2

m(dθ) = lim
n→∞

∞∑
k=n+1

Eξ2
n(ω) = 0 .

Thus the series (4.2.6) converges in L2(Θ, m) in the mean-square.
Let a(θ) = 0. The integral operator Rg(θ) =

∫
R(θ, θ′)g(θ′)m(dθ′) is com-

pletely continuous, symmetric and nonnegative in L2(Θ, m). Let {ϕk} be a
complete orthogonal system of its eigenfunctions. Then

x(θ, ω) =
∑

ηkϕk(θ), ηk =
∫

x(θ, ω)ϕk(θ)m(dθ)

and the ηk’s are uncorrelated. Namely, for k �= l,

Eηkηl = E
∫∫

x(θ, ω)x(θ′, ω)ϕk(θ)ϕl(θ′)m(dθ)m(dθ′)

=
∫∫

R(θ, θ′)ϕk(θ)ϕl(θ′)m(dθ)m(dθ′)

= λk

∫
ϕk(θ′)ϕl(θ)m(dθ′) = 0 ;

λk in this is the eigenvalue of R corresponding to to the eigenfunction ϕk.
In addition, λk ≥ 0 and

∑
λk =

∫
R(θ, θ)m(dθ). In particular, if x(θ, ω) is a

Gaussian random function, the {ηk} also have a joint Gaussian distribution.
Therefore ηk =

√
λkξk, where {ξk} is a sequence of independent Gaussian

random variables with Eξk = 0 and Vξk = 1.

Expansion of a Wiener process on [0, 1]. Let w(t), t ∈ [0, 1], be a Wiener
process, that is, a Gaussian process with independent increments such that
Ew(t) = 0 and Vw(t) = t. Then Ew(t)w(s) = t ∧ s.

The eigenfunctions of the operator R are determined from the equation

λϕ(t) =
∫ 1

0
(t ∧ s)ϕ(s)ds =

∫ t

0
sϕ(s)ds + t

∫ 1

t

ϕ(s)ds .

This gives ϕ(0) = 0, ϕ′(1) = 0 and λϕ′′(t) + ϕ(t) = 0. Therefore

w(t) =
∞∑

k=0

2
√

2
π(2k + 1)

ξk sin
π

2
(2k + 1)t , (4.2.7)

where the ξk’s are independent Gaussian variables with Eξk = 0 and Vξk = 1.

4.3 Adapted Processes

The number of theorems on measurability of stochastic processes can be ex-
panded considerably if use is made of the ordering in the parameter space.



4.3 Adapted Processes 105

We shall consider stochastic processes defined on R+. With each R+, we as-
sociate a σ-algebra of events Ft which is a subalgebra of the algebra F of
the probability space (Ω, F ,P). This Ft will be interpreted as the σ-algebra
of events observed up to time t inclusively. Thus Ft1 ⊂ Ft2 when t1 < t2.
We now impose some additional conditions on the collection {Ft}. First, F
is complete with respect to the measure P (that is, if A ∈ F and P(A) = 0,
then B ∈ F for all B ⊂ A) and the σ-algebra F0 contains all sets in F of
P-measure zero. This is the completeness condition. Second is the following
condition of right-continuity: For all t ∈ R+

Ft+ =
⋂
s>t

Fs = Ft .

This collection of σ-algebras is called a flow. In what follows, the flow of σ-
algebras is viewed as fixed. Processes x(t, ω) will be studied for which for each
fixed t the random variable x(t, ω) is Ft-measurable. Such processes are said
to be adapted to the flow {Ft}.

4.3.1 Stopping Times

A random variable τ taking nonnegative values including ∞ is called a stop-
ping time if {τ ≤ t} ∈ Ft for all t ∈ R+ where F∞ =

∨
t Ft. Associated

with τ is the σ-algebra Fτ of events A ∈ F∞ such that A ∩ {τ ≤ t} ∈ Ft for
all t ∈ R+. The properties of Ft are preserved in a sense if t is replaced by
stopping times. Let us establish some of these properties.

Theorem 4.3.1. 1. If τ1 and τ2 are stopping times, then τ1 ∨ τ2 and τ1 ∧ τ2
are also stopping times.

2. If τ1 ≤ τ2 and τ1 and τ2 are stopping times, then Fτ1 ⊂ Fτ2 .
3. If τn ↓ τ and the τn’s are stopping times, then τ is a stopping time and

Fτ =
⋂

Fτn
.

4. If τn is a stopping time and τn ↑ τ , then τ is a stopping time. If τn < τ ,
then

∨
n Fτn

= Fτ−, where Fτ− is the σ-algebra generated by the events
At ∩ {τ > t}, with t ∈ R+ and At ∈ Ft.

Proof. Statement 1 is trivial.

2. If A ∈ Fτ1 , then A ∩ {τ2 ≤ t} = A ∩ {τ1 ≤ t} ∩ {τ2 ≤ t} ∈ Ft since
A ∩ {τ1 ≤ t} ∈ Ft and τ2 is a stopping time.

3. {τ < s} =
⋃

n{τn < s} ∈ Fs. But {τ ≤ s} =
⋂

k≥N

{
τ < s + 1

k

}
∈

Fs+ 1
N

. Therefore {τ ≤ s} ∈
⋂

n Fs+ 1
n

= Fs+ + Fs. Since τ ≤ τn, it
follows that Fτ ⊂

⋂
n Fτn . Let A ∈

⋂
n Fτn . Then A ∩ {τn ≤ t} ∈ Ft and

A ∩ {τ < t} = A ∩ (
⋃

n{τn < t}) =
⋃

n A ∩ {τn < t} ∈ Ft. In other words,
A ∩ {τ ≤ t} ∈ Ft+ = Ft with A ∈ Fτ .

4. {τ ≤ t} =
⋂

n{τn ≤ t} ∈ Ft. Let A ∈ Fτn . Then A =
⋃

n A ∩ {τn ≤ k/m}
for all m. Hence,
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A =
⋃

m>0

⋃
k>0

{
τ >

k + 1
m

}
∩
{{

τn ≤ k

m

}
∩ A

}

(
⋃

m

⋃
n

{
τ > k+1

m

}
∩
{
τn ≤ k

m

}
= Ω because τn < τ). Since

{
τn ≤ k

m

}
∩ A ∈

Fk+m−1 , we have{
τ >

k + 1
m

}
∩
({

τn ≤ k

m

}
∩ A

)
∈ Fτ− .

We have shown that
∨

n Fτn
⊂ Fτ−.

Now let A ∈ Fτ− and consider an A of the form At ∩ {τ > t}. Then

A =
⋃
k

⋂
n

{
τn > t +

1
k

}
∩ At .

Observe that
{
τn > t + 1

k

}
∩ At ∈ Fτn

since
{
τn > t + 1

k

}
∩ At ∩ {τn ≤ s} is

empty for s ≤ t + 1
k and equals At ∩

{
t + 1

k < τn ≤ s
}

∈ Fs for s > t + 1
k .

Thus for all k,

⋃
k

⋂
n

{
τn ≤ t +

1
k

}
∩ At ∈

∨
n

Fτn , A ∈
∨
n

Fτn .

��

A stopping time τ is said to be predictable if there exists a sequence of
stopping times τn such that P{τn < τ} = 1 and τn → τ . A stopping time ζ
is said to be completely unpredictable if P{τ = ζ} = 0 for every predictable
stopping time τ .

4.3.2 Progressive Measurability

This concept relates measurability and adaptedness. A process x(t, ω) with
values in a measurable phase space (X, B) is progressivly measurable if x(s, ω)
is a B[0,1] ⊗ Ft-measurable function on [0, t] × Ω for all t ∈ R+, where B[0,1] is
the σ-algebra of Borel sets in [0, t]. An important consequence of progressive
measurability is the following property. For any stopping time τ , if x(s, ω)
is a progressively measurable process, then x(τ, ω) is Fτ -measurable. In fact,
{x(τ, ω) ∈ B}∩{τ ≤ t} belongs to Ft for all t ∈ R+ because of the measurabil-
ity of a composition of measurable functions and the B[0,1] ⊗Ft-measurability
of x(s, ω) for s ≤ t.

The next result gives sufficient conditions for progressive measurability.

Theorem 4.3.2. A right- (left-) continuous adapted process in a topological
phase space is progressively measurable.
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Proof. Let t be fixed. We have to show that the process x(s, ω), s ∈ [0, t], is
B[0,t]⊗Ft-measurable. A process of the form xn(s, ω) = xn,k(ω) with k

n t < s <
k+1

n t, which is left- or right-continuous, will be B[0,t] ⊗ Ft-measurable if the
xn,k(ω)’s are Ft-measurable. Choosing xn,k(ω) = x

(
k
n t, ω

)
if x(s, ω) is left-

continuous and xn,k(ω) = x
(

k+1
n t, ω

)
if x(s, ω) is right-continuous, we arrive

at a sequence of B[0,t] ⊗ Ft-measurable processes that converges to x(s, ω).

4.3.3 Completely Measurable and Predictable σ-Algebras

Let τ1 and τ2 be stopping times. The set

{(t, ω) : τ1(ω) ≤ t < τ2(ω)} ∈ BR+ ⊗ F

is called a stochastic interval and will be denoted by [[τ1, τ2[[. The stochastic
intervals ]]τ1, τ2]], ]]τ1, τ2[[ and [[τ1, τ2]] are defined in similar fashion.

Definition. The σ-algebra of completely measurable sets is the σ-algebra W
in R+ × Ω generated by the stochastic intervals [[τ1, τ2[[.

Theorem 4.3.3. 1. W is the smallest σ-algebra relative to which all adapted
right-continuous numerical processes are measurable.

2. W is generated by intervals of the form [[tA,∞[[, where t ∈ R+, A ∈ Ft,
tA = t, ω ∈ A, and tA = ∞, ω /∈ A (it is a stopping time).

Proof. 1. Let W0 be the σ-algebra relative to which all adapted right-
continuous processes are measurable. I[[τ1,τ2[[ is such a process and hence it
is W0-measurable, [[τ1, τ2[[∈ W0 and W ⊂ W0. Let us show that an adapted
right-continuous process x(t, ω) is W-measurable. Choose ε > 0 and form a
(generally speaking, transfinite) sequence of stopping times

τε
1 = inf{t : |x(0, ω) − x(t, ω)| ≥ ε}

(we consider the inf ∅ = ∞). If τε
1 < ∞, put

τε
2 = inf{t > τε

1 : |x(τε
1 , ω) − x(t, ω)| ≥ ε},

and if τε
1 = ∞, then also τε

2 = ∞ and so on. It is easy to see that τ ε
k is a

stopping time. Put xε(t) = x(τ ε
k) for t ∈ [[τ ε

k , τε
k+1[[ (τε

0 = 0). This process is
W-measurable:

{(t, ω) : xε(t) < a} =
⋃

[[τε
k , τε

k+1[[∩{ω : x(τ ε
k) < a} × R+ .

Since x(t, ω) is right-continuous, it is progressively measurable and so x(t, ω) is
Fτ -measurable if τ is a stopping time. Put τ∗

k = τε
k for x(τε

k) < a and τ∗
k = ∞

otherwise. Then τ∗
k is a stopping time because {ω : x(τε

k) < a} ∈ Fτε
k

and
so {(t, ω) : xε(t) < a} =

⋃
k[[τ∗

k , τε
k+1[[∈ W. Thus, xε(t, ω) is W-measurable.
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By construction, |xε(t, ω) − x(t, ω)| ≤ ε. Being the limit of W-measurable
processes, x(t, ω) is also W-measurable.

2. Let W1 denote the σ-algebra generated by the intervals [[tA,∞[[ with
t ∈ R+. Clearly, W1 ⊂ W. Observe that {τ > t} ∈ Ft if τ is a stopping time.
Therefore

[[t{r>t},∞[[∈ W1, [[τ, ∞[[=
⋂
k,n

[[(
k

n

)
{τ> k

n}
,∞
[[

∈ W1 ,

and hence W ⊂ W1. ��
Let P be the σ-algebra generated by the stochastic intervals [[τ1, τ2[[, where

the τi’s are predictable stopping times. This is the σ-algebra of predictable sets.

Theorem 4.3.4. 1. P is generated also by stochastic intervals ]]τ1, τ2]] =
{(t, ω) : τ1(ω) < t ≤ τ2(ω)} with τ1 and τ2 stopping times.

2. P is generated by adapted left-continuous scalar processes.
3. P is generated by adapted continuous scalar processes.

Proof. 1. Let τ be a stopping time. Then τ + s is also a stopping time for
positive s. Therefore it is a predictable stopping time: τ +s = lim(τ +s−n−1).
Hence, [[0, τ +s[[∈ P, [[0, τ ]] =

⋂
n[[0, τ + 1

n ]] ∈ P, ]]τ1, τ2]] = [[0, τ2]]\ [[0, τ1]] ∈ P.
On the other hand, if τ is a predictable stopping time, τn < τ for positive τ
and τn → τ , then [[0, τ [[=

⋃
n[[0, τn]].

2. If P1 is a σ-algebra generated by adapted left-continuous processes,
then the P-measurability of I]]τ1,τ2]] and left-continuity of this process imply
that P ⊂ P1. Let us show that an adapted left-continuous process x(t, ω)
is P-measurable. Define xn(t, ω) = x(k/n, ω) for k/n < s ≤ (k + 1)/n and
xn(0, ω) = x(0, ω). Since x(t, ω) = limxn(t, ω), the P-measurability of x(t, ω)
follows from the P-measurability of xn(t, ω). The latter is a consequence of
the relation

{(ω, t) : xn(t, ω) < a} =
⋃
k

]](
k

n

)
{x( k

n ,ω)<a}
,
k + 1

n

]]
,

since
(

k
n

)
{x( k

n ,ω)<a} is a stopping time; by what has been proved, the stochas-
tic intervals on the right belong to P.
This results from part 1 and the following fact. If τ is a stopping time, then

]]0, τ ]] = {(t, ω) : exp{0 ∨ (t − τ)} = 1} .

��

4.3.4 Completely Measurable and Predictable Processes

A stochastic process x(t, ω) defined on R+ taking values in a measurable space
(X, B) and adapted to the flow {Ft} is said to be completely measurable if it
is W-measurable and it is predictable if it is P-measurable. In what follows,
we shall consider only countably-generated σ-algebras B.
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(a) Indistiguishability. We shall say that two processes x1(t, ω) and x2(t, ω)
are indistiguishable if x1(t, ω) = x2(t, ω) for almost all ω and for all t. If
A ⊂ Ω ×R+, then π(A) is the projection of A on Ω: ω ∈ π(A) if {ω}×R+ ∩A
is not empty, with {ω} a singleton. In measure theory, it is proved that if P
is a complete measure, then π(A) ∈ F if A ∈ F ⊗BR+ . This fact may be used
to show that x1(t, ω) and x2(t, ω) are indistinguishable if

P(π({(ω; t) : x1(t, ω) �= x2(t, ω)})) = 0 .

Theorem 4.3.5. Let x1(t, ω) and x2(t, ω) be two W-measurable (or P-
measurable) processes. If for every stopping time τ (or predictable stopping
time τ) x1(t, ω) = x2(t, ω) almost everywhere on {τ < ∞}, then x1(t, ω) and
x2(t, ω) are indistinguishable.

The proof of this statement rests on the following fact.

Lemma. If A ∈ W (or P) and P(π(A)) > 0, then to each positive ε there
corresponds a stopping time τ (predictable stopping time τ) such that P{(ω :
τ(ω)) ∈ A} > P(π(A)) − ε.

Proof. Consider the case A ∈ W. Let K be the class of sets B ∈ W for
which {t : (ω; t) ∈ B} contains its infimum. Denote it by debB and notice
that it is a stopping time. Next let K̃ be the collection of sets A ∈ W for
which to every positive ε, there corresponds a Bε ∈ K such that Bε ⊂ A
and P(π(A)) < P (π(Bε)) + ε. One can show that K̃ is a monotone collection
and since K̃ contains an algebra generated by stochastic intervals, K̃ = W. If
A ∈ W, Bε ⊂ A, Bε ∈ K and P(π(A) < P(π(Bε)) + ε, then debBε is the
required stopping time. ��

Proof of the theorem. If P(π({(ω; t) : x1(t, ω) �= x2(t, ω)})) > 0, there would
be a stopping time τ (predictable stopping time τ) such that P((ω; τ) ∈
{(ω, t) : x1(t, ω) �= x2(t, ω)}) > 0. In other words, P{x1(t, ω) �= x2(t, ω)} > 0
which contradicts the hypothesis. ��

(b) Existence of measurable modifications.

Theorem 4.3.6. 1. Let x(t, ω) be an adapted measurable process in a Borel
space (X, B). Then it has a W-measurable modification. 2. If in addition
x(t, ω) is Ft−-measurable for all t ∈ R+, where F0− = F0 and Ft− =

∨
s<t Fs,

t > 0, then it has a P-measurable modification.

Proof. Just as in Theorem 4.2.1 of Sect. 4.2.1, we can confine ourselves to a
process x(t, ω) with values in [0, 1]. Let H be a Hilbert space as in that theo-
rem, and let Ht be the subspace of H generated by the variables IB(x(s(ω)),
s ≤ t, Let Pt denote projection on Ht. If ξ(t, ω) as a function with values in
H is measurable, then the same thing will be true of the function Pt(ξ(t, ω)).
Let xn(t, ω) be just as in Theorem 4.2.1 of Sect. 4.2.1. It suffices to prove the
existence of a W-measurable modification for the processes
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Ptxn(t, ω) =
∑

ICnk
(t)Ptξnk ,

and to this end, for the processes Ptξnk.
The process Ptξnk = E(ξnk|Ft) is a martingale (see Sect. 4.4 below); and

so on the basis of Sect. 4.4.3, it has a right-continuous modification. It is
W-measurable by virtue of Theorem 4.3.3.

2. Write x(h)(t, ω) = Pt−h∨0x(t, ω). This is also measurable in H. Since by
hypothesis

lim
h→0

E|x(t, ω) − x(h)(t, ω)|2 = 0 ,

it suffices to prove the existence of a P-measurable modification for xh(t, ω)
and to this end for Pt−hξnk. This is a martingale adapted to the flow Ft−h∨0
and its right-continuous modification is predictable since every Ft−h∨0-
adapted step-process has that property. ��

4.4 Martingales

4.4.1 Definition and Simplest Properties

Let T ⊂ R and to each t ∈ T , let there correspond a σ-algebra Ft so that
Ft ⊂ Fs when t < s. A family of numerical random variables {ξt, t ∈ T} is a
martingale with respect to {Ft} if: (i) ξt is Ft-measurable for all t ∈ T ; (ii) Eξt

exists; (iii) E(ξt|Fs) = ξs for s < t (equality of random variables is understood
everywhere to be with probability 1) Sometimes, one says that {ξt,Ft, t ∈ T}
is a martingale. It is possible to speak about martingales without mentioning
σ-algebras. It is then kept in mind that the Ft’s are the σ-algebras generated
by {ξs, s ≤ t, s ∈ T}. We shall be primarily interested in three cases: T is a
finite set, T is the set Z+ of nonnegative integers and T = R+.

A very simple example of a martingale is a process with independent in-
crements in which the expectation of an increment is zero. Less trivial are the
following examples.

Example 4.4.1. Let η(t), t ∈ R+ be a process with stationary independent
increments for which E exp{λη(t)} exists for some λ. Then E exp{λη(t)} =
exp{ta(λ)}, where a(λ) is some number. The process

ξ(t) = exp{λη(t) − ta(λ)}

is a martingale with respect to the flow {Ft} generated by η(s), s ≤ t.

Example 4.4.2. Let T be arbitrary and let {Ft} satisfy the monotonicity condi-
tion. Suppose that η is an arbitrary random variable in R for which E|η| < ∞.
If ξt = E(η|Ft), then {ξt,Ft, t ∈ T} is a martingale.
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If {ξt} obeys (i), (ii) and (iii′) E(ξt|Fs) ≤ ξs for s < t, then it is called a
supermartingale. And if it obeys (i), (ii) and (iii′′) E(ξt|Fs) ≥ ξs for s < t, it
is called a submartingale. Both are also termed semimartingales. It is easy to
verify the following properties.

I. If {ξt} is a martingale and g(x) is convex down, then g(ξt) is a submartin-
gale (for instance, |ξt| and ξ2

t ).
II. If {ξt} is a supermartingale and g(x) is convex up and increasing, then

g(ξt) is also a supermartingale.

More important is that (iii), (iii′) and (iii′′) continue to hold for stopping
times under certain additional restrictions. These restrictions disappear if T
is a finite set. Stopping times are understood here to be random variables
τ taking values in T ∪ {∞} for which {τ ≤ t} ∈ Ft. When T is at most
countable, it means that {τ = t} ∈ Ft for all t ∈ T . We shall say that τ is a
stopping time in T .

Theorem 4.4.1. Suppose that T is a finite set and τ1 and τ2 are stopping
times in T . Then on the set {τ1 ≤ τ2}, E(ξτ2 |Fτ1) ≤ ξτ1 if {ξt} is a super-
martingale, E(ξτ2 |Fτ1) = ξτ1 if {ξt} is a martingale, and E(ξτ2 |Fτ1) ≥ ξτ1 if
{ξt} is a submartingale. Fτ1 is the σ-algebra of sets A such that A ∩ {τ1 =
t} ∈ Ft for all t ∈ T .

Proof. All three relations are proved in similar fashion. Let {ξt} be a martin-
gale. Notice that {τ1 < τ2} ∈ Fτ1 since {τ1 < τ2}∩{τ1 = t} = {τ1 = t}∩{τ2 >
t}. We have to show that

EIAξτ2 = EIAξτ1

for all A ∈ Fτ1 , A ⊂ {τ1 < τ2}. There is no loss of generality in assuming that
T = {0, 1, . . . , n} and A ⊂ {τ1 = k} ∩ {τ2 > k}. Then

IAξτ2 = IA

n−1∑
m=k

(ξm+1 − ξm)I{τ2>m} + IAξτ1 .

Since IAI{τ2>m} is Fm-measurable if m ≥ k, it follows that
EIAI{τ2>m}ξm+1 = EIAI{τ2>m}ξm. Taking the expectation, we arrive at our
required result. ��

4.4.2 Inequalities. Existence of the Limit

We concentrate first on finite sequences ξ1, . . . , ξn of random variables forming
a martingale, a submartingale or a supermartingale. {F1, . . . ,Fn} are the
corresponding σ-algebras.
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(a) Inequalities for the maximum.

Theorem 4.4.2. 1. If {ξk,Fk, k = x1, . . . , xn} is a submartingale, then

aP{max
k

ξk ≥ a} ≤ E(ξn ∨ 0) . (4.4.1)

2. If {ξk,Fk, k = x1, . . . , xn} is a supermartingale, then

aP{max
k

ξk ≥ a} ≤ Eξ0 − E(ξn ∧ 0) . (4.4.2)

Proof. 1. Let τ = k < n if ξk ≥ a, ξk−1 < a, . . . , ξ1 < a and let τ = n if ξn−1 <
a, . . . , ξ1 < a. Then τ is a stopping time relative to {Fk} since {τ = k} ∈ Fk.
Let A be the event {maxk ξk ≥ a}. A ∈ Fτ because A ∩ {τ = k} ∈ Fk. Hence
on the basis of Theorem 4.4.1,

EξnIA ≥ EξτIA ≥ aP(A) .

It remains to observe that EξnIA ≤ E(ξn ∨ 0)IA ≤ E(ξn ∨ 0).
2. Retaining the preceding notation, we have Eξτ ≤ Eξ0 and

Eξτ = EξτIA + Eξτ (1 − IA) ≥ aP(A) + Eξn(1 − IA) .

Therefore

aP(A) ≤ Eξτ − Eξn(1 − IA) ≤ Eξτ − E(ξn ∧ 0)(1 − IA) ≤ Eξ0 − E(ξn ∧ 0).

��

Corollary. If {ξk,Fk, k = 1, . . . , n} is a supermartingale, then

aP{sup
k

|ξk ≥ a} ≤ E|ξ0| + E|ξn|.

(b) Inequalities for the number of crossings. A numerical sequence x1,
x2, . . . , xn is said to cross the band [a, b](a < b) at least k times downward
from above if there are numbers i1 < i2 < . . . < i2k−1 < i2k such that
xi1 ≤ a, xi3 ≤ a, . . . , xi2k−1 ≤ a, xi2 ≥ b, xi4 ≥ b, . . . , xi2k

≥ b. The number of
crossings upward from below is defined in similar fashion and their sum is the
number of crossings of [a, b] by the sequence x1, . . . , xn.

Theorem 4.4.3. Let {ξk,Fk, k = 1, . . . , n} be a supermartingale. If ν+[a, b] is
the number of times the sequence ξ1, . . . , ξn crosses [a, b] upward from below,
then

(b − a)Eν+[a, b] ≤ E(a − ξn) ∨ 0 (4.4.3)
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Proof. Consider stopping times in {1, 2, . . . , n} defined by τ1 = inf({i : ξi ≤
a} ∪ {n}), τ2 = inf({i ≥ τ1 : ξ1 ≥ b} ∪ {n}) and so on. Let Am = {ν+[a, b] ≥
m} = {τ2m−1 < n} ∩ {ξ2m ≥ b}, {τ2m−1 < n} ∈ Fτ2m−1 . Therefore

0 ≥ E(ξτ2m
− ξτ2m−1)I{τ2m−1<n}

≥ (b − a)P(Am) + E(ξτ2m
− a)I{τ2m−1<n,ξτ2m <b}

≥ (b − a)P(Am) + E(ξn − a)I{τ2m−1<n,ξτ2m
<b}.

Since the events {τ2m−1 < n, ξτ2m
< b} ⊂ {τ2m−1 < n, τ2m = n} are mutually

exclusive, it follows that

(b − a)
∑

P(Am) ≤ E[(a − ξn) ∨ 0]
×
∑

I{τ2m−1<n,τ2m=n} ≤ E[(a − ξn) ∨ 0].

But ∑
P(Am) = Eν+[a, b]. ��

(c) Limit theorem. We next consider an infinite sequence {ξk,Fk, k = 1, 2, . . .}
which is either a super- or submartingale. We wish to find conditions under
which the sequence has a limit with probability 1.

Theorem 4.4.4. Let {ξk,Fk, k = 1, 2, . . .} be a supermartingale for which
infn E(ξn ∧ 0) > −∞. Then lim

n→∞ ξn exists with probability 1.

Proof. If {xn} is a numerical sequence, then it has a limit if (a) it is bounded
and (b) it crosses any [r1, r2], with r1 < r2 rational numbers, finitely many
times. Write η+

n = max{ξ1, . . . , ξn}, η−
n = max{−ξ1, . . . ,−ξn}, η+ = lim

n→∞ η+
n ,

and η− = lim
n→∞ η−

n . Let νn[r1, r2] be the number of times the sequence

ξ1, . . . , ξn crosses [r1, r2] and ν[r1, r2] = lim
n→∞ νn[r1, r2] the number of times

that the infinite sequence crosses [r1, r2]. Since {−ξk} is a submartingale,
Theorem 4.4.2 implies for positive a that

aP{η+
n ≥ a} ≤ Eξ0 − E(ξn ∧ 0), aP{η+ ≥ a} ≤ Eξ0 − inf

n
E(ξn ∧ 0),

aP{η−
n ≥ a} ≤ E(−ξn) ∨ 0 = −E(ξn ∧ 0),

aP{η− ≥ a} ≤ − inf
n

E(ξn ∧ 0).

Hence, P{sup
k

|ξk| ≥ a} ≤ 1
a (Eξ0 − 2 inf

n
E(ξn ∧ 0)). The sequence {ξk} is

bounded almost surely. Since νn[r1, r2] ≤ 2ν+[r1, r2] + 1,

Eν[r1, r2] ≤ 1
(b − a)

(
1 + 2(|a| − inf

n
E(ξn ∧ 0))

)
< ∞

on the basis of Theorem 4.4.3. ��

Corollary. A nonnegative supermartingale has a limit with probability 1.
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Remark. Let {ξn,Fn, n = 1, 2, . . .} be a uniformly integrable martingale. Then
supn E|ξn| < ∞ and by Theorem 4.4.4, lim

n→∞ ξn = ξ∞ exists. If Am ∈ Fm,

Eξ∞IAm
= lim

n→∞ EξnIAm = EξmIAm

(taking the limit under the integral sign is permissible in view of the uniform
integrability). Thus

ξm = E(ξ∞|Fm). (4.4.4)

Conversely, if {ξn} is representable as (4.4.4), then it is a uniformly integrable
martingale. That it is a martingale is obvious. The uniform integrability is a
consequence of the next assertion.

Lemma. Let E|ξ| < ∞ and let {Fθ, θ ∈ Θ} be a collection of σ-algebras
with Fθ ⊂ F . Then the family of random variables {ηθ = E(ξ|Fθ), θ ∈ Θ} is
uniformly integrable.

Proof. Clearly E|ηθ| ≤ E|ξ|. P{|ηθ| > c2} ≤ c−2E|ξ|. Therefore

E|ηθ|I{|ηθ|>c2} = E|E(ξ|Fθ)|I{|ηθ|>c2} ≤ EE(|ξ|
∣∣Fθ)I{|ηθ|>c2}

= E|ξ|I{|ηθ|>c2} = E|ξ|I{|ξ|≤c}I{|ηθ|>c2}

+ E|ξ|I{|ξ|>c}I{|ηθ|>c2} ≤ c
E|ξ|
c2 + E|ξ|I{|ξ|>c}

The right-hand side does not depend on θ and approaches zero as c → ∞. ��

Corollary. Let Fn ⊂ Fn+1, F∞ =
∨

n Fn and E|ξ| < ∞. Then

E(ξ|F∞) = lim
n→∞ E(ξ|Fn)

with probability 1.

4.4.3 Continuous Parameter

Let T ⊂ R+. Assume that {Ft, t ∈ R+} is a flow of σ-algebras.

Theorem 4.4.5. Suppose that {ξt,Ft, t ∈ R+} is a supermartingale and that
the family {ξt, t ≤ s} is uniformly integrable for any s. Then ξt has a right-
continuous modification if Eξt is right-continuous.

Proof. Let D+ be the set of nonnegative rationals. Using Theorem 4.4.2 and
4.4.3, one can show that sup

t∈D+∩[0,s]
|ξt| is finite with probability 1 for every s.

The same is true for ν(D+ ∩ [0, s], r1, r2), the number of crossings of the band
[r1, r2] by the collection {ξt, t ∈ D+ ∩ [0, s]}; it is defined as the supremum of
the number of crossings of the band [r1, r2] by {ξ1, . . . , ξn} over all n and all
t1 < t2 < . . . tn in D+ ∩ [0, s]. Therefore
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lim
u∈D+,u↓t

ξu = ξ∗
t

exists for all t. Let us show that ξ∗
t = ξt with probability 1. Let un ↓ t

with un ∈ D+. Then EIAξun
≤ EIAξt for all A ∈ Ft. Utilizing the uniform

integrability, we see that EIAξ∗
t ≤ EIAξt so that ξ∗

t ≤ ξt with probability 1.
But Eξ∗

t = limEξun
= Eξt and hence P{ξt = ξ∗

t } = 1. ��

Corollary. If {ξt,Ft, t ∈ R+} is a martingale, then ξt has a right-continuous
modification.

4.5 Stochastic Integrals and Integral Representations of
Random Functions

We shall consider complex-valued random variables on a given probability
space (Ω, F ,P) that belong to L2(Ω,P), as well as random functions with
such values. L2(Ω,P) is now a complex Hilbert space with the inner product
〈ξ, η〉 = Eξη̄.

4.5.1 Random Measures

Let (X, B) be a measurable space. Consider a complex-valued function µ(B)
defined on B that satisfies the following:

A. There exists a finite measure m on B such that

Eµ(B1)µ(B2) = m(B1 ∩ B2), B1, B2 ∈ B . (4.5.1)

Then µ(B) is called a random measure. This term is warranted for the follow-
ing reasons.

B. If B1 and B2 ∈ B, B1 ∩ B2 = ∅, then µ(B1 ∪ B2) = µ(B1) + µ(B2). To
see this, consider

E|µ(B1 ∪ B2) − µ(B1) − µ(B2)|2

= m(B1 ∪ B2) − 2m(B1) − 2m(B2) + m(B1) + m(B2) = 0 .

C. If {Bn, n ≥ 1} ⊂ B, Bi ∩ Bj = ∅ for i �= j, then

µ

(⋃
n

Bn

)
=
∑

n

µ(Bn) . (4.5.2)

This is a consequence of the relation

E

∣∣∣∣∣µ
(⋃

n

Bn

)
−

l∑
n=1

µ(Bn)

∣∣∣∣∣
2

= m

(⋃
n

Bn

)
−

l∑
n=1

m(Bn) .
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We point out one further important property which can be used to extend
stochastic measures.

D. Let B0 be a subalgebra of B generating B and let µ(B) be given on B0
and satisfy (4.5.1) for B1 and B2 ∈ B0. Finally, let m be a finite measure on
B. Then there exists an extension of µ(B) to a stochastic measure on B. This
extension can be determined by taking the limit over a monotone sequence
of sets: lim µ(Bn) exists for each monotone sequence Bn. For example, for an
increasing sequence, with n < k, E|µ(Bk) − µ(Bn)|2 = m(Bk − Bn) → 0.

(a) Stochastic integrals. Let L2(m) be the space of complex-valued B-
measurable functions ϕ(x) defined on X for which

∫
|ϕ(x)|2m(x)dx < ∞

It is also a complex Hilbert space. Let H2(µ) be the subspace of L2(Ω,P)
generated by {µ(B), B ∈ B} and let H0(µ) be the linear span of this set. Fi-
nally, let B0(X) be the space of simple functions in L2(m), that is, the linear
span of {IB(x), B ∈ B}. Define a mapping I from B0(X) to H0(µ) by

I
(∑

ckIBk

)
=
∑

ckµ(Bk) .

I is a linear isometry. If the Bk’s are disjoint, then∫ ∣∣∣∑ ckIBk
(x)
∣∣∣2 m(dx) =

∑
|ck|2m(Bk) = E

∣∣∣∑ ckµ(Bk)
∣∣∣2 .

Therefore I can be extended to L2(m) as an isometry and it is a bijection
from L2(m) to H2(µ).

The random variable I(ϕ) defines the stochastic integral of a function ϕ
with respect to the measure µ and it is denoted by

∫
ϕdµ =

∫
ϕ(x)µ(dx).

A stochastic integral is uniquely determined by its following properties:
1.
∫

IBdµ = µ(B); 2. a stochastic integral is a homogenous linear function; 3.
E
∫

ϕdu
∫

ψdµ =
∫

ϕψ̄dm.

4.5.2 Karhunen’s Theorem

A stochastic integral can be used to express a random function defined on Θ
with values in L2(Ω, P ) as follows:

ξ(θ) =
∫

k(θ, y)µ(dy) . (4.5.3)

where k(θ, y) as a function of y belongs to L2(m) for all θ ∈ Θ. Consider the
function

r(θ1, θ2) = Eξ(θ1)ξ(θ2) . (4.5.4)

If ξ(θ) has the representation (4.5.3), then by property 3, r(θ1, θ2) can be
expressed as

r(θ1.θ2) =
∫

k(θ1, y)k(θ2, y)m(dy) . (4.5.5)

A more profound result is due to Karhunen.
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Theorem 4.5.1. Suppose that ξ(θ) is a random function for which E|ξ(θ)|2 <
∞ and that the function r(θ1, θ2) defined by (4.5.4) has the representation
(4.5.5) with m a finite measure and k(θ, ·) ∈ L2(m) for all θ ∈ Θ. Then there
exists a random measure µ such that ξ(θ) is representable as (4.5.3).

Proof. Let K0 ⊂ L2(m) be the linear span of the set of functions {k(θ, ·), θ ∈
Θ} and K its closure. Let H0(ξ) be the linear span of the random variables
{ξ(θ), θ ∈ Θ} and H2(ξ) its closure in L2(Ω,P). There is no loss of generality
in assuming that the Hilbert space L2(Ω,P) � H2(ξ) is of dimensionality no
less than that of L2(m) � K. This is because the original probability space
may always be expanded by replacing it by (Ω × Ω′,F ⊗ F ′,P × P′), where
(Ω′,F ′,P′) is arbitrary. Now define a mapping S : L2(m) → L2(Ω,P) as
follows: Sk(θ, ·) = ξ(θ), θ ∈ Θ, and Sϕα = ηα, where {ϕα} is an orthonormal
system in L2(m)�K and {ηα} is an orthonormal system in L2(Ω,P)�H(ξ).
Then S can be extended linearly. From (4.5.4) and (4.5.5), it follows that S
is an isometry. Define SIB = µ(B). Then

Eµ(B1)µ(B2) =
∫

IB1(x)IB2(x)m(dx) = m(B1 ∩ B2) .

Hence, µ(B) is a random measure. Let H2(µ) be defined as in Sect. 4.5.1.
Then S maps L2(m) onto H2(µ) and Sϕ =

∫
ϕ(y)µ(dy). Thus

ξ(x) = S(k, ·) =
∫

k(x, y)µ(dy) .

��

Remark. Let Π be orthogonal projection of H2(µ) on H2(ξ) and µ̃(B) =
Πµ(B). Since Πξ(θ) = ξ(θ), it follows that ξ(θ) =

∫
k(θ, y)µ̃(dy); µ̃ is also

a random measure and satisfies Eµ̃(B1)µ̃(B2) = m̃(B1 ∩ B2) = E|Πµ(B1 ∩
B2)|2 ≤ m(B1 ∩B2). Using this fact, we can confirm the truth of the following
statement:

If (4.5.5) holds for R(θ1, θ2) with some finite measure m, then a represen-
tation (4.5.5) exists with m̃ the smallest measure of all those for which this
representation is possible; the random measure µ̃ is the one taking values in
H2(ξ) for which Eµ̃(B1)µ̃(B2) = m̃(B1 ∩ B2), and

ξ(θ) =
∫

k(θ, y)m̃(dy) .

4.5.3 Spectral Representation of Some Random Functions

(a) Stationary sequences. Consider a complex-valued random sequence
{ξn, n = 0,±1,±2, . . .}. It is (wide-sense) stationary if E|ξn|2 < ∞, Eξn does
not depend on n and Eξnξ̄k depends only on n − k. Let rk = Eξk ξ̄0 − |a|2,
where a = Eξn.
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Then rk is a positive-definite sequence (this means that the quadratic form∑n
k,j=1 rk−jzkz̄j is nonnegative-definite for all n). By Bochner’s theorem be-

low, rk can be expressed as rk =
∫ π

−π
eikλdσ(λ), where σ(λ) is a nondecreasing

bounded function on [−π, π[.
Hence,

Eξk ξ̄1 = |a|2 +
∫ π

−π

eikλeilλdσ(λ)

and by Karhunen’s theorem, there exists a random measure µ(dλ) on [−π, π[
for which E|µ(dλ)|2 = dσ(λ) and ξk = a +

∫ π

−π
eikλµ(dλ).

(b) Stationary processes. Consider a complex-valued random process ξ(t),
t ∈ R. It is (wide-sense) stationary if: 1. E|ξ(t)|2 < ∞, t ∈ R+; 2. Eξ(t) does
not depend on t; 3. Eξ(t)ξ(s) depends on the difference t − s. Let a = Eξ(t)
and let r(t) = Eξ(t)ξ(0) be the covariance function; it is positive-definite.

Bochner’s Theorem. If r(t) is continuous at 0, then it can be represented
in the form

r(t) =
∫

eiλtdσ(λ) ,

where σ(λ) is a nondecreasing bounded function.

By Karhunen’s theorem, there exists a stochastic measure µ(dλ) such that

ξ(t) =
∫

eiλtµ(dλ) + a .
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Limit Theorems

In Chapter 1 it was pointed out that probability laws manifest themselves
when considering a large number of random objects. The main instrument
for exposing these laws are the limit theorems of probability theory. They
comprise a considerable part of the theory and have remained a principal
area of its development. Examples of limit theorems may be found in Chap. 2,
Sect. 2.1.3 and in Chap. 3, Sects. 3.1–3.3. The present chapter furnishes some
general results on the convergence of distributions as well as on two important
classes: ergodic theorems and central limit theorems.

5.1 Weak Convergence of Distributions

5.1.1 Weak Convergence of Measures in Metric Spaces

Let X be a complete separable metric space and B a Borel σ-algebra. Let M
denote the set of finite measures on B and C the space of bounded continuous
functions from X to R.

Definition. A sequence of measures µn ∈ M converges weakly to a measure
µ if limn→∞

∫
fdµn =

∫
fdµ for all f ∈ C (this fact will be denoted by

µn ⇒ µ).

We now give a characterization of weak convergence in terms of conver-
gence of measures on sets.

Theorem 5.1.1. In order that µn ⇒ µ0 it is necessary and sufficient that

lim
n→∞ µn(X) = µ0(X) and lim

n→∞µn(F ) ≤ µ0(F ) (5.1.1)

for every closed set F .

Necessity. Let f ∈ C and let f ≥ IF . Then

lim
n→∞µn(F ) ≤ lim

n→∞

∫
fdµn =

∫
fdµ0.
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But the infimum of the right-hand side over all f ≥ IF is µ0(F ). The necessity
of the first part of (5.1.1) is obvious.

Sufficiency. Let G be an open set. It follows from (5.1.1) that limn→∞µn(G) ≥
µ0(G). Let A ∈ B and let int A, [A], and A′ be the interior, closure and
boundary of A, respectively. Then

µ0(int A) ≤ lim
n→∞

µn(A) ≤ lim
n→∞ µn(A) ≤ µ0([A])

= µ0(int A) + µ0(A′).

Hence, when µ0(A′) = 0,

lim
n→∞ µn(A) = µ0(A).

To any f ∈ C and positive ε, there are a0 < a1 < . . . < am such that
a0 < f < am, µ0({x : f(x) = ai}) = 0, i = 0, 1, . . . , m and ai −ai−1 < ε. Thus
for n = 0, 1, 2, . . .∣∣∣∣

∫
fdµn−

∑
aiµn({x : ai ≤ f(x) < ai+1})

∣∣∣∣ < εµn(X),

lim
n→∞

∑
aiµn({x : ai ≤ f(x) < ai+1})

=
∑

aiµ0({x : ai ≤ f(x) < ai+1}),

and so

lim
n→∞

∣∣∣∣
∫

fdµn −
∫

fdµ0

∣∣∣∣ ≤ 2εµ0(X).
��

Remark 5.1.1. A is called a continuity set for measure µ0 if µ0(A′) = 0. The
proof of the theorem establishes that when µn ⇒ µ0, then µn(A) → µ0(A)
for all continuity sets of the measure µ0.

Remark 5.1.2. Let xn(ω), n = 0, 1, 2, . . . , be a sequence of X-valued random
elements such that xn(ω) → x(ω) in probability and let µn be the distribution
of xn(ω). Then

µn ⇒ µ0 :
∫

fdµn = Ef(xn(ω)) → Ef(x0(ω)) =
∫

fdµ0.

The converse is also true in the following sense.

Theorem 5.1.2. If µn ⇒ µ0 and the µn are probability distributions on B,
then there exists a sequence of X-valued random elements xn(ω) such that
xn(ω) → x0(ω) in probability and µn is the distribution of xn(ω).

Proof. To each ε > 0, it is possible to partition X into countably many subsets
{Uε

k , k = 1, 2, . . .} so that diam (Uε
k) < ε and µn(Uε

k) → µ0(Uε
k). Choose a

point xε
k in each Uε

k . Take ([0, 1],B[0,1], m) to be the probability space, where
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m is Lebesgue measure. Let ∆ε
nk be an interval in [0,1] of length µn(Uε

k), where
∆ε

n1 = (0, µn(Uε
1 )) and ∆ε

nk and ∆ε
nk+1 have a common boundary point. The

intervals are uniquely determined by these properties. Put xε
n(ω) = xε

k if
ω ∈ ∆ε

nk. Then xε
n(ω) → xε

0(ω) for all ω not lying at the endpoints of the
intervals ∆ε

0k. For f ∈ C

Ef(xε
n(ω)) =

∑
f(xε

k)µ0(Uε
k), (5.1.2)

and the right-hand side converges to
∫

fdµn as ε → 0. Consider a sequence
of such partitions of X corresponding to ε → 0. One can determine xεr

n (ω) to
satisfy (5.1.2) with ε = εr and so that ρ(xεr

n (ω), xεs
n (ω)) ≤ εs for εr < εs and

all ω (ρ is the metric in X). Taking xn(ω) = limr→∞ xεr
n (ω), we arrive at the

required random elements. ��

The finite measures on B are Radon measures. This means that µ ∈ M
possesses the property that to every ε > 0, there is a compact set K ⊂ X
such that µ(X \ K) < ε. Measures having this property are said to be tight.

A subset M1 of measures of M is uniformly tight if to every ε > 0, there
corresponds a compact subset K of X such that µ(X \K) < ε for all µ ∈ M1.

Theorem 5.1.3. If µn ⇒ µ0, then {µn, n ≥ 1} is uniformly tight.

Proof. Assume the contrary. Let Kδ = {y : ρ(y, K) < δ}. It is easy to see that
if to all ε > 0 and δ > 0, there were a compact K such that supn µn(X \Kδ) <
ε, then {µn} would be uniformly tight. Thus, by assumption, there exist ε > 0
and δ > 0 such that supn µn(X \ Kδ) > ε for all compact sets K. Choose K1
so that µ1(X \K1) < ε. One can find an n2 such that µn2(X \Kδ

1) ≥ ε. Then
using the tightness of µn2 on X \Kδ

1 , one can find a compact set K2 ⊂ X \Kδ
1

such that µn2(K2) ≥ ε/2. Since supn µn(X \ (K1 ∪K2)δ) ≥ ε, one can find an
n3 and a compact set K3 ⊂ X \ (K1 ∪ K2)δ) such that µn3(K3) ≥ ε/2. Thus
we can form a sequence µni and compact sets Ki such that µni(Ki) ≥ ε/2
and the distance between each two compact sets is at least δ. Let χi ∈ C with
χi(x) = 1 if x ∈ Ki and χi(x) = 0 if ρ(x,Ki) ≥ δ/2. Then Σχi(x) ∈ C. For
all m,

lim
i→∞

∫ ∞∑
k=m

χk(x)µni(dx) =
∫ ∞∑

k=m

χk(x)µ0(dx).

The right-hand side approaches zero as m → ∞ but∫ ∞∑
k=m

χk(x)µni
(dx) ≥ ε

2
,

a contradiction. ��

Remark. Suppose that lim
∫

fdµn exists for all f ∈ C. Then {µn, n ≥ 1} is
also uniformly tight. For, if this were not so, one could find a sequence ni and
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form functions χk(x) as indicated in the proof of the theorem. Define ψp(x) =∑∞
k=1 χpk(x), where p is a prime. ψp(x) ∈ C and thus limn→∞

∫
ψp(x)µn(dx)

exists. It is easy to see that
∫

ψpdµnpi ≥ ε/2 for all i which implies that

lim
n→∞

∫
ψp(·)dµn ≥ ε/2.

Therefore

lim
n→∞

∫ ∑
p

ψpdµn = ∞,
∑

ψp ∈ C

and again we have a contradiction.

5.1.2 Weak Compactness

Definition. A subset M1 of M is weakly compact if every sequence µn ∈ M1
contains a weakly convergent subsequence.

Every weakly compact sequence having a single limit point is weakly con-
vergent. In particular, µn converges weakly to some limit if {µn, n ≥ 1} is a
weakly compact set and limn→∞

∫
fdµn exists for f ∈ T ⊂ C, where C is a

complete set of functions. We now give conditions for the weak compactness
of a set of measures.

Theorem 5.1.4. A set of measures M1 ⊂ M is weakly compact if and only
if (i) {µ(X), µ ∈ M1} is bounded and (ii) M1 is uniformly tight.

Proof. The necessity of (i) is obvious and (ii) follows from Theorem 5.1.3. ��

Sufficiency. Let Kn be a sequence of compact subsets of X for which µ(X \
Kn) ≤ 2−n with µ ∈ M1 and let c = sup{µ(X), µ ∈ M1}. Let C(Kn) be
the space of continuous functions on Kn. It is a separable space. Therefore,
it is possible to find a sequence fm ∈ C such that to all f ∈ C, there exists a
subsequence fmk

satisfying supk ‖fmk
‖ < ∞ (‖ · ‖ is the norm in C) and

lim
k→∞

sup
x∈Kn

|fmk
(x) − f(x)| = 0

for all n.
Let µi ∈ M and limi→∞

∫
fmdµi exist for all m. If f ∈ C and fmk

has
been determined as indicated above, then

lim
i→∞
j→∞

∣∣∣∣
∫

fdµi −
∫

fdµj

∣∣∣∣ ≤ lim
i→∞
j→∞

∫
Kn

fdµi −
∫

Kn

fdµj

∣∣∣∣
+ 2‖f‖2−n ≤ lim

i→∞
j→∞

∣∣∣∣
∫

fmk
dµi −

∫
fmk

dµj

∣∣∣∣
+ 2c sup

x∈Kn

∣∣∣∣fmk
(x) − f(x)

∣∣∣∣+ 2‖f‖2−n .
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The first term on the right equals zero and the remaining two may be made
arbitrarily small by the choice of n and k. Thus, lim

∫
fdµi exists for all f ∈ C.

Given any sequence µi ∈ M1, one can extract a subsequence µin for which
limn→∞

∫
fmdµin

exists and hence limn→∞
∫

fdµin
exists for all f ∈ C. Write

l(f) = limn→∞
∫

fdµin . Using the form of a linear functional on C(K), where
K is a compact set, one can see that l(f) =

∫
fdµ0 with µ0 ∈ M.

5.1.3 Weak Convergence of Measures in Rd

Since compact sets in Rd are bounded closed sets, Theorem 5.1.4 leads to the
following result. A subset of measures M1 of M in Rd is weakly compact if
and only if (i) {µ(Rd), µ ∈ M1} is a bounded set and (ii) to every ε > 0, there
is an r such that µ(Rd \ Sr) < ε where Sr is a ball of radius r. Notice that
{ei(z,x), z ∈ Rd} is a complete set of functions. Starting with these two facts,
one can establish the next assertion.

Theorem 5.1.5. Let {µn, n = 0, 1, 2, . . .} be a sequence of probability dis-
tributions in Rd and let ϕn(z) =

∫
exp i(z, x)µn(dx) be their characteristic

functions.

1. If µn ⇒ µ0, then ϕn(z) → ϕ0(z) uniformly on each bounded set;
2. If ϕn(z) → ψ(z) and ψ(z) is a continuous function, then µn ⇒ µ0, where

µ0 is some probability measure.

Proof. Statement 1 follows because ϕn(z) → ϕ0(x) for all z and because

|ϕn(z) − ϕn(z1)| ≤
∫

Sr

|ei(z,x) − ei(z1,x)|µn(dx) + 2ε

≤ r|z1 − z2| + 2ε

if r is chosen so that µn(Sr) ≥ 1 − ε for all n.
Let us show that {µn, n ≥ 1} is weakly compact under hypothesis 2. Let

z1, . . . , zd and x1, . . . , xd be the respective coordinates of z and x. Then

(
1
2δ

)d ∫ δ

−δ

. . .

∫ δ

−δ

exp{iΣxkzk}dz1 . . . dzd =
d∏

k=1

sin δxk

δxk
,

(
1
2δ

)d ∫ δ

−δ

. . .

∫ δ

−δ

ϕn(z)dz1 . . . dzd =
∫ d∏

k=1

sin δxk

δxk
µn(dx) ,

(
1
2δ

)d ∫ δ

−δ

. . .

∫ δ

−δ

(1 − ϕn(z))dz1 . . . dzd =
∫ (

1 −
d∏

k=1

sin δxk

δxk

)
µn(dx) .

Using the convergence of ϕn(z) to a continuous function ψ(z) and the fact
that ϕn(0) = ψ(0) = 1, we can choose a δ > 0 so that
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sup
n

∫ (
1 −

d∏
k=1

sin δxk

δxk

)
µn(dx) < ε .

Then

sup
n

µn(X \ Sr) ≤ ε

(
1 − sup

|x|>r

d∏
k=1

sin δxk

δxk

)−1

.

From the convergence of the characteristic functions and the completeness of
the set of functions {exp i(z, x), z ∈ Rd}, it follows that µn converges weakly
to a measure µ0. ��

5.2 Ergodic Theorems

The simplest illustration of an ergodic theorem is the strong law of large num-
bers for independent and identically distributed random variables (Chap. 3,
Sect. 3.2.4). Such theorems assert the existence of the limits of the means
along the path of a stochastic process. We shall only consider processes with
discrete time and we shall discuss the existence of the limit of the means of
random sequences.

5.2.1 Measure-Preserving Transformations

Let there be given a σ-finite measure µ on a measurable space (X, B) and a
measurable mapping T from (X, B) to (X, B). Denote the image of x under T
by Tx (we are not assuming that X has a linear structure and so this notation
should cause no confusion). The transformation T preserves µ if µ(T−1B) =
µ(B) for B ∈ B, where T−1B is the pre-image of B under T . Transformations
that preserve a measure usually occur when considering dynamical systems.
They also arise in probability theory in a natural way.

(a) Strict-sense stationary sequences. Let (X, B) be a measurable space and
let {ξn, n = 0, 1, 2, . . .} be a sequence of random elements with values in
(X, B). It is called stationary in the strict sense if for all n the joint distri-
butions of ξ0, . . . , ξn and ξ1, . . . , ξn+1 are the same. It easily follows from this
that the joint distribution of ξ0, . . . , ξn and ξm, . . . , ξn+m are the same for
any m. In other words, the distribution of a segment of the sequence does
not depend on the shifting of time (or the starting reference point). Many
systems in the absence of external effects become almost stationary after the
passage of a long enough time. This section will examine stationarity in the
strict sense.

Let X∞ be the space of sequences (x0, x1, . . . ) and let B∞ be the cylinder
σ-algebra in X∞. The finite-dimensional distribution functions of the sequence
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{ξn, n = 0, 1, 2, . . .} generate a probability measure µ on B∞. Let T be the
shifting operator on X∞ defined by

T (x0, x1, . . .) = (x1, x2, . . . ) .

The stationarity of a sequence is equivalent to T preserving the measure µ.
Observe that: 1. a sequence of independent and identically distributed ran-
dom variables {ξn, n = 0, 1, 2, . . .} is stationary; 2. if f(x0, x1, . . . ) is B∞-
measurable, then ηk = f(ξk, ξk+1, . . .) is stationary when {ξn, n = 0, 1, 2, . . .}
is stationary.

(b) Homogeneous Markov chains. A function Q(t, B) defined on X × B and
assuming values in [0, 1] is called a transition probability if: 1. it is B-
measurable for fixed B ∈ B; 2. it is a probability distribution on B for fixed
x ∈ X. If Q1 and Q2 are two transition probabilities, then their composition
Q1∗Q2(x,B) =

∫
Q1(x, dy)Q2(y, B) is well defined; it is also a transition prob-

ability. A random sequence {ξn, n = 0, 1, 2, . . .} is said to be a homogeneous
Markov chain (or a Markov chain with stationary transition probabilities) if

P{ξn+1 ∈ B | ξ0, . . . , ξn} = Q(ξn, B) with probability 1

for all n, where Q is a transition probability. If ξk is viewed as the state of a
system at time k, then for a Markov sequence the probability of being in some
state at the nth step depends only on the state at the preceding moment of
time (this is the Markov property) and it does not depend on the moment of
time (this is the stationarity in time).

Let ν0 be the distribution of ξ0. The stated definition leads to the following
formula for the finite-dimensional distributions of a Markov sequence:

P{ξ0 ∈ B0, ξ1 ∈ B1, . . . , ξn ∈ Bn}

=
∫

B0

ν(dx0)
∫

B1

Q(x0, dx1) . . .

∫
Bn

Q(xn−1, dxn) . (5.2.1)

The transition probability Q appearing in (5.2.1) is the transition probability
of the chain {ξn, n = 0, 1, 2, . . .}. When is this chain a stationary sequence?

A σ-finite measure ν is said to be invariant under a transition probability
Q if

ν(B) =
∫

Q(x,B)ν(dx)

for all B ∈ B. It is easy to see that a Markov chain with transition probablility
Q is stationary if and only the distribution ν0 of ξ0 is invariant under Q.

We now state a simple and widely-used condition for the existence of
invariant measures.

Lemma. Let X be a compact space and B the σ-algebra of its Borel sets. If
Q(x, B) has the property that

∫
f(y)Q(x, dy) ∈ C for all f ∈ C, then there

exist invariant probability measures under Q.
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Proof. Define

Q1 = Q, Qn+1(x,B) =
∫

Qn(x, dy)Q(y, B) .

For all n and f ∈ C, ∫
f(y)Qn(x, dy) ∈ C .

Put

Rn(x,B) =
1
n

n∑
k=1

Qk(x, B) .

The sequence of measures Rn(x, ·) is weakly compact for any x. Let ni be a
sequence such that Rni(x, ·) ⇒ ν. Since Rn is a transition probability, ν is a
probability measure. For f ∈ C it follows that∫

ν(dy)
∫

Q(y, dz)f(z)

= lim
i→∞

∫
1
ni

ni∑
k=1

Qk(x, dy)
∫

Q(y, dz)f(z)

= lim
i→∞

1
ni

ni∑
k=1

∫
Qk+1(x, dz)f(z)

= lim
i→∞

(
1
ni

ni∑
k=1

∫
Qk(x, dz)f(z) − 1

ni

∫
Q1(x, dz)f(z)

+
1
ni

∫
Qni+1(x, dz)f(z)

)
.

If ν̃(B) =
∫

Q(y, B)ν(dy), then
∫

f(z)ν̃(dz) =
∫

f(z)ν(dz), ν̃ = ν and so ν is
invariant under Q. ��

5.2.2 Birkhoff’s Theorem

Let (X, B) be a measurable space and let T be a transformation preserving σ-
additive measure µ. Denote by T kx the k-fold application of T to x; T 0x = x.
The sequence {x, Tx, T 2x, . . .} is the path (or orbit) of the point x. We are
interested in the behavior of

n∑
k=0

f(T kx) = Sn(f, x)

as n → ∞ where f is a B-measurable scalar function. Let L1(X,µ) be the
space of B-measurable and µ-integrable scalar functions.
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Theorem 5.2.1. Suppose that

Un = {x : Sn(f, x) ≥ 0}, Vn =
n⋃

k=0

Uk and V =
⋃
n

Vn .

If f ∈ L1(X,µ), then
∫

V
f(x)µ(dx) ≥ 0.

This result is known as the maximal ergodic theorem.

Proof. Let

Ŝn(f, x) = max
k≤n

Sk(f, x) .

Clearly, Vn = {x : Ŝn(f, x) ≥ 0}. If we write T ∗f(x) = f(Tx), then

Ŝn+1(f, x) = f(x) + Ŝn(T ∗f, x)I{Ŝn(T ∗f,x)≥0} .

The second term is nonnegative and so∫
Vn+1

Ŝn+1(f, x)µ(dx)

≤
∫

Vn+1

f(x)µ(dx) +
∫

Ŝn(T ∗f, x)I{Ŝn(T ∗f,x)≥0}µ(dx)

=
∫

Vn+1

f(x)µ(dx) +
∫

Ŝn(f, x)I{Ŝ
nf ,x≥0}µ(dx) (5.2.2)

(we have made use of the invariance of µ by virtue of which the integrals in
the last equation coincide).

Since Ŝn(f, x) ≤ Ŝn+1(f, x),∫
Vn+1

Ŝn+1(f, x)µ(dx) =
∫

Ŝn+1(f, x)I{Ŝn+1(f,x)≥0}µ(dx)

≥
∫

Ŝn(f, x)I{Ŝn(f,x)≥0}µ(dx) . (5.2.3)

From (5.2.2) and (5.2.3), it follows that∫
Vn+1

f(x)µ(dx) ≥ 0 .

Letting n → ∞, we complete the proof.

The maximal ergodic theorem leads readily to the following ratio theorem.

Theorem 5.2.2. Let f and g ∈ L1(X,µ) with g positive and let
∞∑

k=1
g(T kx) =

∞ µ-almost everywhere. Then
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1. limn→∞(Sn(f, x)/Sn(g, x)) exists µ-almost everywhere;
2. if this limit is denoted by f∗(x), then f∗(Tx) = f∗(x) µ-almost everywhere

and ∫
f(x)µ(dx) =

∫
g(x)f∗(x)µ(dx) . (5.2.4)

Proof. Let Zβ be the set of x for which

∞∑
k=1

g(T kx) = ∞ , lim
n→∞(Sn(f, x)/Sn(g, x)) > β .

This set is invariant under T (A is invariant under T if T (A) ⊂ A). Let Zα

be the set of x for which
∞∑

k=1

g(T kx) = ∞ , lim
n→∞

(Sn(f, x)/Sn(g, x)) < α .

This set is also invariant under T and thus so is Zα ∩ Zβ . Clearly T may be
applied to any invariant A and it will preserve the restriction of the measure
µ to A. Consider T on Zα ∩ Zβ . Then⋃

k

{x : f(T kx) − βg(T kx) ≥ 0} ∩ Zα ∩ Zβ = Zα ∩ Zβ ,

and by Theorem 5.2.1∫
Zα∩Zβ

(f(x) − βg(x))µ(dx) ≥ 0 ,

or ∫
Zα∩Zβ

f(x)µ(dx) ≥ β

∫
Zα∩Zβ

g(x)µ(dx) . (5.2.5)

Applying Theorem 5.2.1 to αg(x) − f(x) one can show that∫
Zα∩Zβ

f(x)µ(dx) ≤ α

∫
Zα∩Zβ

g(x)µ(dx) . (5.2.6)

Therefore

β

∫
Zα∩Zβ

g(x)µ(dx) ≤ α

∫
Zα∩Zβ

g(x)µ(dx) .

With β < α, we find from this that∫
Zα∩Zβ

g(x)µ(dx) = 0 ,
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in other words, µ(Zα ∩ Zβ) = 0 since g > 0. From (5.2.5) and (5.2.6), it also
follows that ∫

Zα

g(x)µ(dx) ≤ 1
|α|

∫
|f(x)|µ(dx) , α < 0 ,

(5.2.7)∫
Zβ

g(x)µ(dx) ≤ 1
β

∫
|f(x)|µ(dx) , β > 0 ,

Since g(x) > 0,

µ

(⋂
α<0

Zα

)
= µ

⎛
⎝⋂

β>0

Zβ

⎞
⎠ = 0 .

Hence, lim(Sn(f, x)/Sn(g, x)) and lim(Sn(f, x)/Sn(g, x)) are finite and are
equal µ-almost everywhere. Statement 1 has been proved.

To deduce statement 2, observe that if Dβ
α = {x : f∗(x) ∈ [α, β[}, then as

in the proof of (5.2.6) and (5.2.7),

β

∫
Dβ

α

g(x)µ(dx) ≥
∫

Dβ
α

f(x)µ(dx) ≥ α

∫
Dβ

α

g(x)µ(dx) ,∣∣∣∣
∫

Dβ
α

f(x)µ(dx) −
∫

Dβ
α

f∗(x)g(x)µ(dx)
∣∣∣∣ ≤ (β − α)

∫
Dβ

α

g(x)µ(dx) .

Taking h to be arbitrary and positive, we have∣∣∣∣
∫

f(x)µ(dx) −
∫

f∗(x)g(x)µ(dx)
∣∣∣∣

≤
∞∑

k=−∞

∣∣∣∣∣
∫

D
(k+1)h
kh

f(x)µ(dx) −
∫

D
(k+1)h
kh

f∗(x)g(x)µ(dx)

∣∣∣∣∣
≤ h

∑∫
D

(k+1)h
kh

g(x)µ(dx) = h

∫
g(x)µ(dx) .

This implies (5.2.4) and so f∗(Tx) = f∗(x) if
∑

g(T kx) = ∞. ��
Denote by T the σ-algebra generated by the invariant sets and the sets of µ-

measure zero. A function ψ(x) is T -measurable if µ({x : ψ(Tx) �= ψ(x)}) = 0.
The limit of the ratio occurring in Theorem 5.2.2 is T -measurable.

In probability theory, the most interesting case is that of a probability
measure µ.

Theorem 5.2.3. Suppose that µ(X) = 1 and f ∈ L1(x, µ). Then

lim
n→∞

1
n

Sn(f, x) = f∗(x) (5.2.8)

exists µ-almost everywhere, where f∗(x) = Eµ(f(x) | T ), Eµ is expectation
on the probability space (X, B, µ) and Eµ(· | T ) is the conditional expectation
given the σ-algebra T .
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Proof. Relation (5.2.8) follows from Theorem 5.2.2 by taking g = 1 (
∫

gdµ =
µ(X) < ∞).

The function f∗ is T -measurable. Let A ∈ T . Then IA(T kx) = IA(x)
µ-almost everywhere. Thus

lim
n→∞

1
n

Sn(fIA, x) = IAf∗(x) .

Applying (5.2.3), we obtain (with g = 1)∫
A

f(x)µ(dx) =
∫

A

f∗(x)µ(dx) , A ∈ T .

��

Corollary. Let {ξn, n = 0, 1, 2, . . .} be a scalar stationary sequence with
E|ξ0| < ∞. Then with probability 1

lim
n→∞

1
n

n∑
k=1

ξk = E(ξ0) | T ) .

((Ω, F ,P) is viewed as the space (X∞,B∞, µ) formed in Sect. 5.2.1a with T
the shifting transformation).

5.2.3 Metric Transitivity

When does the law of large numbers hold in the sense that the limits in
Theorem 5.2.2 and 5.2.3 are constants? Observe that the limit f∗(x) in The-
orem 5.2.2 (and hence in Theorem 5.2.3) may turn out to be any bounded
T -measurable function. To this end, we need only take f(x) = f∗(x)g(x).
T -measurable functions are µ-almost constant if and only if σ-algebra T is
trivial under the measure µ, that is, it is generated by sets of measure zero.

A transformation T is metrically transitive under a measure µ, which it
preserves, if T is trivial for µ. In that event, µ is said to be ergodic for T . A
stationary process is ergodic if the probability measure generated by it on the
space of sequences is ergodic for the sequence shift transformation.

If µ is ergodic for T , then f∗(x) in Theorem 5.2.2 is a constant f∗ and so

f∗ =
∫

fdµ

/∫
gdµ .

This result may be stated as follows for a stationary process.

Theorem 5.2.4. Suppose that {ξn, n = 0, 1, . . .} is a scalar stationary er-
godic process for which E|ξ0| < ∞. Then with probability 1

lim
n→∞

1
n

n−1∑
k=0

ξk = Eξ0 .
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Remark. If µ is a probability measure that is ergodic for T and f ∈ L1(X,µ),
then the sequence {f(x), f(Tx), . . .} is stationary and ergodic on the proba-
bility space (X, B, µ) and Theorem 5.2.4 is applicable to it. If it is ergodic for
all f ∈ L1(X,µ), then µ is also ergodic for T .

Theorem 5.2.5. Suppose that {ξn, n = 0, 1, 2, . . .} is a stationary sequence
in the measurable space (X, B). It is ergodic if and only if

lim
n→∞

1
n

n∑
k=1

(
P{ξ0 ∈ A0, ξ1 ∈ A1, . . . , ξm ∈ Am, ξk ∈ A0,

ξk+1 ∈ A1, . . . , ξk+m ∈ Am} − (P{ξ0 ∈ A0, . . . , ξm ∈ Am})2
)

= 0
(5.2.9)

for any m and A0, . . . , Am ∈ B.

Proof. Let {ηk} be a bounded scalar stationary sequence. For n−1∑n
k=1 ηk to

converge to a constant with probability 1 (we know that the limit exists), it
is necessary and sufficient that V(n−1∑n

k=1 ηk) → 0. Using the stationarity
(Eηkηj = Eη0ηj−k for j > k), we find that

V
(

1
n

n∑
k=1

ηk

)
=

1
n

[Eη2
0 − (Eη0)2] +

2
n

n−1∑
k=1

(Eη0ηk − (Eη0)2)

− 2
n2

n−1∑
k=1

k(Eη0ηk − (Eη0)2) .

The condition

lim
n→∞

1
n

n∑
k=1

k(Eη0ηk − (Eη0)2) = 0

is necessary and sufficient for V(n−1∑n
k=1 ηk) → 0. Taking ηn = IA0(ξk)

. . . IAm(ξm), we conclude that the condition (5.2.9) is necessary.
Now let (5.2.9) hold and let (Y, C, µ) be the space X∞ with cylinder σ-

algebra and measure generated by the stationary sequence. Denote by L0
1(Y, µ)

the subset of functions f(y) ∈ L1(Y, µ) of the form f(y) = fm(x0, . . . , xm),
y = (x0, x1, . . . , ). It is dense in L1(Y, µ). Furthermore, let F0 be the set of
functions in the linear span of the indicator functions of the cylinder sets. For
f ∈ F0 it follows from (5.2.9) that

lim
n→∞

∫ ∣∣∣∣∣ 1n
n∑

k=1

f(T ky) −
∫

f(y)µ(dy)

∣∣∣∣∣µ(dy) = 0 . (5.2.10)

Since F0 is dense in L0
1(Y, µ), (5.2.10) holds for all f ∈ L1(Y, µ). Hence it

follows that every T -measurable function is a constant µ-almost everywhere.
��
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5.3 Central Limit Theorem and Invariance Principle

The central limit theorem says that the distribution of a sum of independent
random variables approaches the normal distribution as the number of vari-
ables is increased indefinitely. This statement has to be made more precise. If
the sums of independent random variables are bounded in probability, then
the convergence of the distributions entails the convergence of the series. The
limiting distribution equals the distribution of the sum of the series. It will
be normal only if the terms have normal distributions. Therefore the prob-
lem is posed differently. Let {ξn} be a sequence of independent scalar random
variables and let ξn = ξ1 + . . . + ξn. Of interest is the case where the ξn are
unbounded in probability. We shall study conditions under which there ex-
ist constants an and bn such that the distribution of b−1

n (ξn − an) converges
weakly to the normal distribution.

5.3.1 Identically Distributed Terms

Let the ξk have identical distributions with Eξk = a and Vξk = b < ∞. Then
ξn has expectation na and variance nb. It is reasonable to take an = na and
bn =

√
nb so that ηn = (nb)−1/2(ξn − na) has expectation 0 and variance 1.

Theorem 5.3.1. As n → ∞, the distribution of ηn converges to the normal
distribution with mean 0 and variance 1.

Proof. Denote the characteristic function of ηn by fn(z). Then

fn(z) = E exp{izηn} = exp
{

in
az√
ab

}[
ϕ
(
z(nb)−1/2

)]n
,

where ϕ(z) = Eeizξ1 . By Theorem 5.1.5 of Sect. 5.1.3, it suffices to prove that
fn(z) → e−z2/2 (this is the characteristic function of a normal distribution
with mean 0 and variance 1). The existence of Vξ1 implies that ϕ(z) is twice
continuously differentiable and

e−iazϕ(z) = 1 − b

2
z2α(z) ,

where α(z) → 1 as z → 0. Therefore

fn(z) =
(

1 − 1
2n

z2α

(
z√
nb

))n

→ e− z2
2 .

��
Corollary. Suppose that the ξk’s assume the value 1 with probability p and 0
with probability 1 − p, 0 < p < 1. Then for all x

lim
n→∞ P

{
n∑

k=1

ξk <
√

np(1 − p)x + np

}
= Φ(x), (5.3.1)

where Φ(x) = (2π)− 1
2
∫ x

−∞ e− 1
2 u2

du.
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We next make use of Remark 5.1.2, Theorem 5.1.1 of Sect. 5.1.1. Consider
a sequence of independent trials in each of which an event may occur with
probability p. By defining ξk = IAk

, where Ak is the event in question in the k-
th trial, we have a sequence of variables for which (5.3.1) holds. Furthermore,
n−1∑n

k=1 ξk = νn is the relative frequency of occurrence of the event in the
n trials. From (5.3.1) we find for a < b that

lim
n→∞ P

{
a

√
p(1 − p)

n
≤ νn − p < b

√
p(1 − p)

n

}
=

1√
2π

∫ b

a

e−u2/2du .

(5.3.2)

5.3.2 Lindeberg’s Theorem

Let {ξn} be a sequence of independent random variables with Eξk = ak and
and Vξk = b < ∞. Define

ηn =

(
n∑

k=1

ξk −
n∑

k=1

ak

)(
n∑

k=1

bk

)−1/2

.

We are interested in conditions under which the distribution of ηn will con-
verge to the normal distribution with mean 0 and variance 1. One such con-
dition was found by Lindeberg and it bears his name. Write cn =

∑n
k=1 bn.

Lindeberg’s Condition. For any ε > 0

lim
n→∞ c−1

n

n∑
k=1

E(ξk − ak)2I{|ξk−ak|>ε
√

cn} = 0. (5.3.3)

Theorem 5.3.2. If Lindeberg’s condition holds, then

lim
n→∞ P{ηn < x} = Φ(x) (5.3.4)

for all x.

Proof. With no loss of generality, we may assume that ak = 0. Write ϕk(z) =
Eeizξk and fn(z) = Eeizηn . Then

fn(z) =
n∏

k=1

ϕk(c−1/2
n z).

Let

αnk(ε) = c−1
n Eξ2

kI{|ξk|>ε
√

cn}. (5.3.5)

By condition (5.3.3),
∑n

k=1 αnk(ε) → 0 for every ε > 0. Since bk/cn ≤ ε +
αnk(ε), it follows that
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lim
n→∞ max

1≤k≤n

bk

cn
= 0

and hence cn → ∞.
Condition (5.3.3) implies that

ϕk(z) = 1 − z2

2
bk + βk(z),

where limn→∞
∑n

k=1 |βk(zc
− 1

2
n )| = 0. But∣∣∣∣∣

n∏
k=1

uk −
n∏

k=1

vk

∣∣∣∣∣ ≤
n∑

k=1

|uk − vk|

for |uk| ≤ 1 and |vk| ≤ 1. Thus

lim
n→∞

∣∣∣∣∣
n∏

k=1

ϕk(zc−1/2
n ) −

n∏
k=1

(
1 − bkz2

2cn

)∣∣∣∣∣ ≤ lim
n∑

k=1

|βnk(z)| = 0.

It remains to observe that

lim
n→∞

n∑
k=1

(
1 − bk

2cn
z2
)

= exp
{

−z2

2

}
.

��

Remark. Lindeberg’s condition assures that the contribution of each separate
term in the overall sum approaches zero in probability:

P
{

max
1≤k≤n

|ξk − ak|√
cn

> ε

}
≤

n∑
k=1

P{|ξk − ak| > ε
√

cn}

≤ 1
ε2cn

n∑
k=1

E|ξk − ak|2I{|ξk−ak|>ε
√

cn} → 0.

A consequence of Lindeberg’s theorem is Lyapunov’s theorem (it was
proved earlier and is more useful in applications).

Theorem 5.3.3. Suppose that

lim
n→∞ c−1− α

2

n∑
k=1

E|ξk − ak|2+α = 0 (5.3.6)

for some positive α. Then (5.3.4) holds.

Proof. Again assume that ak = 0. If αnk(ε) is given by (5.3.5), then

αnk(ε) ≤ ε−αc−1− α
2 E|ξk|2+α.

Therefore (5.3.3) results from (5.3.6). ��
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5.3.3 Donsker-Prokhorov Theorem

(a) Random polygonal paths. Let {ξk} be a sequence of independent random
variables with Eξk = 0 and Vξk = bk, and let Lindeberg’s condition be
satisfied. Put

tnk =
1
cn

k∑
i=1

bk, tn0 = 0, ζnk = c−1/2
n

k∑
i=1

ξi, ζn0 = 0 .

Denote by ζn(t) the random polygonal line with vertices at (tnk, ζnk):

ζn(t) = ζnk
tnk+1 − t

tnk+1 − tnk
+ ζnk+1

t − tnk

tnk+1 − tnk
, tnk ≤ t ≤ tnk+1 .

ζn(t) is a continuous random process. Associated with it is a probability mea-
sure on C[0,1], the space of scalar continuous functions. Denote it by µn. Let
µw be the measure on C[0,1] corresponding to the standard Wiener process
w(t) (or more precisely, its continuous modification) (see pp. 84–85).

Theorem 5.3.4. (Yu.V. Prokhorov) µn =⇒ µw in C[0,1].

A special but most important case in practical applications is that of
identically distributed ξk considered by Donsker.

(b) Invariance principle. Assume that the ξk’s are identically distributed with
Vξk = 1. Then cn = n, Lindeberg’s condition holds automatically, tnk = k/n,
ζnk = n− 1

2
∑k

i=1 ξi and ζn0 = 0. Various functionals of the sequential sums
may be expressed as functions of ζn(t). Thus

max
k≤n

ζk =
√

n max
t

ζn(t),

max
k≤n

|ζk| =
√

n max
t

|ζn(t)|,
n∑

k=1

|ζk|α ∼ n1+ α
2

∫ 1

0
|ζn(t)|αdt.

The invariance principle says that under suitable normalization functionals of
this kind do not depend on the distributions of the variables ξk. Therefore by
selecting the distribution of ξk (usually, ξk = ±1 with probabilities 1/2), the
limiting distribution of the functional is determined. The distribution turns
out to coincide with the distribution of the same functional of the Wiener
process. The next result serves as an example of this kind of theorem.

Theorem 5.3.5.

lim
n→∞ P{max

k≤n
ζk ≤ x ≤

√
n} =

√
2
π

∫ x

0
e−u2/2du.

The right-hand side coincides with the distribution of sup0≤t≤1 w(t).
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(c) Weak compactness of a family of probability measures in C[0,1]. We shall
make use of Theorem 5.1.4 of Sect. 5.1.2. To derive effective conditions for
weak compactness, we must be able to give an efficacious description of a
sufficiently broad class of compact sets in C[0,1].

Let δ(t) be defined for t ≥ 0 with δ(t) > 0 for t �= 0 and δ(t) ↓ 0 as t ↓ 0.
Let K(δ, c) be the subset of functions x(t) of C[0,1] such that |x(t)| ≤ c and
|x(t1) − x(t2)| ≤ δ(|t1 − t2|) for all t, t1 and t2.

Lemma 5.3.1. K(δ, c) is a compact set in C[0,1] and to every compact K in
C[0,1] there exist a δ(·) and c such that K ⊂ K(δ, c).

Proof. The first statement follows by Arzelà’s theorem. If K is a compact set,
take δ(t) = sup{|x(t1)−x(t2)|, |t1−t2| ≤ t, x(·) ∈ K}. Then by Dini’s theorem,
δ(t) ↓ 0 as t ↓ 0. If c = sup{|x(t)|, t ∈ [0, 1], x(·) ∈ K}, then K ⊂ K(δ, c). ��

Theorem 5.1.4 of Sect. 5.1.2 and the lemma yield the following result.

Theorem 5.3.6. Let {ξn(t)} be a sequence of continuous numerical processes
defined on [0, 1]. The sequence of measures {νn} on C[0,1] corresponding to
these processes is weakly compact if:

1. ξn(0) is bounded in probability.
2. for every ε > 0

lim
h→0

lim
n→∞ P

{
sup

|t1−t2|≤h

|ξn(t1) − ξn(t2)| > ε

}
= 0 . (5.3.7)

Proof. From (5.3.7) it follows that

lim
h→0

sup
n

P

{
sup

|t1−t2|≤h

|ξn(t1) − ξn(t2)| > ρ

}
= 0

for all positive ρ. Choose sequences hk → 0 and ρk → 0 so that

∑
k

sup
n

P

{
sup

|t1−t2|≤hk

|ξn(t1) − ξn(t2)| > ρk

}
≤ ε/2 .

If δ(t) = ρk for hk+1 ≤ t < hk and δ(t) = (1 + h1)ρ1/h1 for t ≥ h1, then for
all n

P

{
sup

|t1−t2|≤s

|ξn(t1) − ξn(t2)| ≤ δ(s), 0 ≤ s ≤ 1

}
≥ 1 − ε

2
.

If now P{|ξn(0)| > c1} ≤ ε/2, then

P

{
sup

t
|ξn(t)| ≤ c1 +

1 + h1

h1
ρ1,

sup
|t1−t2|≤s

|ξn(t1) − ξn(t2)| ≤ δ(s), 0 ≤ s ≤ 1

}
≥ 1 − ε .

Thus µn(K(δ, c)) ≥ 1 − ε if c = c1 + (1 + h1)ρ1/h1. ��
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(d) Proof of Prokhorov’s theorem. Let us verify that the processes ζn(t) satisfy
the hypotheses of Theorem 5.3.6. Since ζn(0) = 0, it is only necessary to check
part 2.

The proof of Theorem 5.3.2 shows that δn = maxk(tnk − tnk−1) =
maxk(bk/ck) → 0. Since

sup
|t1−t2|≤h

|ζn(t1) − ζn(t2)| ≤ sup
|tnk−tnj |≤h+2δn

|ζn(tnk) − ζn(tnj)| ,

it suffices to prove that

lim
h→0

lim
n→∞ P

{
sup

|tnk−tnj |≤h

|ζn(tnk) − ζn(tnj)| > ε

}
= 0 .

Let sn(t) = inf{tnk : tnk ≥ t}. Then |sn(t) − t| ≤ δn and

sup
|tnk−tnj |≤h

|ζn(tnk) − ζn(tnj)| ≤ 2 sup
k<h−1

ηn(k, h),

where ηn(k, h) = sup{|ζn(tnj) − ζn(sn(kh))| : tnj ∈ [sn(kh), sn(kh) + 2h]}. To
prove that the µn’s are weakly compact, it suffices to show that

lim
h→0

lim
n→∞ P

{
sup

k<h−1
ηn(k, h) > ε

}
= 0 ,

for every positive ε, or that

lim
h→0

lim
n→∞

∑
k<h−1

P{ηn(k, h) > ε} = 0 .

Since

P{|ζn(tnk) − ζn(tnj)| > ρ} ≤ 1
ρ2 E(ζn(tnk) − ζn(tnj))2 ≤ |tnk − tnj |

ρ2 ,

it follows that

P
{

|ζn(tnj) − ζn(tnj)| >
ε

2

}
≤ 1

2

for 16h < ε2 providing |tnk − tnj | ≤ 2h. Hence, on the basis of Sect. 3.2 of
Chapter 3,

P{ηn(k, x) > ε} ≤ 2P
{

|ζn((sn(kh) + 2h) ∧ 1) − ζn(sn(kh))| >
ε

2

}
.

Using the independence of ζn(tnk1), ζn(tnk2) − ζn(tnk1), . . . , ζn(tnkl
) −

ζn(tnkl−1) for tnk1 < tnk2 < . . . < tnkl
, Lindeberg’s theorem and

sup
t

|ζn(t) − ζn(sn(t))| ≤ max
k

|ξk|
cn

→ 0

in probability, one can demonstrate that the following statement is true.
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Lemma 5.3.2. 1. The distribution of

ζn((sn(kh) + 2h) ∧ 1) − ζn(sn(kh))

converges to the distribution of w((k + 2)h ∧ 1) − w(kh).
2. The joint distribution of ζn(t1), ζn(t2), . . . , ζn(tl) with ti ∈ [0, 1] converges

to the joint distribution of w(t1), w(t2), . . . , w(tl).

Proof. Applying part 1, we find that

lim
n→∞

∑
k<h−1

P{ηn(k, h) > ε} ≤ 2
∑

k<h−1

P
{

|w((k + 2)h ∧ 1) − w(kh)| >
ε

2

}

≤ 2
∑

k<h−1

16
ε2 E|w((k + 2)h ∧ 1) − w(kh)|4

≤ 32
ε2 h−1(3(2h)2) = O(h) .

This expression approaches zero. Hence, the set {µn} is compact. By state-
ment 2, ∫

fdµn →
∫

fµw

for any function f(x(·)) of the form

f(x(·)) = Φ(x(t1), . . . , x(tl)) ,

where l, t1, . . . , tl ∈ [0, 1] and Φ ∈ Cl
R are arbitrary. The collection of f ’s forms

a complete set in C[0,1]. Therefore µn =⇒ µw. ��



Historic and Bibliographic Comments

The philosphical foundations of probability theory are discussed in Borel
(1963). It contains a popular account of the author’s views on the essence
of probability theory and its possible applications (translation of a book pub-
lished in French in 1956).

The now-accepted axiomatic treatment of probability theory was first pro-
posed in an article by Kolmogorov in 1933 (see Kolmogorov (1974)).

A presentation of the basic concepts of probability may be found in
Borovkov (1976), Feller (1968, 1971), Halmos (1956), Loèv (1963), Neveu
(1965), and Prokhorov (1973). The first volume of Feller (1968) involves el-
ementary probability theory with very many interesting problems that are
helpful in understanding the sources of concepts and methods. The second
volume (1971) gives an account of the main results on limit theorems, ran-
dom walks, Markov processes and stationary processes. Loèv (1963) contains
a fundamental presentation of probability theory, independent and dependent
random variables as well as elements of the theory of stochastic processes.
Attention is given in Neveu (1965) mainly to rigorous definitions of the basic
notions of probability. It gives a fairly complete development of ergodic the-
ory. Shiryaev (1980) gives a contemporary treatment of the basic notions of
probability theory, limit theorems and ergodic theory, stationary sequences,
martingales and Markov chains. Borovkov (1976) presents basic information
about probability theory (limit theorems, random walks, Markov chains and
the simplest stochastic processes). Prokhorov (1973) is more of a handbook
and pays attention mainly to limit theorems and stochastic processes.

Dellachérie (1972), Doob (1953), Gikhman (1977), Meyer (1966), Rozanov
(1963) and Skorokhod (1986) consider various aspects of the theory of stochas-
tic processes. The first most complete presentation of stochastic processes is
found in Doob (1953). Its treatment of ergodic theory for Markov chains
should especially be noted. Gikhman (1977) gives the foundations of stochas-
tic processes including an axiomatic treatment, conditional probabilities, in-
dependence, general theory of random functions, information about the ba-
sic classes of stochastic processes and limit theorems. Meyer (1966) and the
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closely-related Doob (1953) are devoted to studying currents of σ-algebras on
probability spaces and the related stopping times, measurability of stochas-
tic processes, martingales and supermartingales. Rozanov (1967) presents the
spectral theory of wide-sense stationary processes with applications to extrap-
olation and filtering, as well as the ergodic theory of strict-sense stationary
processes. Skorokhod (1986) gives basic facts about processes with indepen-
dent increments (including those with discrete time, that is, random walks).

The main subject of Ibragimov (1965) is the extension of limit theorems
for independent random variables to dependent variables.

Halmos (1956) contains the basic notions and theorems of ergodic theory
in a form that is accessible to a wide range of mathematicians.

Finally, Skorokhod (1975) studies ways of constructing measures, transfor-
mations of measures by smooth mappings, conditions for absolute continuity
and quasi-invariant measures.
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Introduction

In 1931, Kolmogorov published his article “On analytic methods in proba-
bility theory”. In that paper, he introduced a class of stochastic processes
which have since been called Markov processes. To study their probabilistic
parameters (namely, the transition probabilities), he proposed using differen-
tial equations. For processes with a finite or denumerable phase space, the
transition probabilities satisfy finite or denumerable systems of ordinary dif-
ferential equations and for processes with a finite-dimensional phase space,
second-order parabolic partial differential equations. The creation of this new
powerful method made it possible to solve other problems involving stochas-
tic processes and to deduce new kinds of limit theorems (for instance, diffu-
sion problems for random walks considered by Kolmogorov, Petrovsky and
Khinchin). Although certain analytic techniques had been used to prove limit
theorems (the Fourier transform), it was precisely due to Kolmogorov’s pa-
pers that analysis came to be applied universally in probability theory. Thus
(at least formally), probability theory could now be viewed as a section of
analysis.

The connection that Kolmogorov established between differential equa-
tions and Markov processes made possible their “reverse” application to dif-
ferential equations. To do this, it was necessary to have ways of studying
Markov processes that were independent of analysis. Such purely probabilis-
tic methods were initially developed for the Wiener process. The formation
of Wiener measures led to the solution of numerous problems in analysis.
The most siginficant step here was Kac’s representation of the solution to the
Cauchy problem for the equation

∂U

∂t
= ∆U + υU

as an integral with respect to a Wiener measure. It was precisely this result
that demonstrated how probability-theoretic techniques could help to over-
come essential difficulties that are encountered in analysis.

The theory of stochastic differential equations developed by Itô and
Gikhman has led to the construction of a broad class of Markov processes
by probability-theoretic methods which can then be used to solve partial dif-
ferential equations.



1

Markov Processes

Markov processes describe the evolution of systems undergoing independent
random perturbations at different moments of time. In this case, the state of
a system at a given moment of time completely determines the probability
parameters of the process that describes the further evolution of the system.
This means that the past behavior of a system has no effect on its future
behavior except for its present state. Discrete sequences of events possessing
this property were introduced by Markov and have come to be called Markov
chains. Processes with continuous time were introduced by Kolmogorov and
he referred to them as stochastically determinate processes. Subsequently they
came to be called Markov processes (by analogy with discrete-time processes).

1.1 Definition and General Properties

1.1.1 Definition of a Markov Process

Let (X, B) be a measurable space. It will play the role of the phase or state
space of a process being considered. We shall examine processes defined on
R+. To define a Markov process, it is natural to consider a whole family
of processes ξs,x(t), t ≥ s, rather than a single process; ξs,x(t) describes the
evolution of a system which is in the state x at the initial time s. Let (Ω, F) be
a sample space with a σ-algebra F . It is convenient to assume that each ξs,x(t)
has its own probability measure Ps,x(·) on (Ω, F). Thus for a Markov process
there will be a family of probability spaces {(Ω, F ,Ps,x), s ∈ R+, x ∈ X}
whose measures Ps,x are consistent in a certain way. Let Fs

t , s < t, be the
σ-algebra of events observed on [s, t] (in particular, ξs,x(u) with u ∈ [s, t], is
measurable relative to Fs

t ). From the above intuitive definition, it follows for
s < u that the conditional distribution of ξs,x(t) on [t, ∞), given ξs,x(v) on
[s, u], must be the same as the distribution of the process that begins at time
u at the point ξs,x(u). This property may be stated precisely as follows. With
probability Ps,x = 1,
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Ps,x{ξ(t1) ∈ A1, . . . , ξ(tn) ∈ An|Fs
n}

= Pu,ξ(u){ξ(t1) ∈ A1, . . . , ξ(tn) ∈ An} ,

0 ≤ s < u ≤ t1 < . . . < tn , Ak ∈ B (1.1.1)

(ξ(·) in this denotes a process whose distributions are specified by the measure
operating on ξ(·) : Pu,ξ(u)(C) = Pu,x(C)|x=ξ(u)). Observe that it is precisely
having different measures that permits one to denote the process by the exact
same symbol. Since we are going to consider processes later on that begin
at different moments of time, we shall utilize the notation ξs(t) for a process
defined for t ≥ s.

Then (1.1.1) can be rewritten as follows:

Ps,x{ξs(t1) ∈ A1, . . . , ξs(tn) ∈ An}|Fs
u}

= Pu,ξs(u){ξu(t1) ∈ A1, . . . , ξu(tn) ∈ An}. (1.1.2)

Thus a Markov process is defined by

1. a phase space – a measurable space (X, B),
2. a measurable space (Ω, F) and family of σ-algebras Fs

t ⊂ F , 0 ≤ s < t <
∞, such that Fs

t ⊂ Fu
v when u ≤ s < t ≤ v,

3. a family of functions ξs(t) = ξs(t, ω), s ∈ R+, t > s, with ξs(t, ω) an
Fs

t -measurable mapping from Ω to X for all 0 ≤ s < t, and
4. a family of probability measures Ps,x(·) on F satisfying

i. Ps,x{ξs(s) = x} = 1 for all s ∈ R+ and x ∈ X,
ii. relation (1.1.2) with probability Ps,x = 1 for all n, 0 ≤ s < u ≤ t1 <

. . . < tn and A1, . . . , An ∈ B,
iii. the function Ps,x{ξs(t) ∈ A} is measurable in x for s < t and A ∈ B.

The expectation with respect to Ps,x will be denoted by Es,x. Relation
(1.1.2) may be rewritten as follows:

Es,x

(
n∏

k=1

IAk
(ξs(tk))

∣∣Fs
u

)
= Eu,ξs(u)

n∏
k=1

IAk
(ξs(tk)) . (1.1.3)

In this s < u ≤ t1 < . . . < tn and Ak ∈ B, k = 1, . . . , n. The relation holds
with probability Ps,x = 1.

1.1.2 Transition Probability

The function P (s, x, t, A) = Ps,x{ξs(t) ∈ A} is called the transition probabil-
ity. It has these obvious properties.

I. P (s, x, t, A) is defined for 0 ≤ s ≤ t, x ∈ X, and is measurable in x.
II. P (s, x, t, A) is a probability measure with respect to A ∈ B.

The next property establishes the Markov nature of the process.
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III. P (s, x, t, A) satisfies the equation

P (s, x, t, A) =
∫

P (s, x, u, dz)P (u, z, t, A) (1.1.4)

for 0 ≤ s < u < t, and A ∈ B (the Chapman-Kolmogorov equation).

For, on making use of part ii of property 4, we find that

Ps,x{ξs(t) ∈ A|Fs
u} = Pu,ξs(u)(ξu(t) ∈ A} = P (u, ξs(u), t, A) .

Taking the expectation of both sides of this equation with respect to Ps,x, we
obtain ∫

Ps,x{ξs(u) ∈ dz}P (u, z, t, A) = Es,xPs,x{ξs(t) ∈ A|Fs
u}

= Ps,x{ξs(t) ∈ A} .

This proves (1.1.4).
Using (1.1.3), one can derive the following formula for the finite-

dimensional distributions of ξs(t) in terms of Ps,x: For s < t1 < . . . < tn,

Ps,x{ξs(t1) ∈ A1, . . . , ξs(tn) ∈ An}

= Es,xIA1(ξs(t1))Es,x

(
n∏

k=2

IAk
(ξs(tk))

∣∣Fs
t

)

= Es,xIA1(ξs(t1))Et1,ξs(t1)

n∏
k=2

IAk
{ξt1(tk))

=
∫

A1

P (s, x, t1, dx1)Et1,x1

n∏
k=2

IAk
(ξt1(tk)) .

By induction, this yields

Ps,x{ξs(t1) ∈ A1, . . . , ξs(tn) ∈ An}

=
∫

A1

P (s, x, t1, dx1)
∫

A2

P (t1, x1, t2, dx2)

. . .

∫
An

P (tn−1, xn−1, tn, dxn) . (1.1.5)

Thus, the transition probability gives the values of Ps,x on the σ-algebras
Cs

u determined by the events {ξs(t) ∈ A}, t ∈ [s, u] and A ∈ B. This shows
that the transition probability permits one to construct a Markov process on
a specific (Ω, B); Ω is taken to be the space XR+ of all X-valued functions
ω = ω(t) on R+, F to be a cylinder σ-algebra in XR+ and ξs(ω) = ω(t) for
t ≥ s. We regard ξs(ω) ∈ C, with C ∈ F , if there exists an ω̄ such that
ω(t) = ω̄(t) for t ≥ s and ω̄ ∈ C. Fs

t , where s < t, will denote the σ-algebra
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of cylinder sets in F with bases in [s, t]. Conditions 1–3 are clearly satisfied.
We first define the measures Ps,x on the σ-algebra Fs

∞ with the help of the
finite-dimensional distribution functions given by (1.1.5). For any C ∈ B, we
regard ξs(ω) as belonging to C if ξs(t, ω) = ξs(t, ω̄) for some ω̄ ∈ C. Parts i–iii
of property 4 follow from formula (1.1.5) and properties I–III of a transition
probability.

Therefore, in a sense, the study of Markov processes reduces to studying
their transition probabilities P (s, x, t, A), functions satisfying conditions I–III.
Equation (1.1.4) is fundamental there.

Two families of linear transformations can be associated with a transition
probability. One acts in the space Bx of bounded B-measurable functions from
X to R. It is a Banach space with norm ‖f‖ = supx |f(x)|. The other acts in
the space MX of charges (countably-additive functions of bounded variation)
on B. If ν is such a charge, then

‖ν‖ = var ν = sup
‖f‖≤1

∣∣∣∣
∫

fdν

∣∣∣∣ .

These families of transformations Ts,t are given by

[Ts,tf ](x) =
∫

f(y)P (s, x, t, dy) , f ∈ BX , (1.1.6)

and
[νTs,t](A) =

∫
P (s, x, t, A)ν(dx) , ν ∈ MX . (1.1.7)

The first maps BX into BX while the second maps MX into MX . We shall
denote a transformation by the same letter but applied on the right for mea-
sures and on the left for functions (this is similar to matrix multiplication on
the right for row vectors and on the left for column vectors).

It follows from condition II that ‖Ts,t‖ = 1. Finally, condition III can be
rewritten as follows. For 0 ≤ s < t < u,

Ts,tTt,u = Ts,u . (1.1.8)

Since P (t, x, t, A) = IA(x), we have Ts,s = I, where I is the identity operator.
The operators Ts,t possess one further property. They map nonnegative func-
tions in BX into nonnegative functions and measures in MX into measures.

We give now a relation between a transition probability and a class of
martingales generated by a Markov process. Let f ∈ BX and for 0 ≤ t ≤ a,
let

u(t, x) =
∫

P (t, x, a, dy)f(y) . (1.1.9)

Then when t ∈ [s, a], the numerical process ζt = u(t, ξs(t)) is a martingale
with respect to the flow Fs

t on the probability space (Ω, F ,Ps,x) for any
x ∈ X. In fact, if s < v < t, then
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Es,x(u(t, ξs(t))|Fs
v ) = Ev,ξs(v)u(t, ξv(t))

=
∫

u(t, z)P (v, ξs(v), t, dz) =
∫ (∫

P (t, z, a, dy)f(y)
)

×P (υ, ξs(υ), t, dz) =
∫

f(y)
∫

P (υ, ξs(υ), t, dz)P (t, z, a, dy)

=
∫

f(y)P (υ, ξs(υ), a, dy) = u(υ, ξs(υ)) .

Conversely, if Φ(t, x) is a bounded function such that Φ(t, ξs(t)) is a mar-
tingale when t ∈ [s, a], then

Φ(t, ξs(t)) = Es,x(Φ(a, ξs(a))|Fs
t )

= Et,ξs(t)Φ(t, ξt(a)) =
∫

Φ(t, z)P (t, ξs(t), a, dz) .

Thus formula (1.1.9) gives all of the bounded functions u(t, x) of two variables
that are measurable in x for which u(t, ξs(t)) is a martingale with respect to
the measures Ps,x.

(a) Homogeneous Markov Processes. A Markov process is homogeneous or
has stationary transition probabilities if P (s, x, t, A) depends only on the dif-
ference t− s: P (s, x, t, A) = P (0, x, t− s, A). When a process is homogeneous,
P (0, x, t, A) will be denoted by P (t, x, A) and we shall say that the transi-
tion probability is temporally homogeneous. For a homogeneous process, the
Chapman-Kolmogorov equation takes the form

P (t + s, x,A) =
∫

P (t, x, dz)P (s, z, A) . (1.1.10)

The operators Ts,t depend only on the difference t−s. If we set T0,t = Tt, then
the family {Tt, t > 0} is a one-parameter semigroup of operators: Tt+s = TtTs

and the operators Tt commute with one another. For a homogeneous process,
formula (1.1.5) becomes

Ps,x{ξs(t1) ∈ A1, . . . , ξs(tn) ∈ An}

=
∫

A1

P (t1 − s, x, dx1)
∫

A2

P (t2 − t1, x1, dx1)

. . .

∫
An

P (tn − tn−1, xn−1dxn) . (1.1.11)

This formula shows that the finite-dimensional distributions of ξs(t + s) only
depend on x (the initial state) and not on s. Therefore it is possible to con-
centrate on one process ξ(t) and a family of measures Px, x ∈ X, which cor-
respond to a process beginning at time 0 in the state x. For a homogeneous
Markov process, condition (1.1.2) assumes this form: For 0 ≤ u < t1 . . . < tn,
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Px{ξ(t1) ∈ A1, . . . , ξ(tn) ∈ An|F0
u}

= Pξ(u){ξ(t1 − u) ∈ A1, . . . , ξ(tn − u) ∈ An} . (1.1.12)

Let u(t, x) = Ttf(x). Then the numerical process u(t, ξ(t − s)) is a mar-
tingale with respect to measure Px for all x ∈ X.

1.1.3 Regularity

We are interested in when a Markov process can be considered continuous
or right-continuous, assuming that it has at most jump discontinuities. The
following general result is a consequence of Theorem 4.1.6 on p. 99. Let X
be a complete metric space with metric �(x, y) and let B be the σ-algebra
generated by its balls. Denote by Sr(y) the ball with center at y of radius r.

Theorem 1.1.1. Suppose that the transition probability P (s, x, t, A) is uni-
formly stochastically continuous: For all T

lim
h→0

sup
x∈X

sup
t≤T,s≤T,|t−s|≤h

P (s, x, t, X \ Sr(x)) = 0 . (1.1.13)

Then there exist functions ξ̃s(t, ω) such that: 1. ξ̃s(t, ω) has at most jump
discontinuities as a function of t ≥ s; 2. Ps,x{ξs(t, ω) = ξ̃s(t, ω)} = 1 for all
s ∈ R+ and x ∈ X.

Proof. Consider the value of the process ξs(t, ω) on the set Λ ∩ [s,∞), where
Λ are the rationals. As shown in the above-mentioned theorem, ξs(t, ω) has a
limit with probability Ps,x = 1 on Λ ∩ [s,∞) over any decreasing or bounded
increasing sequence of arguments. The process ξs(t+, ω) = ξs(t, ω) will then
have the necessary requirements. ��

Remark. It is easy to derive sufficient conditions for the processes ξ̃s(t) to be
continuous. To this end, it is sufficient for any r > 0, T > 0 and x ∈ X that

lim
max ∆tk→0

n−1∑
k=0

∫
P (s, x, tk, dy)P (tk, y, tk+1, X \ Sr(y)) = 0 ,

s = t0 < t1 < . . . < tn = T , ∆tk = tk+1 − tk .

The sum in this limit equals

Es,x

n−1∑
k=0

I{�(ξ̃s(tk),ξ̃s(tk+1))>r} ,

and the quantity under the expectation sign tends (for almost all r) to the
number of jumps of the process exceeding r. In particular, the stated condition
will hold if

P (t, x, t + h, X \ Sr(x)) = o(h)

uniformly in t ≤ T and x ∈ X.
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(a) Conditions associated with martingales. Let X be a complete separable
metric space and let CX be the space of bounded continuous functions with
the usual norm. Assume that the following conditions hold:

Φ 1. The operators Ts,t map CX into CX .
Φ 2. Ts,tf(x) → f(x) as s → t uniformly on each ball.

Let uf (s, x, t) = Ts,tf(x). Then when u < s < t, the process uf (s, ξu(s), t)
is a martingale. It is possible to choose a modification of this martingale so
that it has at most jump discontinuities and is continuous from the right.
Using this fact, one can select a countable set of continuous functions fn(x)
(for instance, r(xn, x), where {xn} is dense in X) which separate the points
in X. One can show that ξu(s) also has a modification with at most jump
discontinuities which is continuous from the right.

1.2 Purely Discontinuous Processes

We now assume that a process has a phase space (X, B) such that B contains
all singletons {x}, x ∈ X.

Definition 1.2.1. A Markov process is uniformly purely discontinuous if for
any positive T

lim
h↓0

1
h

(P (t, x, t + h, A) − IA(x)) = q(t, x, A) (1.2.1)

exists uniformly in x ∈ X, t ≤ T and A ∈ B.

Being the uniform limit of countably additive functions (in A) of bounded
variation, q(t, x, A) will be the same kind of function. Furthermore, q(t, x, {x})
and q(t, x, X \{x}) will be bounded. It follows from (1.2.1) that q(t, x, X) = 0.
Define

λ(t, x) = −q(t, x, {x}) . (1.2.2)

Then q(t, x, X \ {x}) = λ(t, x) and

π(t, x, A) =
1

λ(t, x)
q(t, x, A \ {x})

is a probability measure with respect to A. (It is defined for λ(t, x) > 0;
if λ(t, x) = 0, we take π(t, x, A) = IA(x).) As already indicated, λ(t, x) is
bounded. If λ(t, x) < C, then

1 − P{t, x, t + h, {x}) < Ch

or
P (t, x, t + h, {x)} > e−Ch
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for positive h small enough. Since

P (t, x, u, {x}) ≥ P (t, x, s, {x})P (s, x, u, {x})

when t < s < u (this is a consequence of the Chapman-Kolmogorov equation),
for all x we have

P (s, x, t, {x}) ≥ e−C(t−s)

or
P (s, x, t, X \ {x}) ≤ 1 − e−C(t−s) .

Viewing X as a discrete metric space, one can see that the process has a
modification with at most jump discontinuities that is right-continuous.

Theorem 1.2.1. Suppose that a Markov process is purely discontinuous and
that ξs(t) has at most jump discontinuities and is right-continuous. Denote by
τ the first exit time of the process from its initial state. Then

Ps,x{τ < t, ξs(τ) ∈ A} =
∫ t

s

λ(u, x)e− ∫ u
s

λ(υ,x)dυπ(u, x, A)du . (1.2.3)

Proof. Noting that

ξs(τ) = lim
n→∞

∞∑
k=0

k∏
i=1

I{ξs(s+i/2n)=x}I{ξs(s+(k+1)/2n)∈X\{x}}ξs

(
k + 1
2n

)

(although X is not necessarily linear, we take 0 · x = 0 and 0 + x = x for
x ∈ X), we obtain

IA(ξs(τ)) = lim
n→∞

∞∑
k=0

(
k∏

i=1

I{ξs(s+i/2n)=x}

)
I{ξs(s+(k+1)/2n)∈A\{x}}.

In exactly the same way

τ − s = lim
n→∞

∞∑
k=1

k

2n

(
k∏

i=1

I{ξs(s+i/2n)=x}

)
I{ξs(s+(k+1)/2n) �=x}

with probability Ps,x = 1. For z > 0,

Es,xe−z(τ−s) = Es,x lim
n→∞

∞∑
k=1

e−kz/2n

(
k∏

i=1

I{ξs(s+i/2n)=x}

)
I{ξs(s+(k+1)/2n) �=x}

= lim
n→∞

∞∑
k=1

e−kz/2n

Es,x

(
k∏

i=1

I{ξs(s+i/2n)=x}

)
I{ξs(s+(k+1)/2n) �=x}.

(It is permissible to take Es,x under the limit sign because the sum does not
exceed 1. Since



1.2 Purely Discontinuous Processes 155

Es,x

(
k∏

i=1

I{ξs(s+i/2n)=x}

)
I{ξs(s+(k+1)/2n)�=x}

=

(
k∏

i=1

P {s + (i − 1)/2n, x, s + i/2n, {x}}
)

×P (s + k/2n, x, s + (k + 1)/2n, X \ {x})

=

(
k∏

i=1

(
1 − λ (s + (i − 1)/2n, x)

1
2n

+ o

(
1
2n

))

× λ (s + k/2n, x)
(

1
2n

+ o

(
1
2n

))
,

it follows that

Es,xe−z(τ−s)

= lim
n→∞

1
2n

∞∑
k=1

λ (s + k/2n, x) exp

{
− 1

2n

k∑
i=1

λ (s + (i − 1)/2n, x) − zk

2n

}

=
∫ ∞

0
exp
{

−
∫ t−s

0
λ(s + u, x)du − (t − s)z

}
λ(t, x)dt .

This implies that τ has a continuous distribution with respect to the measure
Ps,x with density

d

dt
Ps,x{τ < t} = I(t>s) exp

{
−
∫ t

s

λ(u, x)du

}
λ(t, x) . (1.2.4)

By the continuity of the distribution of τ ,

I{τ<t}I{ξs(τ)∈A} lim
n→∞

∑
k+1<2n(t−s)

(
k∏

i=1

I{ξs(s+i/2n)=x}

)
I{ξs(s+(k+1)/2n)∈A\{x}}

with probability Ps,x = 1. Thus

Es,xI{τ<t}I{ξs(τ)∈A}

= lim
n→∞

∑
k+1<2n(t−s)

Es,x

(
k∏

i=1

I{ξs(s+i/2n)=x}

)
I{ξs(s+(k+1)/2n)∈A\{x}}

= lim
n→∞

∑
k+1<2n(t−s)

(
k∏

i=1

P (s + (i − 1)/2n, x, s + i/2n, {x})

)

×P
(
s + k/2n, x, s + (k + 1)/2n, A \ {x}

)
= lim

n→∞

∑
k+1<2n(t−s)

(
k∏

i=1

(
1 − 1

2n
λ (s + (i − 1)/2n, x) + o

(
1
2n

)))

×
(

1
2n

λ

(
s +

k

2n
, x

)
+ o

(
1
2n

))
π (s + k/2n, x, A) .
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From this we obtain (1.2.3). ��

Remark. For s < t, formulas (1.2.3) and (1.2.4) give

π(t, x, A) = Ps,x{ξs(τ) ∈ A|τ = t} .

1.2.1 Kolmogorov’s Equations

Theorem 1.2.2. The transition probability of a purely discontinuous process
obeying (1.2.1) satisfies each of the following equations:

− ∂

∂s
P (s, x, t, A) =

∫
q(s, x, dy)P (s, y, t, A), s < t , (1.2.5)

∂

∂t
P (s, x, t, A) =

∫
P (s, x, dy)q(t, y, A), t > s , (1.2.6)

Equation (1.2.5) is called the backward (or first) Kolmogorov equation and
(1.2.6) is the forward (or second) Kolmogorov equation.

Proof. We have

P (s − h, x, t, A) − P (s, x, t, A)

=
∫

[P (s − h, x, s, dz) − I{x∈dz}]P (s, z, t, A) .

Therefore

|P (s − h, x, t, A) − P (s, x, t, A)|
≤ var |P (s − h, x, s, ·) − I{x}| .

The right-hand side involves the variation of a difference of measures, I{x}
being a measure concentrated at x and equaling 1 there. Clearly,

var|P (s − h, x, s, ·) − I{x}| ≤ (1 − P (s − h, x, s, {x})
+P (s − h, x, s, X \ {x}) = 2|1 − P (s − h, x, s, {x})|

≤ 2(1 − e−Ch) .

Thus P (s, x, t, A) is continuous in s. The continuity of P (s, x, t, A) in t and
jointly in s and t may be established in similar fashion. The continuity in t
of the pre-limiting expression on the left-hand side of (1.2.1) and the uniform
convergence entail the continuity of q(t, x, A) in t. We then have

1
h

(P (s − h, x, t, A) − P (s, x, t, A))

=
∫

1
h

(P (s − h, x, s, dz) − I{x∈dz})P (s, z, t, A) .
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By (1.2.1), the right-hand limit exists and equals the right-hand side of (1.2.5).
Therefore the limit of the left-hand side also exists and it is the left-hand par-
tial derivative of P (s, x, t, A) with respect to s. But this derivative is contin-
uous in s and so it is the same as the regular partial derivative. Thus (1.2.5)
holds. In similar fashion, starting from the relation

1
h

(P (s, x, t + h, A) − P (s, x, t, A))

=
∫

P (s, x, t, dy)
1
h

(P (t, y, t + h, A) − IA(y))

one can derive (1.2.6). ��
Remark. The functions λ(s, x) and π(s, x,A) can be used to rewrite (1.2.5) as
follows:

− ∂

∂s
P (s, x, t, A) = −λ(s, x)P (s, x, t, A)

+λ(s, x)
∫

π(s, x, dy)P (s, y, t, A) .

Since

− ∂

∂s
P (s, x, t, A) + λ(s, x)P (s, x, t, A)

= − exp
{

−
∫ t

s

λ(u, x)du

}
∂

∂s

(
exp
{∫ t

s

λ(u, x)du

}
P (s, x, t, A)

)
and ∫ t

s

exp
{

−
∫ t

υ

λ(u, x)du

}
P (υ, x, t, A)dυ

= IA(x) − exp
{∫ t

s

λ(u, x)du

}
P (s, x, t, A) ,

we arrive at the following integral equation for P (s, x, t, A):

P (s, x, t, A) = IA(x) exp
{

−
∫ t

s

λ(u, x)du

}
(1.2.7)

+
∫ t

s

∫
λ(υ, x) exp

{
−
∫ t

υ

λ(u, x)du

}
π(υ, x, dy)P (υ, y, t, A)dυ .

Equation (1.2.7) can be solved by the method of successive approxima-
tions. If we let

Q0(s, x, t, A) = exp
{

−
∫ t

s

λ(u, x)du

}
IA(x),

Qn(s, x, t, A)

=
∫ t

s

∫
λ(υ, x) exp

{
−
∫ t

υ

λ(u, x)du

}
π(υ, x, dy)

×Qn−1(υ, y, A)dυ , n ≥ 1 ,

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

(1.2.8)
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then

P (s, x, t, A) =
∞∑

n=0

Qn(s, x, t, A) . (1.2.9)

Equation (1.2.7) is meaningful and has a unique solution determined by
(1.2.8), (1.2.9) even under the broader conditions:

(i) λ(t, x) is measurable jointly in its arguments, it is nonnegative and it
is bounded,

(ii) π(t, x, A) is a probability measure with respect to A; π(t, x, {x}) = 0
when λ(t, x) > 0 and π(t, x, {x}) = 1 when λ(t, x) = 0; π(t, x, A) is measurable
in t, x for all A ∈ B.

If the transition probability of a Markov process satisfies (1.2.7) in which
λ and π obey (i) and (ii), then the process is said to be purely discontinuous.

(a) Processes with a finite set of states. Let X be a finite set and B the σ-
algebra of all its subsets. The transition probability is determined upon giving
the function

p(s, x, t, y) = P (s, x, t, {y}), x, y ∈ X, 0 ≤ s ≤ t ,

since
P (s, x, t, A) =

∑
y∈A

p(s, x, t, y) .

Condition I of Sect. 1.1.2 holds automatically and condition II reduces to

p(s, x, t, y) > 0 ,
∑
y∈X

p(s, x, t, y) = 1 .

The Chapman-Kolmogorov equation assumes this form: For s < t < u,

p(s, x, u, y) =
∑
z∈X

p(s, x, t, z)p(t, z, u, y) .

The process is regular if to every ε > 0 and T > 0, there exists a δ > 0 such
that 1− p(s, x, t, y) < δ for s < T , 0 < t− s < δ and all x ∈ X. Operators Ts,t

may be defined as follows. Enumerate the elements in X, to wit, x1, x2, . . . , xm.
The space BX is determined by the vectors (f1, f2, . . . , fm), where fk is the
value of function f at xk, and the space MX , by the vectors (p1, . . . , pm),
where pi is the value of a (signed) measure at xi. Then

Ts,tf(xk) =
m∑

j=1

p(s, xk, t, xj)fj

and
µTs,t({xj}) =

∑
k

µ(xk)p(s, xk, t, xj) .
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Let
∏

s,t be the matrix with elements p(s, xk, t, xj) (in the k-th row and j-th
column). Then Ts,t acts on functions like this matrix does on columns and it
acts on measures like this matrix on rows.

The process will be purely discontinuous if

lim
h↓0

1
h

p(t, x, t + h, y) = a(t, x, y), x �= y ,

exists uniformly in t ≤ T for any positive T . Write a(t, x, x) =
−
∑

y �=x a(t, x, y).
Then Kolmogorov’s backward and forward equations become

− ∂

∂s
p(s, x, t, y) =

∑
z∈X

a(s, x, z)p(s, z, t, y) (1.2.10)

and
∂

∂t
p(s, x, t, y) =

∑
z∈X

p(s, x, t, z)a(t, z, y) . (1.2.11)

Equation (1.2.10) converts to the following integral equation:

p(s, x, t, y) = I{y}(x) exp
{∫ t

s

a(u, x, x)du

}

+
∑
z∈X

∫ t

s

exp
{∫ t

υ

a(u, x, x)du

}
a(υ, x, z)p(υ, z, t, y)dυ . (1.2.12)

(b) Homogeneous processes. A homogeneous process with transition proba-
bility P (t, x, A) is called purely discontinuous if

1. limh→0
1
hP (h, x, A) = q(x,A) exists uniformly in A ⊂ X \ {x} for every

x ∈ X, where q(x,A) is a measure with respect to A;
2. the function λ(x) = q(x,X \ {x}) is bounded.
(These conditions are weaker in form than those given on p. 153. However

they are equivalent to them in the homogeneous case.) From the relation
P (h, x, {x}) ≥ e−hC , holding for h sufficiently small, it follows that

P (t, x, {x}) ≥ e−tC

for all t; C does not depend on x. This inequality implies that the variation
of the set-function

1
h

(P (h, x, A) − IA(x))

satisfies
2
h

(1 − P (h, x, {x})) ≤ 2
h

(1 − e−hC) ≤ 2C .

Just as in Theorem 1.2.2, this last relation leads to the derivation of the
backward and forward Kolmogorov equations:
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∂

∂t
P (t, x, A) = −λ(x)P (t, x, A) +

∫
q(x, dy)P (t, x, A) , (1.2.13)

∂

∂t
P (t, x, A) = −

∫
A

P (t, x, dy)λ(y) +
∫

P (t, x, dy)q(y, A) . (1.2.14)

From (1.2.13), we obtain the following analogue of Eq. (1.2.7):

P (t, x, A) = e−tλ(x)IA(x) +
∫ t

0

∫
e−(t−s)λ(x)P (s, y, A)q(x, dy) . (1.2.15)

With x /∈ A, this gives

P (t, x, A) =
∫ t

0
e−(t−s)λ(x)

∫
A

q(x, dy)e−sλ(y)ds + O(t2)

= tq(x,A) + O(t2) ;
P (t, x, {x}) = e−tλ(x) + O(t2) .

From these relations, we find that

lim
h↓0

1
h

(P (h, x, A) − IA(x)) = q(x,A) − λ(x)IA(x)

exists uniformly in x and A.

(c) Denumerable homogeneous processes. In this instance, X = (1, 2, . . .) and
B is the σ-algebra of all subsets of X. The transition probability is given by
the collection of functions pij(t) = P (t, i, {j}). The Chapman-Kolmogorov
equation assumes the form

pij(t + s) =
∑

k

pik(t)pkj(s) .

The process will be purely discontinuous if

(α) aij = lim
h→0

1
h

pij(h) exists for i �= j ;

(β) −aii = lim
h→0

1
h

(1 − pii(h)) exists for all i ;

(γ) sup
i

(−aii) < ∞ and
∑

k

aik = 0 .

Kolmogorov’s backward and forward equations are

dpij(t)
dt

=
∑

k

aikpkj(t) (1.2.16)

and
dpij(t)

dt
=
∑

k

pik(t)akj .
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Let Pt be an operator in the space of bounded sequences x = {xk} in R acting
according to the formula

(Ptx)k =
∑

pki(t)xi .

Equation (1.2.16) becomes
d

dt
Pt = APt , (1.2.17)

where A is a bounded operator defined by

(Ax)k =
∑

akixi .

From (1.2.17) and the condition P0 = I, we obtain

Pt = exp{tA} = I +
∞∑

n=1

tn

n!
An . (1.2.18)

1.3 Diffusion Processes

We next consider Markov processes with phase space Rd. B is the σ-algebra
of Borel sets in Rd. A transition probability will be assumed to satisfy the
following condition: For all T > 0 and ε > 0,

lim
δ→0

sup
t≤T

sup
x∈X

sup
0<t−s<δ

1
δ
P (s, x, t, Vε(x)) = 0 , (1.3.1)

where Vε(x) = {y : |x − y| > ε}. Section 1.1.3 shows that a continuous mod-
ification exists for the process under this assumption. A continuous Markov
process is capable of serving as model for the motion of a particle colliding
with the chaotically moving molecules of a medium, that is, as a model of the
diffusion or dispersal of alien particles in the medium. This explains the name
given to the class of Markov processes being considered.

Definition 1.3.1. A continuous Markov process with a transition probabil-
ity P (s, x, t, A) satisfying (1.3.1) is called a diffusion process if it fulfills the
following two conditions:

I. There exists a continuous function a(t, x) defined on R+×Rd with values
in Rd such that for all ε > 0 and T > 0,

lim
h→0

1
h

∫
|y−x|<ε

(y − x)P (t, x, t + h, dy) = a(t, x) (1.3.2)

uniformly in x ∈ Rd and t ≤ T .
II. There exists a continuous function B(t, x) defined on R+ × Rd with

values in L(Rd) such that for all ε > 0, T > 0 and v, z ∈ Rd,
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lim
h→0

1
h

∫
|y−x|≤ε

(y − x, z)(y − x, υ)P (t, x, t + h, dy)

= (B(t, x)z, υ) . (1.3.3)

The vector function a(t, x) is called the transport coefficient of the diffusion
process. It is the rate of flow in the medium in which the diffusing particle is
located. The function B(t, x) is called the diffusion operator. It characterizes
the variance of the particle deviation from its initial position. B(t, x) is a
nonnegative symmetric operator. B(t, x) and a(t, x) together are the diffusion
coefficients of the process. More precisely, if some basis {e1, . . . , ed} has been
chosen in Rd, then the diffusion coefficients are the coordinates ak(t, x) =
(a(t, x), ek), k = 1, . . . , d, of a(t, x) in this basis and the elements of the matrix
of the operator B(t, x) in this basis,

bik(t, x) = (B(t, x)ei, ek) , i, k ≤ d .

A very simple example of a diffusion process in Rd is the Wiener process.
It is a homogeneous process ξ(t) with independent increments for which ξ(t+
h) − ξ(t) has a normal distribution with zero mean and identity covariance
matrix. In other words, the distribution of ξ(t + h) − ξ(t) has the density

(2πh)−d/2 exp
{

− 1
2h

(x, x)
}

.

The transition probability of such a process is given by

P (s, x, t, A) = (2π(t − s))−d/2
∫

A

exp
{

− 1
2(t − s)

(y − x, y − x)
}

dy .

A simple computation shows that for all positive m,∫
|y − x|mP (s, x, t, dy) = O((t − s)m/2) ,∫
(y − x)P (s, x, t, dy) = 0 ,∫
(y − x, z)(y − x, υ)P (s, x, t, dy) = (z, υ)(t − s) .

Therefore ξ(t) is a diffusion process with a = 0 and B = I, the identity matrix.

1.3.1 Kolmogorov’s Equations

Our goal is to derive differential equations by means of which the transition
probability may be determined. These equations resemble the diffusion equa-
tions of physics, excessive evidence that the term “diffusion process” reflects
the essential aspects of the process. We first prove a preliminary result.
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Lemma 1.3.1. If ϕ(x) is a scalar function on Rd which is bounded, continu-
ous and twice differentiable in a neighborhood of x0, then

lim
h→0

1
h

[∫
ϕ(y)P (t, x0, t + h, dy) − ϕ(x0)

]

= (a(t, x0), ϕ′(x0)) +
1
2
Tr B(t, x0)ϕ′′(x0) (1.3.4)

(ϕ′′(x0) is an operator in L(Rd) such that

(ϕ′′(x0)u, υ) =
∂2

∂t∂s
ϕ(x0 + tu + sυ)| t=0

s=0
,

and Tr A is the trace of operator A).

Proof. For any positive ε,∫
(ϕ(y) − ϕ(x0))P (t, x0, t + h, dy)

=
∫

|x−y|≤ε

(ϕ(y) − ϕ(x0))P (t, x0, t + h, dy) + o(h)

=
∫

|x−y|≤ε

(ϕ′(x0), y − x0)P (t, x0, t + h, dy)

+
∫

|x−y|≤ε

1
2
(ϕ′′(x0)(y − x0), y − x0)P (t, x0, t + h, dy)

+
∫

αε|y − x0|2P (t, x0, t + h, dy) + o(h) ,

where

αε|y − x0|2 = ϕ(y) − ϕ(x0)

−(ϕ′(x0), y − x0) − 1
2
(ϕ′′(x0)(y − x0), y − x0) ,

and αε → 0 as ε → 0. Applying relations (1.3.2) and (1.3.3), we arrive at
(1.3.4). ��

Theorem 1.3.1. Suppose that ϕ ∈ CRd , the function

u(s, x) =
∫

P (s, x, t, dy)ϕ(y)

is twice differentiable in x and ∂u/∂x and ∂2u/∂x2 are continuous in s. Then
for s < t, it satisfies the differential equation

− ∂

∂s
u(s, x) = (a(s, x), ux(s, x)) +

1
2
Tr B(s, x)uxx(s, x) (1.3.5)

and boundary condition
lim
s→t

u(s, x) = ϕ(x) .
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Proof. On the basis of Lemma 1.3.1, we have

u(s − h, x) − u(s, x) =
∫

u(s, y)P (s − h, x, s, dy) − u(s, x)

= h

[
(a(s, x), ux(s, x)) +

1
2
Tr B(s, x)uxx(s, x)

]
+ o(h) .

This implies that u(s, x) has a left-hand partial derivative with respect to s
and its value equals the left-hand side of (1.3.5) taken with a minus. Thus, it
is continuous and so it equals the regular derivative. ��

Equation (1.3.5) can be related further to a diffusion process as follows.

Theorem 1.3.2. For s ≤ t, suppose that u(s, x) is continuous, bounded
and has bounded continuous derivatives ∂u(s, x)/∂s, ∂u(s, x)/∂x and
∂2u(s, x)/∂x2. If u(s, x) satisfies (1.3.5), then

u(s, x) =
∫

u(t, y)P (s, x, t, dy) . (1.3.6)

Proof. To show that (1.3.6) holds, it is sufficient to demonstrate that u(s, ξ(s))
is a martingale. We have

E(u(s + h, ξ(s + h))|ξ(s)) =
∫

P (s, ξ(s), s + h, dy)u(s + h, y)

= u(s, ξ(s)) + us(s, ξ(s))h + o(h) +
∫

u(s, y)P (s, ξ(s), s + h, dy)

= u(s, ξ(s)) + h(us(s, ξ(s))) + (ux(s, ξ(s)), a(s, ξ(s)))

+
1
2
Tr B(s, ξ(s))uxx(s, ξ(s)) + o(h) = u(s, ξ(s)) + o(h) .

We have made use of Lemma 1.3.1 and the fact that u(s, x) satisfies (1.3.5).
The last relation easily leads to

E(u(s + nh, ξ(s + nh))|ξ(s)) = u(s, ξ(s)) + no(h) .

If s + nh = v, then h = (v − s)/n, n = (v − s)/h and

E(u(υ, ξ(υ))|ξ(s)) = u(s, ξ(s)) +
1
h

o(h) .

The left-hand side does not depend on h. Letting h → 0, we obtain

E(u(υ, ξ(υ))|ξ(s)) = u(s, ξ(s)) =
∫

u(υ, y)P (s, ξ(s), υ, dy) . ��



2

Probability Representation of Solutions of
Partial Differential Equations

Kolmogorov’s equations for diffusion processes establish a connection between
Markov processes and second-order partial differential operators with diffusion
coefficients. If ak(t, x), k = 1, . . . , d, are the coordinates of the transport vector
in some basis and bik(t, x) are the elements of the matrix of the diffusion
operator in the same basis, then the differential operator has the form

Ltu(t, x) =
1
2

d∑
i,k=1

bik(t, x)
∂2u

∂xi∂xk
(t, x) +

d∑
k=1

ak(t, x)
∂u

∂xk
(t, x) (2.0.1)

(the xk’s are the coordinates of x in the indicated basis). It turns out that
if one is able to construct a diffusion process with the diffusion coefficients
occurring on the right-hand side of (2.0.1) (or in other words, a family of
measures Ps,x), then the solution of many problems involving the differential
operator L may be written in the form

Et,xF (t, ξt(·)) .

For fixed t, F (t, x(·)) is a function defined on C[t,∞)
Rd , the space of continuous

functions x(·) on [t, ∞) taking values in Rd. This is the probability represen-
tation of a solution. Such a representation and the properties of a stochastic
process can be used to obtain results about the solutions. In addition, prob-
ability theory has procedures for constructing diffusion processes. Therefore
the formulas of this kind can be used to compute the values of the solution
itself.

2.1 Problems for a Parabolic Equation

In this section, Lt is the differential operator given by (2.0.1). The subscript t
tells us that the coefficients of the operator are time-dependent. The functions
bik(t, x) and ak(t, x) will be assumed to be bounded and sufficiently smooth
so that solutions of the considered problems exist and are unique.
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2.1.1 Cauchy Problem

(a) Backward Cauchy problem for a nonhomogeneous equation. Let T > 0.
Consider the solution of the problem

∂

∂t
u(t, x) + Ltu(t, x) = f(t, x), t < T, x ∈ Rd ,

u(T, x) = ϕ(x) .

(2.1.1)

The boundary condition is given on the hyperplane t = T . The functions
f(t, x) and ϕ(x) are bounded and continuous.

Theorem 2.1.1. Let ξt(·) be a Markov diffusion process having diffusion coef-
ficients a(t, x) and B(t, x) with coordinates ak and matrix (bik) in the standard
basis in Rd. If Ps,x denotes the probability corresponding to the process, then

u(t, x) = Et,xϕ(ξt(T )) − Et,x

∫ T

t

f(s, ξt(s))ds . (2.1.2)

Proof. Let us show that the numerical process

ζ(t) = u(t, ξs(t)) −
∫ t

s

f(u, ξs(u))du

is a martingale with respect to measure Ps,x for all 0 ≤ s < t < T and x ∈ X.
If t + h ≤ T , we have (in the notation of the preceding chapter)

Es,x(ζ(t + h) − ζ(t)|Fs
t )

= Es,x(u(t + h, ξs(t + h)) − u(t, ξs(t))|Fs
t )

− Es,x

(∫ t+h

t

f (u, ξs(u)) du|Fs
t

)

= Es,x

(
ut(t, ξs(t))h + (ux(t, ξs(t)), a(t, ξs(t)))h

+
1
2
Tr uxx(t, ξs(t))B(t, ξs(t))h − hf(t, ξs(t))|Fs

t

)
+ o(h) = o(h) .

We have made use of (2.1.1) and Lemma 1.3.1 on p. 163.
If 0 ≤ s < t < u ≤ T and h = (u − t)/n, then summing the equalities

Es,x(ζ(t + kh) − ζ(t + (k − 1)h)|Fs
t+(k−1)h) = o(h) , k = 1, . . . , n ,

and then taking the conditional expectation given Fs
t , we obtain

Es,x(ζ(u) − ζ(t)|Fs
t ) = no(h) =

u − t

h
o(h) .

After letting h → 0, we observe that ζ(t) is a martingale. Formula (2.1.2)
follows from the relation Es,xζ(T ) = Es,xζ(s) = u(s, x). ��
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(b) Forward Cauchy problem for a nonhomgeneous equation. Let T > 0. We
consider solving the problem

∂

∂t
u(t, x) − Ltu(t, x) = f(t, x) , 0 ≤ t ≤ T , x ∈ Rd ,

u(0, x) = ϕ(x) .

(2.1.3)

The function vT (t, x) = u(T − t, x) satisfies the equation

∂υT (t, x)
∂t

+
d∑

k=1

ak(T − t, x)
∂υT (t, x)

∂xk

+
1
2

d∑
i,k=1

bik(T − t, x)
∂2υT (t, x)
∂xi∂xk

= −f(T − t, x) . (2.1.4)

Let ξT (t) be a diffusion process defined on [0, T ] with diffusion coefficients
occurring in (2.1.4). Then applying Theorem 2.1.1, we find that

u(t, x) = υT (T − t, x) = ET
T−t,xϕ(ξT

T−t(T ))

+ET
T−t,x

∫ T

T−t

f(T − u, ξT
T−t(u))du . (2.1.5)

Here ET
s,x is the measure corresponding to the process ξT

s (t) that starts at
time s in state x.

Remark. Let Lt = L so that the coefficients of L no longer depend on t. Then
the distribution of ξT

s (s + t) depends on neither s nor T . The solution to
problem (2.1.3) can be expressed for all T by means of the following formula:

u(t, x) = Exϕ(ξ(t)) = Ex

∫ t

0
f(u, ξ(u))du , (2.1.6)

in which ξ(u) is a homogeneous Markov diffusion process with diffusion coef-
ficients a(x) and B(x) of the operator L.

2.1.2 Kac’s Formula

Let v(t, x) be a bounded continuous function. Consider the backward Cauchy
problem

∂

∂t
u(t, x) + Ltu(t, x) + υ(t, x)u(t, x) = 0 , t ∈ [0, T ] ,

u(T, x) = ϕ(x) ;
(2.1.7)

the function ϕ is bounded and continuous.
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Theorem 2.1.2. Let ξs(t) be the same Markov diffusion process as in Theo-
rem 2.1.1. Then

u(t, x) = Et,xϕ(ξt(T )) exp

{∫ T

t

υ(u, ξt(u))du

}
. (2.1.8)

This result is known as Kac’s formula.

Proof. Let 0 ≤ s < t ≤ T . Consider the process

ζ(t) = u(t, ξs(t)) exp
{∫ t

s

υ(u, ξs(u))du

}
. (2.1.9)

Let us show that it is a martingale under the measure Ps,x. As in Theo-
rem 2.1.1, it suffices to demonstrate that

Es,x(ζ(t + h) − ζ(t)|Fs
t ) = o(h) .

We have

Es,x(ζ(t + h) − ζ(t)|Fs
t ) = exp

{∫ t

s

υ(u, ξs(u))du

}

×Es,x

(
u(t + h, ξs(t + h))e

∫ t+h
t

υ(u,ξs(u))du − u(t, ξs(t))|Fs
t

)
= exp

{∫ t

s

υ(u, ξs(u))du

}
Es,x(u(t + h, ξs(t + h))

+hu(t + h, ξs(t + h))υ(t, ξs(t)) − u(t, ξs(t))|Fs
t ) + o(h)

= exp
{∫ t

s

υ(u, ξs(u))du

}
[ut((t, ξs(t)) + (ux(t, ξs(t)), a(t, ξs(t)))

+
1
2
Tr uxx(t, ξs(t))B(t, ξs(t)) + u(t, ξs(t))υ(t, ξs(t))]h

+o(h) = o(h)

(we have again applied Lemma 2.1.1 on p. 163 and (2.1.7)). Hence, ζ(t) is a
martingale and

Es,xζ(T ) = Es,xζ(s) .

But ζ(s) = u(s, ξs(s)) = u(s, x) with probability Ps,x = 1. From this we
obtain (2.1.8) with s instead of t. ��

Remark 2.1.1. Let f(t, x) be a bounded continuous function. Then the solu-
tion to the problem

∂

∂t
u(t, x) + Ltu(t, x) + v(t, x)u(t, x) = f(t, x), t ∈ [0, T ],

u(T, x) = ϕ(x) , (2.1.10)

is expressible as
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u(t, x) = Et,xϕ(ξt(T )) exp

{∫ T

t

v(u, ξt(u))du

}

− Et,x

∫ T

t

f(s, ξt(s)) exp
{∫ s

t

v(u, ξt(u))du

}
ds . (2.1.11)

The proof of this formula amounts to showing for 0 ≤ s < t ≤ T that the
process

ζ(t) = u(t, ξs(t)) exp
{∫ t

s

v(u, ξs(u))du

}

−
∫ t

s

f(u, ξs(u)) exp
{∫ u

s

v(t, ξs(τ))dτ

}
du (2.1.12)

is a martingale. The proof of this is exactly the same as in Theorems 2.1.1
and 2.1.2.

Remark 2.1.2. Let Lt = L (that is, the coefficients are independent of t). Then
the solution to the problem

∂u(t, x)
∂t

− Lu(t, x) − v(t, x)u(t, x) = f(t, x),

u(0, x) = ϕ(x) ,

is expressible as

u(t, x) = Exϕ(ξ(t)) exp
{∫ t

0
v(s, ξ(s))ds

}

+ Ex

∫ t

0
f(s, ξ(s)) exp

{∫ s

0
v(u, ξ(u))du

}
ds , (2.1.13)

where ξ(u) is a homogeneous Markov diffusion process like the one in (2.1.6).
Formula (2.1.13) is derived from (2.1.12) just as (2.1.6) was derived from
(2.1.5).

2.1.3 Mixed Backward Problem for a Parabolic Equation

Let T > 0. Let G(t, x) be a sufficiently smooth function defined an [0, T ]×Rd

for which the equation G(t, x) = 0 defines a smooth surface in [0, T ] × Rd. Its
sections St by hyperplanes perpendicular to the t-axis are smooth surfaces in
Rd each being the boundary of a bounded simply-connected region Vt, Let
V = {(t, x) : t ∈ [0, T ], x ∈ Vt}. We shall examine the following boundary-
value problem in V :

∂u(t, x)
∂t

+ Ltu(t, x) = f(t, x), (2.1.14)

u(t, x)
∣∣∣∣
x∈St

= ψ(t, x), 0 ≤ t < T, u(T, x) = ϕ(x) .
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The function ψ(t, x) is sufficiently smooth, ϕ(x) and f(t, x) are continuous,
and ψ(t, x) = ϕ(x) for x ∈ ST .

Let V ′ be the boundary of V (it comprises the surfaces
⋃

t{t} × St and
VT ). Let τV ′ denote the first exit time of the process ξs(t) from the region V .
τV ′ = T if ξs(t) ∈ Vt for t ∈ [s, T ]. If G(t, x) > 0 for (t, x) ∈ V and if τV ′ < T ,
then τV ′ is the first time for which G(t, ξs(t)) = 0. Clearly, τV ′ is a stopping
time with respect to the flow Fs

t under the probability measure Ps,x for any
x ∈ X.

Theorem 2.1.3. Let u(t, x) be the solution to problem (2.1.14). Then

u(t, x) = Et,xψ(τV ′ , ξt(τV ′))I{τV ′ <T}

+ Et,xϕ(ξt(T ))I{τV ′=T} − Et,x

∫ τV ′

t

f(u, ξt(u))du . (2.1.15)

Proof. Under the assumptions made, u(t, x) can be extended to [0, T ] × Rd

with bounded continuous derivatives ∂u/∂t, ∂u/∂x, ∂2u/∂x2 (we are using the
same symbol for the extension). The extended function will now satisfy (2.1.1)
in [0, T ] × Rd; in [0, T ] × Rd × V , the function f(t, x) is simply set equal to
the left-hand side of (2.1.1) in which the chosen extension of u(t, x) has been
substituted. As was shown in Theorem 2.1.1, the process

ζ(t) = u(t, ξs(t)) −
∫ t

s

f(u, ξs(u))du

is a martingale. Since s ≤ τV ′ , it follows with probability Ps,x = 1 that

Es,xζ(τV ′) = Es,xζ(s) .

But ζ(s) = u(s, x) with probability Ps,x = 1 and so

u(s, x) = Es,xζ(s) . (2.1.16)

We have

ζ(τV ′) = u(τV ′ , ξs(τV ′)) −
∫ τV ′

s

f(u, ξs(u))du (2.1.17)

in which f(u, ξs(u)) has the same values as f on V , namely, those values of
f that occur an the right-hand side of (2.1.14). Furthermore if τV ′ < T , then
u(τV ′ , ξs(τV ′)) = ψ(τV ′ , ξs(τV ′)). If τV ′ = T , then u(τV ′ , ξs(τV ′)) = ϕ(ξs(T )).
On substituting these values in (2.1.17), we can obtain (2.1.15) from (2.1.16).

��

The next statement can be proved similarly to Theorem (2.1.3).

Theorem 2.1.4. Suppose that the hypotheses of Theorem (2.1.3) hold and
that the function v(t, x) is continuous together with its derivatives ∂v/∂t,
∂v/∂x and ∂2v/∂x2 in the closure of V . If u(t, x) satisfies the equation
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∂u(t, x)
∂t

+ Lt(u) + v(t, x)u(t, x) = f(t, x) (2.1.18)

in V and the boundary conditions u(t, x)
∣∣
x∈St

= ψ(t, x), 0 ≤ t < T , and
u(T, x) = ϕ(x), x ∈ VT , then u(t, x) is expressible as

u(t, x) = Et,xψ(τV ′ , ξs(τV ′)) exp
{∫ τV ′

t

v(u, ξ(u))du

}
I{τV ′ <T}

+ Et,xϕ(ξt(T )) exp

{∫ T

t

v(u, ξt(u))du

}
I{τV ′=T} (2.1.19)

− Et,x

∫ τV ′

t

f(u, ξt(u)) exp
{∫ u

t

v(τ, ξt(τ))dτ

}
du .

2.2 Boundary-Value Problems for Elliptic Operators

Let a(x) and B(x) be bounded and sufficiently smooth functions with values
in Rd and L(Rd), respectively; ak(x), k = 1, 2, . . . , d, are the coordinates of
a(x) in the standard basis and bik(x) are the elements of the matrix of the
operator B(x) in this basis. A Markov diffusion process is assumed to exist
having these diffusion coefficients. Let G be a bounded region in Rd with
smooth boundary G′. We shall study the differential operator

Lu =
1
2

d∑
i,k=1

bik(x)
∂2u

∂xi∂xk
(x) +

d∑
k=1

ak(x)
∂u

∂xk
(x) . (2.2.1)

The fact that the bik(x) are diffusion coefficients means that the matrix(
bik(x)

)
is nonnegative-definite. We shall assume that the matrix is positive-

definite. Therefore L is an elliptic operator.

2.2.1 Exit Times from a Bounded Region

Let ξ(t) be a homogeneous Markov process with diffusion coefficients a(x) and
B(x). Let τG be the first exit time from the bounded region G:

τG = inf {s : ρ(ξ(s), X \ G) = 0} .

Here ρ(x, F ) is the distance from point x to the set F . If ρ(ξ(s), X \ G) > 0
for all s, then we take τG = ∞. Our aim in this subsection is to show that
ExτG < ∞ and hence that

Px{τG < ∞} = 1 .

We first prove a statement which is of interest in its own right.
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Lemma 2.2.1. Let f(x) be a twice continuously differentiable function with
compact support. Then the process

ζ(t) = f(ξ(t)) −
∫ t

0
Lf(ξ(s))ds

is a martingale with respect to the flow F0
t and measure Px for any value of x.

Proof. We have

Ex(ζ(t + h) − ζ(t)|F0
t ) = Eξ(t)f(ξ(h)) − f(ξ(t)) −

∫ h

0
Eξ(t)Lf(ξ(s))ds .

By Lemma 1.3.1 on p. 163, it follows that

Exf(ξ(h)) = hLf(x) + hαh(x) ,

where αh(x) is bounded and approaches 0 as h → 0 uniformly in x. Next

∫ h

0
ExLf(ξ(s)ds = hLf(x) +

∫ h

0
[ExLf(ξ(s)) − Lf(x)]ds .

It is easy to see that supx |Exg(ξ(s))−g(x)| → 0 as s → 0 for every continuous
g having compact support. Therefore

lim
h→0

1
h

∫ h

0
[ExLf(ξ(s)) − Lf(x)]ds = 0

uniformly in x. Hence

Ex(ζ(t + h) − ζ(t)|F0
t ) = o(h) , (2.2.2)

in which o(h) depends on ξ(t) but o(h)/h → 0 uniformly in ξ(t). Just as
in Theorem 2.1.1 of Sect. 2.1.1, relation (2.2.2) implies the statement in the
lemma. ��

Since G is bounded, it is possible to find a ball S such that G ⊂ S. Then
for x ∈ G

Px{τG < τS} = 1 .

Thus to study the boundedness of τG, it suffices to concentrate on the case
G = S.

Theorem 2.2.1. ExτS is bounded uniformly in x ∈ S.

Proof. There is no loss of generality in assuming that S = {y : |y| < r}. Let
c ∈ Rd with |c| = 1 and let



2.2 Boundary-Value Problems for Elliptic Operators 173

ϕ(x) = exp{k(c, x)} .

Then

Lϕ(x) = exp{k(c, x)}
[
k(c, a(x)) +

k2

2
(B(x)c, c)

]
.

Write α = supx∈S |a(x)| and β = infx∈S(B(x)c, c). By the assumed positive-
definiteness of B(x), β is positive. Therefore

Lϕ(x) ≥ exp{−kr}
[
−αk +

k2

2
β

]

and choosing k = 3α/β, we find for x ∈ S that

Lϕ(x) ≥ exp
{

−3αr

β

}
3α2

2β
= c1 > 0 .

Let s < τS . Then ξ(s) ∈ S and Lϕ(ξ(s)) > c1. Noting that ϕ(ξ(t)) −∫ t

0 Lϕ(ξ(s))ds is a martingale, we obtain

Ex

[
ϕ(ξ(τS ∧ t)) −

∫ τS∧t

0
Lϕ(ξ(s))ds

]
= ϕ(x) ,

or

Ex

∫ τS∧t

0
Lϕ(ξ(s))ds = Exϕ(ξ(τS ∧ t)) − ϕ(x) ,

and so

c1ExτS ∧ t ≤ sup
x∈S

ek(c,x) − inf
x∈S

ek(c,x) < ekr .

This is a uniform upper bound for ExτS ∧ t. Letting t → ∞, we observe that
a bound also holds for τS :

ExτS ≤ 2β

3α2 exp
{

6αr

β

}
.

��

2.2.2 Solution of the Interior Boundary-Value Problem

We first concentrate on solving the Dirichlet problem for the equation

Lu(x) = 0, x ∈ G , (2.2.3)
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with u(x) = ϕ(x) on the boundary G′ of G. Since u(t, x) = u(x) is simultane-
ously a solution to the problem

∂u

∂t
− Lu = 0, u(t, x) = ϕ(x) on G′, u(T, x) = u(x)

in the region [0, T ] × G, Theorem 2.1.3 on p. 170 gives

u(x) = Exϕ(ξ(τG))I{τG<T} + Exu(ξ(T ))I{τG≥T} .

Letting T → ∞ in this equation, we obtain

u(x) = Exϕ(ξ(τG)) .

A similar approach may be used to solve the more complicated nonhomoge-
nous boundary-value problem for L.

Theorem 2.2.2. Let V (x) ≤ 0 and f(x) be bounded continuous functions and
let u(x) be a solution of the equation

Lu(x) + V (x)u(x) = f(x) (2.2.4)

with the boundary condition

u(x) = ϕ(x) on G′ .

Then

u(x) = Ex

[
ϕ(ξ(τG)) exp

{∫ τG

0
V (ξ(s))ds

}

−
∫ τG

0
f(ξ(s)) exp

{∫ s

0
V (ξ(u))du

}
ds

]
. (2.2.5)

Proof. The proof of Theorem 2.1.2, p. 168 (see also Remark 2.1.1 to that
theorem) established that the process

ζ(t) = u(ξ(t)) exp
{∫ t

0
V (ξ(u))du

}
−
∫ t

0
f(ξ(s)) exp

{∫ t

0
V (ξ(u))du

}
ds

is a martingale. Therefore for all positive t,

Exζ(t ∧ τG) = Ex(ζ(0)) = u(x) ,

u(x) = Exu(ξ(t ∧ τG)) exp
{∫ t∧τG

0
V (ξ(s))ds

}

− Ex

∫ t∧τG

0
f(ξ(s)) exp

{∫ s

0
V (ξ(u))du

}
ds . (2.2.6)
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Formula (2.2.5) is derived from (2.2.6) by letting t → ∞. It is permissible
to take the limit under the expectation sign because V ≤ 0 and so

exp
{∫ t

0
V (ξ(s))ds

}
≤ 1 .

Hence, for t < τG∣∣∣∣u(ξ(t)) exp
{∫ t

0
V (ξ(s))ds

}
−
∫ t

0
f(ξ(s)) exp

{∫ s

0
V (ξ(u))du

}
ds

∣∣∣∣ ≤ c1 + c2τG,

where c1 = supx∈G u(x), c2 = supx∈G f(x) and EτG < ∞ by virtue of Theo-
rem 2.2.1 of Sect. 2.2.1. ��

(a) Equation with V of alternating sign. If V (x) changes sign in equation
(2.2.4) (perhaps it is simply positive), formula (2.2.5) need not hold. For
example, the equation (2.2.4) with f = 0 and ϕ = 0 can have a non-zero
solution but the right-hand side of (2.2.5) vanishes. This happens because the
passage to the limit in (2.2.6) is unjustified. To justify it, we shall need the
finiteness of ExeλτG for λ > 0.

Lemma 2.2.2. If supx∈G ExτG ≤ q, then ExeλτG < ∞ for λ < (eq)−1.

Proof. For c > q and all x ∈ G,

Px{τG > c} ≤ q

c
.

Observe that

Px{τG > nc} = ExI{τG>nc} = ExI{τG>(n−1)c}Ex(I{τG>nc}|F0
(n−1)c}

= ExI{τG>(n−1)c}Eξ((n−1)c)I{τG>c}

≤ q

c
Px{τG > (n − 1)c} ≤

(q

c

)n

.

Therefore

ExeλτG ≤
∞∑

n=1

eλncPx{τG ≥ (n − 1)c} ≤ eλc
∞∑

n=0

(
eλc · q

c

)n

and the series on the right converges when λ < c−1 ln(c/q). The right-hand
side has a maximum when c = qe. ��

Lemma 2.2.3. Suppose that a strictly positive solution exists to the equation

Lu(x) + λu(x) = 0, x ∈ G, inf
x∈G

u(x) = c > 0 ,

for some λ > 0. Then ExeλτG < ∞.
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Proof. Formula (2.2.6) can be applied with V = λ and f = 0. We obtain

u(x) = Exu(ξ(t ∧ τG)) exp{λ(t ∧ τG)} .

Therefore

Ex exp{λ(t ∧ τG)} ≤ c−1u(x) .

On letting t → ∞, we complete the proof of the lemma. ��

Theorem 2.2.3. Suppose that ExeλτG < ∞ for some λ > 0. Then if V (x) ≤
λ, the solution to equation (2.2.4) with boundary condition u(x) = ϕ(x) on
G′, is representable by formula (2.2.5).

Proof. Under the assumption made,

exp
{∫ s

0
V (ξ(s))ds

}
≤ eλs

and ∫ t∧τG

0
exp
{∫ s

0
V (ξ(u))du

}
ds ≤ exp{λt ∧ τG} − 1

λ

for s ≤ τG. Therefore∣∣∣∣u(ξ(t ∧ τG)) exp
{∫ t∧τG

0
V (ξ(u))du

}

−
∫ t∧τG

0
f(ξ(s)) exp

{∫ s

0
V (ξ(u))du

}
ds

∣∣∣∣ ≤ c1 + c2e
λτG ,

where c1 and c2 are constants. The passage to the limit in (2.2.6). under the
expectation sign is thus permissible. ��

2.3 Wiener Measure and the Solution of Equations
Involving the Laplace Operator

2.3.1 Wiener Process in Rd

A Wiener process in Rd is a homogeneous process w(t) with independent
increments for which w(t + h) − w(t) is normally distributed with mean zero
and covariance operator hI (I is the identity operator in Rd). In other words,
the increment has the density

gh(x) = (2πh)−d/2 exp
{

− 1
2h

|x|2
}

. (2.3.1)
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(a) A Markov process related to a Wiener process. Since a Wiener process has
independent increments, then for 0 ≤ t1 < . . . < tn ≤ t < t + h,

P{w(t + h) ∈ A|w(t1), . . . , w(tn), w(t)}
= P{w(t + h) − w(t) ∈ A − w(t)|w(t1), . . . , w(tn), w(t)}
= P{w(t + h) − w(t) ∈ A − w(t)|w(t)}

= P(w(h) − w(0) ∈ A − x}
∣∣∣∣
x=w(t)

;

in this, A − x = {y : y + x ∈ A} and we have used not only the independence
of the increments but also the homogeneity. Putting

Pw(h, x, A) = P{w(h) − w(0) ∈ A − x}

= (2πh)−d/2
∫

A

exp
{

− 1
2h

|y − x|2
}

ds, (2.3.2)

one can verify that

P{w(t + h) ∈ A|w(t1), . . . , w(tn), w(t)} = Pw(h, w(t), A) .

This means that the family of processes w(t)−w(0)+x may be viewed as a
homogeneous Markov process with transition probability (2.3.2). This process
has spatial homogeneity: if it starts at x, the process can be determined from
a process starting at 0 by shifting the latter’s path by amount x. In what
follows, we take w(0) = 0. Then w(t) is the path of a Markov process starting
at 0. If as previously, Px is the distribution in CRd corresponding to the initial
value x, then spatial homogenity means that

Exf(ξ(·)) = E0f(ξ(·) + x)

for every bounded measurable function f(x(·)) in CRd (here ξ(·) denotes the
path of a process). If f(x(·)) is measurable, then so is the function fa(x(·)) =
f(x(·) + a). Thus, when a process is spatially homogeneous, it is possible to
consider a single measure instead of a family of measures Px.

Noting the form of the transition probability, one can show that

Pw(h, x, Vε(x)) = P{|w(h)| > ε} ≤ 1
εm

E|w(h)|m

=
hm/2

εm
E|w(1)|m = o(h), m > 2 , (2.3.3)

and ∫
|y−x|≤ε

(yi − xi)Pw(h, x, dy) =
∫

|y|≤ε

yiPw(h, 0, dy)

= Ewi(h)I{|w(h)|≤ε} = Ewi(h) + Ewi(h)I{|w(h)|>ε}
= O((E|w(h)|2)1/2(P{|w(h)| > ε})1/2) = o(h) (2.3.4)
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(we have made use of the estimate (2.3.3)). Finally, in similar fashion,∫
|y−x|≤ε

(yi − xi)(yk − xk)Pw(h, x, dy) = E(wi(h)wk(h)) + v(h)

= δikh + o(h) .

Thus, w(t) is a diffusion process with constant diffusion coefficients: a = 0
and bik = δik.

(b) Wiener measure. A Wiener process w(t) (as stated above, we are as-
suming that w(0) = 0) possesses one further remarkable property, that of
self-similarity. This means that there exists a function ψ from R+ to R+ for
which w(λt) has the same distribution as ψ(λ)w(t) for every positive value of
λ. Specifically, for the Wiener process, ψ(λ) =

√
λ. Indeed, w(λt) and

√
λw(t)

are homogeneous processes with independent increments and both are nor-
mally distributed with mean 0 and covariance operator λI.

Let PT
x be the measure corresponding to a Markov process on the space

CRd [0, T ] of functions defined on [0, T ] (it is determined by its values on the
cylinder sets with bases in [0, T ]; see Part I, pp. 47–48). The homogeneity
and self-similarity imply that every bounded measurable function f(x(·)) on
CRd [0, T ] satisfies the relation

ET
x f(ξ(·)) = E1

0RT,xf(ξ(·)) ,

where ET
x is the expectation with respect to PT

x , RT,xf(x(·)) = f(RT,xx(·))
and RT,x(t) =

√
Tx(t/T ) + x is a measurab1e mapping from CRd [0, 1] to

CRd [0, T ]. The measure P1
0 on CRd [0, 1] is commonly called a Wiener measure.

It will be denoted by µw and an integral with respect to it will be represented
as
∫

fdµw. The measure is determined by its integrals of cylindrical functions.
If Φ(x1, . . . , xn) is a measurable numerical function on (Rd)n and

fΦ(t1, . . . , tn, x(·)) = Φ(x(t1), . . . , x(tn))

is a cylindrical function with base {t1, . . . , tn} (0 = t0 < t1 < . . . < tn ≤ 1),
then taking x0 = 0, we have∫

fΦ(t1, . . . , tn, x(·))dµw

=
n∏

k=1

(2π(tk − tk−1))− d
2

∫
· · ·
∫

exp

{
−1

2

n∑
k=1

|xk − xk−1|2
tk − tk−1

}

× Φ(x1, . . . , xn)dx1 . . . dxn . (2.3.5)

The approximation of continuous functions by cylindrical functions makes it
possible to use (2.3.5) to evaluate integrals with respect to a Wiener measure
by passing to the limit.
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Lemma 2.3.1. Let f(x(·)) be a bounded continuous functional on CRd [0, 1]
and let l(t1, . . . , tn, x1, . . . , xn, t) be a polygonal line in [0, 1]×Rd with vertices
(ti, xi), 0 = t0 < t1 < . . . < tn = 1 and 0 = x0, x1, . . . , xn ∈ Rd. Then

∫
f(x(·))dµw = lim

max ∆tk→0

n∏
k=1

(2π(tk − tk−1))−d/2

×
∫

· · ·
∫

exp

{
−1

2

n∑
k=1

|xk − xk−1|2
tk − tk−1

}
f(l(t1, . . . , tn, x1, . . . , xn, ·))

× dx1 . . . dxn . (2.3.6)

Proof. Appearing under the limit sign is∫
f(l(t1, . . . , tn, x(t1), . . . , x(tn), ·))dµw

and f(l(t1, . . . , tn, x(t1), . . . , x(tn), ·)) → f(x(·)) as max ∆tk → 0 for all x(·) ∈
CRd [0, 1]. Therefore the lemma follows by virtue of Lebesgue’s theorem. ��

2.3.2 Stochastic Integral

Our further exposition requires an integral of the form∫ 1

0

(
f(w(t)), dw(t)

)
,

where f(x) is a sufficiently smooth function from Rd to Rd. It is the spe-
cial case of a stochastic integral with respect to a Wiener process. We shall
concentrate on the case d = 1 in detail.

Lemma 2.3.2. Let f(x) be a continuously differentiable function from R to
R and let f ′(x) be bounded. If w(t) is a homogeneous Wiener process, then

lim
n→∞

∑
0≤k<2n

f

(
w

(
k

2n

))[
w

(
k + 1
2n

)
− w

(
k

2n

)]
(2.3.7)

exists with probability 1.

Proof. Denote the pre-limiting quantity in (2.3.7) by Sn(f). Then
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Sn(f) − Sn+1(f)

=
∑

0≤k<2n

(
f

(
w

(
k

2n

))[
w

(
k + 1
2n

)
− w

(
k

2n

)]

− f

(
w

(
k

2n

))[
w

(
2k + 1
2n+1

)
− w

(
k

2n

)]

− f

(
w

(
2k + 1
2n+1

))[
w

(
k + 1
2n

)
− w

(
2k + 1
2n+1

)])

=
∑

0≤k<2n

[
f

(
w

(
k

2n

))
− f

(
w

(
2k+1
2n+1

))][
w

(
k+1
2n

)
− w

(
2k+1
2n+1

)]
.

Therefore

E|Sn(f) − Sn+1(f)|2

=
∑

0≤k<2n

E
[
f

(
w

(
k

2n

))
− f

(
w

(
2k+1
2n+1

))]2 [
w

(
k+1
2n

)
− w

(
2k+1
2n+1

)]2

+ 2
∑

0≤k<i<2n

E
[
f

(
w

(
k

2n

))
− f

(
w

(
2k+1
2n+1

))][
w

(
k+1
2n

)
− w

(
k+1
2n+1

)]

×
[
f

(
w

(
i

2n

)
− f

(
w

(
2i+1
2n+1

))][
w

(
i+1
2n

)
− w

(
2i+1
2n

)]
.

The second sum vanishes since w((i+1)/2n)−w((2i+1)/2n+1) is independent
of the remaining factors and E[w((i + 1)/2n) − w((2i + 1)/2n+1)] = 0. The
factors in the first sum are independent and one term has the form

E
[
f

(
w

(
k

2n

))
− f

(
w

(
2k + 1

2n

))]2
· 1
2n+1 .

For some L, |f(x) − f(y)| ≤ L|x − y|. Thus

E|Sn(f) − Sn+1(f)|2 ≤ L2
∑

0≤k<2n

(
1

2n+1

)2

≤ c1 · 2−n .

Since

P{|Sn(f) − Sn+1(f)| ≥ 2−n/4} ≤ c1 · 2−n · 2n/2 = c1 · 2−n/2 ,

the lemma follows by virtue of the Borel-Cantelli lemma. ��

The limit (2.3.7) is denoted by

∫ 1

0
f(w(t))dw(t) .
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Remark 2.3.1. In similar fashion, it can be demonstrated that∫ 1

0
(f(w(t)), dw(t))

= lim
n→∞

∑
0≤k<2n

(
f

(
w

(
k

2n

))
, w

(
k + 1
2n

)
− w

(
k

2n

))
(2.3.8)

exists with probability 1. In this, w(t) is a Wiener process in Rd, f(x) is a
continuously differentiable function from Rd to Rd and f ′(x) is bounded.

Remark 2.3.2. One can define the integral
∫ t

0 (f(w(s)), dw(s)) to be

lim
n→∞

∑
0≤k<2nt

(
f

(
w

(
k

2n

))
, w

(
k + 1
2n

)
− w

(
k

2n

))
.

The proof that this limit exists with probability 1 is the same as that of
Lemma 2.3.2. As usual, we define∫ t+h

t

=
∫ t+h

0
−
∫ t

0
.

Lemma 2.3.3. If the function f(x) is bounded, then the following relations
hold:

1. E
∫ t+h

t
(f(w(s)), dw(s)) = 0;

2. E
[∫ t+h

t
(f(w(s)), dw(s))

]2
= E

∫ t+h

t
|f(w(s))|2ds;

3. E
[∫ t+h

t
(f(w(s)), dw(s))

]4
= O(h2);

4. For z ∈ Rd,

E exp

{∫ t+h

t

(f(w(s)), dw(s))

}
(w(t + h) − w(t), z)

= E
∫ t+h

t

(f(w(s)), z)ds + o(h) ;

5. E exp
{∫ t+h

t
(f(w(s)), dw(s))

}
= 1 + O(h).

Proof. We apply the limit process used to define a stochastic integral. The first
three statements can be proved in an obvious way . If |f | ≤ c, by employing
the inequality

1 ≤ E
(

exp
{(

f

(
w

(
k

2n

))
, w

(
k + 1
2n

)
− w

(
k

2n

))} ∣∣∣∣w
(

k

2n

))

= exp

{
1

2n+1

∣∣∣∣f
(

w

(
k

2n

))∣∣∣∣
2
}

≤ exp
{

c2 1
2n+1

}
,
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one can deduce that

1 ≤ E exp

{
λ

∫ t+h

t

(f(w(s)), dw(s))

}
≤ exp{hλ2c2} .

This implies 5. Furthermore,

E exp

{∫ t+h

t

(f(w(s)), dw(s))

}
(w(t + h) − w(t), z)

= E

(
1 +
∫ t+h

t

(f(w(s)), dw(s))

)
(w(t + h) − w(t), z) + Eθh

= E
∫ t+h

t

(f(w(s)), z)ds + Eθh ,

where

E|θh| ≤ E

(∫ t+h

t

(f(w(s)), dw(s))

)2

×
(

exp

{∫ t+h

t

(f(w(s)), dw(s))

}
+ exp

{
−
∫ t+h

t

(f(w(s)), dw(s))

})

×|w(t + h) − w(t), z)| .

A double application of Cauchy’s inequality and parts 3 and 5 show that
E|θh| = o(h). ��
(a) Martingales related to a Wiener process.

Theorem 2.3.1. Suppose that f(x) is a bounded continuous function from
Rd to Rd having bounded continuous derivatives f ′(x) and f ′′(x). If a(x) and
v(x) are bounded continuous functions from Rd to Rd and Rd to R respectively,
with a′(x) bounded, then the process

ζ(t) = f(w(t) + x) exp
{∫ t

0
(a(x + w(s)), dw(s))

+
∫ t

0

[
v(x + w(s)) − 1

2
|a(x + w(s))|2

]
ds

}

−
∫ t

0
La,vf(x + w(s)) exp

{∫ s

0
(a(x + w(u)), dw(u))

+
∫ s

0

[
v(x + w(u)) − 1

2
|a(x + w(u))|2

]
du

}
ds ,

where

La,vf =
1
2
∆f + (a(x), f ′(x)) + v(x)f(x), ∆f = Tr f ′′ ,

is a martingale.
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Proof. It suffices to show that E(ζ(t + h) − ζ(t)|F0
t ) = o(h) where F0

t is the
σ-algebra generated by w(s), s ≤ t. It is easy to see that

E

(∫ t+h

t

La,vf(x + w(s)) exp
{∫ s

0
(a(x + w(u)), dw(u))

+
∫ s

0

[
v(x + w(u)) − 1

2
|a(x + w(u))|2

]
du

}
ds|F0

t

)

= hLa,vf(x + w(t)) exp
{∫ t

0
(a(x + w(u)), dw(u))

+
∫ t

0

[
v(x + w(u)) − 1

2
|a(x + w(u))|2

]
du

}
+ o(h) .

Then

f(x + w(t + h)) exp

{∫ t+h

0
(a(x + w(s)), dw(s))

+
∫ t+h

0

[
v(x + w(s)) − 1

2
|a(x + w(s))|2

]
ds

}

− f(x + w(t)) exp
{∫ t

0
(a(x + w(s)), dw(s))

+
∫ t

0

[
v(x + w(s)) − 1

2
|a(x + w(s))|2

]
ds

}

= exp
{∫ t

0
(a(x + w(s)), dw(s)) +

∫ t

0

[
v(x + w(s)) − 1

2
|a(x + w(s))|2

]
ds

}

×
[
f(x + w(t + h)) exp

{∫ t+h

t

(a(x + w(s)), dw(s))

}

×
(

1 + h

[
v(x + w(t)) − 1

2
|a(x + w(s))|2

]
+ o(h)

)
− f(x + w(t))

]
.

Therefore to complete the proof, it suffices to show that

E

(
f(x + w(t + h)) exp

{∫ t+h

t

(a(x + w(s)), dw(s))

}
− f(x + w(t))

+ hf(x+w(t))
[
v(x+w(t)) − 1

2
|a(x+w(t))|2

]
− hLa,vf(x+w(t))

∣∣∣∣F0
t

)
= o(h) . (2.3.9)

We have
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E

(
f(x+w(t+h)) exp

{∫ t+h

t

(a(x+w(s)), dw(s))

}
− f(x+w(t))

∣∣∣∣F0
t

)

= E(f(x + w(t + h)) − f(x + w(t))|F0
t )

+ E

(
f(x+w(t+h))−f(x+w(t))

(
exp

{∫ t+h

t

(a(x+w(s)), dw(s))

}
−1

)∣∣∣∣F0
t

)

+ E

(
f(x + w(t))

(
exp

{∫ t+h

t

(a(x + w(s)), dw(s))

}
− 1

) ∣∣∣∣F0
t

)

=
h

2
Tr f ′′(x + w(t)) + hf ′(x + w(t))a(x + w(t))

+
h

2
f(x + w(t))|a(x + w(t))|2 + o(h) .

We have applied the relation Ef(x+w(h)) = f(x)+ h
2 Tr f ′′(x)+o(h) as well

as Lemma 2.3.3. Upon substituting this last expression into the left-hand side
of (2.3.9) we obtain the required right-hand side. ��

2.3.3 Representation of Solutions of Equations

(a) Cauchy problem for a parabolic equation.

Theorem 2.3.2. Suppose that u(t, x) is a solution to the equation

∂u(t, x)
∂t

=
1
2
∆u(t, x) + (a(x, ux(t, x)) + v(x)u(t, x)

with initial condition u(0, x) = ϕ(x) where a(x) is a bounded continuous func-
tion from Rd to Rd, a′(x) is bounded, and v(x) is a bounded continuous func-
tion from Rd to R. Then

u(t, x) = Eϕ(x + w(t)) exp
{∫ t

0
(a(x + w(s)), dw(s))

+
∫ t

0

[
v(x + w(s)) − 1

2
|a(x + w(s))|3

]
ds

}
. (2.3.10)

Proof. The function

ζ(s) = u(t − s, x + w(s)) exp
∫ s

0
(a(x + w(u)), dw(u))

+
∫ s

0

[
v(x + w(u)) − 1

2
|a(x + w(u))|2

)
du

}

is a martingale for all positive t by virtue of Theorem 2.3.1. Since ζ(0) =
u(t, x), the theorem follows from the relation Eζ(t) = Eζ(0).
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Remark. Formula (2.3.10) may be expressed in terms of an integral with re-
spect to the measure µw:

u(t, x) =
∫

ϕ(x +
√

tx(1)) exp
{√

t

∫ 1

0
(a(x +

√
tx(s)), dx(s))

+ t

∫ 1

0

[
v(x +

√
tx(s)) − 1

2
|a(x +

√
tx(s))|2

]
ds

}
dµw .

(b) Dirchlet problem for an elliptic equation. Let G be a region in Rd with a
simply-connected bounded smooth boundary G′. Consider the problem

1
2∆u(x) + (a(x), ux(x)) + v(x)u(x) = f(x),

u(x) = ψ(x) on G′

Theorem 2.3.3. Define τG(x(·)) on CRd by

τG(x(·)) = sup{t : x(s) ∈ G, s ≤ t} .

If

sup
x∈G

Ex exp{λτG} < ∞

for some positive λ, where τG = τG(x + w(·)), then when

1
2

sup
x∈G

|a(x)|2 + sup
x∈G

[
v(x) − 1

2
|a(x)|2

]
≤ λ

the following representation holds:

u(x) = E exp
{∫ τG

0
(a(x + w(s)), dw(s))

+
∫ τG

0

[
v(x + w(s)) − 1

2
|a(x + w(s))|2

]
ds

}
ψ(x + w(τG)) .

Proof. Consider an extension of u(x) which is twice continuously differentiable
and has compact support. On the basis of Theorem 2.3.1, the process

ζ(t) = u(x + w(t)) exp
{∫ t

0
(a(x + w(s)), dw(s))

+
∫ t

0

[
v(x + w(s)) − 1

2
|a(x + w(s))|2

]
ds

}

−
∫ t

0
g(x + w(s)) exp

{∫ s

0
(a(x + w(u)), dw(u))

+
∫ t

0

[
v(x + w(u)) − 1

2
|a(x + w(u))|2

]
du

}
ds ,
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where g(x) = 0 for x ∈ G, is a martingale. Therefore the process

ζ1(t) = ζ(t ∧ τG) = u(x + w(t ∧ τG)) exp
{∫ t∧τG

0
(a(x + w(s)), dw(s))

+
1
2

∫ t∧τG

0

[
v(x + w(s)) − 1

2
|a(x + w(s))|2

]
ds

}

is also a martingale. Thus

u(x) = Eζ1(0) = Eζ1(t) .

Applying Lemma 2.3.3, we can show that it is permissible to let t → ∞ under
the expectation sign in the last relation. ��

Remark. If f(t, x) is continuous and bounded on R+ × Rd and has bounded
continuous derivatives ∂f/∂t, ∂f/∂x, and ∂2f/∂x2, then the theorem remains
true if f(x) is replaced by f(t, x) and La,vf is replaced by

L̂a,vf(t, x) =
1
2
∆f(t, x) + (a(x), fx(t, x)) + ft(t, x) + v(x)f(t, x) .



Historic and Bibliographic Comments

Wiener (1923) gave a rigorous development of the Wiener process by means
of a Wiener measure in C.

A broad class of Markov processes was introduced by Kolmogorov (1933).
This paper obtained the equations for a transition probability now bearing
his name.

Petrovsky (1934) developed a method using differential equations to prove
the convergence of Markov random walks to continuous Markov processes.
Feller (1936) considered certain classes of Markov processes and their transi-
tion probabilities starting from Kolmogorov’s equations. Ito (1944) gave the
first definition of a stochastic integral with respect to a Wiener measure. Kac
(1949) derived the first representation of the solution to the heat equation
with a potential as an integral with respect to a Wiener measure.

A complete presentation of the theory of homogeneous Markov processes
is contained in Dynkin’s book (1963). In particular, it gives probability repre-
sentations of solutions to equations containing the generating and character-
istic operators of the Markov processes. Chung’s book (1960) contains a com-
plete presentation of the theory of countable homogeneous chains and Markov
processes. Among other things, Venttsel’ and Freidlin (1979) furnish proba-
bility representations of solutions to boundary-value problems. They also use
Markov processes to analyze asymptotically solutions to boundary-value prob-
lems involving second-order differential operators with small parameter in the
leading coefficients. Khinchin (1937) considered in particular diffusion prob-
lems and related limit theorems.
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Introduction

The applied sections of probability theory may be characterized as the science
of practical applications under conditions of uncertainty. In building models to
solve problems arising in probability, one encounters two kinds of uncertainty:
1. uncertainty caused by random factors and 2. uncertainty due to not knowing
the stochastic parameters of the probability experiments describing a model.
In principle, in order to make practical use of stochastic models, it is necessary
to be able to study the second kind of uncertainty. In other words, on the basis
of experimental data, one has to be able to find an unknown probability. How
to do this is what mathematical statistics studies and so it lies at the basis of
all applications of probability theory.

If we already have a determined stochastic model (that is, all probabil-
ities are known), then its further study can be accomplished by the purely
mathematical methods developed in probability theory.

We are going to examine here three of the most typical areas of applied
probability theory: controlled stochastic processes, transmission of informa-
tion and filtering. They are united by the fact that a basic object in their
study is a certain class of stochastic processes and the problem is to select an
optimum process.

Naturally, in a relatively short article like this, one cannot encompass all of
the aspects of applying the theory. Our aim is to show that such applications
are feasible and to illustrate the nature of these applications.



1

Statistical Methods

Statistics is an independent science concerned with the mathematical process-
ing of statistcal data. Considered in a broad sense, statistics falls outside the
framework of mathematics and encompasses probability theory merely for its
mathematical (or theoretical) justification. In a narrow sense, statistics is a
branch of probability theory and its job is to determine stochastic parameters
from experimental data. We shall examine some of the very simple problems
of this kind in order to illustrate how probability theory “works” in practice.

1.1 Processing of Statistical Data

Sample data are the result of making a series of observations. These obser-
vations may involve recording the presence or absence of some feature (for
example, the sex of a new-born child) or measuring one or several parame-
ters (for example, the weight of corn, the sweetness of fruit and so on). We
shall view such a series as resulting from independent probability experiments.
Statistical problems arise if the probability parameters of an experiment are
unknown.

1.1.1 Relative Frequency and Probability

(a) What is it necessary to know to determine an unknown probability? Sup-
pose that the sample data establish whether or not some event A has occurred
in a series of n experiments (or trials). These data may be expressed by way
of rows of zeroes and ones, a one marking the occurrence of A and a zero its
non-occurrence. The probability of A is unknown. What could one say about
this probability on the basis of the existing data?

Let P(A) = p and P(Ā) = 1 − p = q (Ā is the event complementary to
A). If A has happened m times, then one of the events

Bi1 , . . . , im, 1 ≤ i1 < i2 < . . . < im ≤ n ,
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has happened (which means that A has occurred in the experiments numbered
i1, i2, . . . , im and has not occurred in the remaining experiments), and

P(Bi1 , . . . , im) = pmqn−m .

Thus, letting Bm =
⋃

i1<...<im

Bi1 , . . . , im, we have

P (Bi1 , . . . , im|Bm) = 1
/(

n
m

)
=

m!(n − m)!
n!

. (1.1.1)

This probability does not depend on p. Thus, if we know the number of occur-
rences of A in the n experiments, then any additional information telling us
in precisely what trials A occurred furnishes nothing for finding p. Thus all of
the possible information about the unknown probability p of A is contained
in the relative frequency of occurrence of A.

A measurable function of a random sample is called a statistic. Relative
frequency is a statistic. A statistic is sufficient if the conditional distribution
of the random sample, given a fixed value of the statistic, is independent of
the underlying distribution. The relative frequency is a sufficient statistic.

(b) Pointwise estimation of an unknown probability. If we want ro estimate
an unknown probability from sample data, then it is natural to do this by
means of some function of the random sample, that is, a statistic. It is self-
understood that such a function cannot depend on the unknown probability
p. A statistic that estimates an unknown stochastic parameter (in the present
case the probability of A) is called an estimator. To determine the quality of an
estimator necessitates some further concepts. Suppose that p∗

n is an estimator
of p. p∗

n is a function of the rows of length n consisting of ones and zeros and
it takes a value in [0,1]. After n trials have been performed, we have a specific
row of experimental data and p∗

n has a specific value. The estimator p∗
n is said

to be unbiased if Ep∗
n = p. It is natural to assess the quality of an unbiased

estimator by means of its variance Vp∗
n, which depends on p in general. An

unbiased estimator is admissible if for any other unbiased estimator p̃∗
n it

cannot be that Vp̃∗
n ≤ Vp∗

n for all p and Vp̃∗
n < Vp∗

n for at least one p. If
an estimator is inadmissible, one can certainly find a better one and so such
estimators are avoided.

Theorem 1.1.1. If p∗
n is an unbiased estimator of p, then there exists an

estimator of the form g(νn), where νn is relative frequency, which is also
unbiased and for which Vg(νn) ≤ Vp∗

n.

Proof. Let g(νn) = E(p∗
n|νn). Then using (1.1.1), we obtain

g
(m

n

)
=
(

n
m

)−1 ∑
i1<...<im

E(p∗
n|Bi, . . . , im) . (1.1.2)
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E(p∗
n|Bi1,...,im) is the value of p∗

n on the row having ones in the positions
numbered i1, . . . , im and zeroes in the remaining places. Therefore the right-
hand side of (1.1.2) does not depend on p and g(νn) is a statistic. We have

Eg(νn) = EE(p∗
n|νn) = Ep∗

n = p .

Thus g(νn) is an unbiased estimator. Now

Vg(νn) = Eg2(νn) − p2 = E(E(p∗
n|νn))2 − p2

� EE(p∗2

n |νn) − p2 = Ep∗2

n − p2 = Vp∗
n .

��

Theorem 1.1.1 implies that estimators of the form g(νn) cannot be im-
proved by way of estimators from a broader class. Therefore one may restrict
oneself to just these estimators.

Theorem 1.1.2. νn is the only unbiased estimator of the form g(νn).

Proof. Let gm =
(

n
m

)
g(m/n). If g(νn) is an unbiased estimator, then gm

satisfies the relation
n∑

m=0

pm(1 − p)n−mgm = p

for all p, or

n∑
m=0

(
p

1 − p

)m

gm = p(1 − p)−n .

Let 0 ≤ p0 < p1 . . . < pn ≤ 1, pk(1 − pk)−1 = xk and pk(1 − pk)−n = ak.
Then gm satisfies the system of n + 1 equations

n∑
m=0

xm
k gm = ak, k = 0, . . . , n .

Since the xk are distinct, the determinant of the system does not vanish and
so its solution is unique.

(c) Interval estimation. Another way to estimate an unknown probability is to
construct a confidence interval. Let α∗

n and β∗
n be two statistics with α∗

n < β∗
n.

The interval (α∗
n, β∗

n) is called a confidence interval for any p of level ε > 0 if

P{α∗
n < p < β∗

n} � 1 − ε . (1.1.3)

The simplest confidence interval for p can be formed by using the estimator
νn and Chebyshev’s inequality. Since Eνn = p and Vνn = p(1− p)/n ≤ 1/4n,
it follows that
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P{|νn − p| � c} � 1
4nc2 .

Consequently,

P
{

|νn − p| � 1
2
√

nε

}
� ε .

Putting α∗
n = νn−1/(2

√
nε) and β∗

n = νn+1/(2
√

nε), we arrive at a confidence
interval of level ε. Of all the confidence intervals of a given level one would
obviously like to find the one of shortest length.

1.1.2 Empirical Distribution Function

Suppose now that the sample data consist of a series of measurements of
some variable. The variable is considered to be random and the measure-
ments to be independent observed values. The distribution of the random
variable is unknown. In other words, we are viewing the series of observed
values x1, x2, . . . , xn as a collection of independent and identically distributed
random variables (or a random sample) whose distribution function F (x) is
unknown. Among the statistical problems are those whose answers are ex-
pressed in terms of functions of x1, . . . , xn (statistics) and do not depend on
F (x). Generally, there is a priori information known about the nature of the
distribution function. Here we shall examine the case where it is only known
that F (x) is continuous. Then x1, . . . , xn are distinct with probability 1.

Let ξ have the distribution F (x) and let Ax be the event {ξ < x}. Having n
observations of ξ (the xi may be viewed as such observations), we also have n
observed values from an experiment in which Ax does or does not occur. The
relative frequency of occurrence of Ax in these n trials is n−1∑n

k=1 I{xk<x}.
This expression depends on x. As was established in Sect. 1.1.1, it is the only
unbiased estimator of the probability F (x) and it depends symmetrically on
I{xk<x}. The function

F ∗
n(x) =

1
n

n∑
k=1

I{xk<x} (1.1.4)

is called the empirical or sample distribution function. It is a statistic with
values in the space of distribution functions. In addition, it is a sufficient
statistic, that is, the conditional joint distribution of x1, . . . , xn, given F ∗

n , does
not depend on F (x). In order to prove this, we consider the order statistics
or variational series x∗

1 < x∗
2 < . . . x∗

n of our sample data, where the x∗
n

are determined by the fact that the sets {x∗
1, . . . , x

∗
n} and {x1, . . . , xn} are the

same (we are assuming that all of the observations are distinct). To form order
statistics, it is necessary to arrange the sample data in order of growth. The
x∗

n’s are points of discontinuity of F ∗
n(x) with F ∗

n(x∗
n+) − F ∗

n(x∗
n) = 1/n. An

empirical distibution function is completely determined by the order statistics.
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Consider the conditional joint distribution of x1, . . . , xn given x∗
1, . . . , x

∗
n. Ob-

viously, the xi’s assume one of the values of the order statistics. Let i1, . . . , in
be a permutation of 1, . . . , n. Then the probabilities

P{x1 = x∗
i1 , . . . , xn = x∗

in
|x∗

1, . . . , x
∗
n}

are all equal since the order statistics are symmetric functions of x1, . . . , xn.
Hence, these probabilities all equal (n!)−1. This then proves our assertion.

(a) Sampling parameters of a distribution. F ∗
n(x) is a distribution function

and it can be used to compute parameters that are commonly studied for
nonrandom distributions. They are termed sampling parameters. The quantity

x̄n =
1
n

m∑
k=1

xk =
∫

xdF ∗
n(x) (1.1.5)

is the sample mean,

s2
n =

1
n

n∑
k=1

(xk − x̄n)2 =
∫

x2dF ∗
n(x) − (x̄n)2 (1.1.6)

is the sample variance and sn =
√

s2
n is the sample standard deviation. One

can also consider the sample moments of order α:

m∗
n(α) =

1
n

n∑
k=1

|xk|α =
∫

|x|αdF ∗
n(x) . (1.1.7)

Another class of parameters, not expressible by integrals with respect to
F ∗

n(x), are the sample quantiles. The sample quantile of order p, 0 < p < 1, or
percentile is the smallest solution q∗

n(p) of the equation

F ∗
n(x) � p � F ∗

n(x+) .

It is easy to see that q∗
n(k/n) = x∗

k and that q∗
n(p) = x∗

[np]+1, p �= k/n ([·] is
the integral part of a number).

1.1.3 Strong Law of Large Numbers and Limiting Behavior of
Sampling Parameters

The strong law of large numbers tells us that the relative frequency νn ap-
proaches p with probability 1 as n → ∞. We now prove the strong law of
large numbers for an empirical distribution function.

Theorem 1.1.3. With probability 1,

lim
n→∞ sup

x
|F ∗

n(x) − F (x)| = 0 .
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Proof. Recall that F (x) is continuous by assumption. Let z1, . . . , zm be such
that F (zk) = k/m, k = 1, . . . , m − 1. The strong law of large numbers for the
relative frequency implies that

lim
n→∞ |F ∗

n(zk) − F (zk)| = 0

with probability 1. Define

ηn = max
k�m

|F ∗
n(zk) − F (zk)| .

For x < z1

|F ∗
n(x) − F (x)| � F ∗

n(z1) ∨ 1
m

� 1
m

+ ηn ,

for zk−1 � x � zk,

|F ∗
n(x) − Fn(x)| �

∣∣∣∣F ∗
n(zk) − k − 1

m

∣∣∣∣ ∨
∣∣∣∣ km − F ∗

n(zk−1)
∣∣∣∣ � 1

m
+ ηn ,

and for x > zm−1

|F ∗
n(x) − Fn(x)| � 1

m
∨ |1 − F ∗

n(zk−1)| � 1
m

+ ηn .

Thus with probability 1,

lim
n→∞ sup

x
|F ∗

n(x) − F (x)| � 1
m

.

��

Corollary. Let qα satisfy F (qα) = α, 0 < α < 1. For all x < qα, let F (x) < α
and for all x > qα, let F (x) > α. Then q∗

n(α) → qα with probability 1 as
n → ∞. If

∫
|x|αdF (x) < ∞, then

lim
n→∞ m∗

n(α) =
∫

|x|αdF (x) .

with probability 1, which is a direct consequence of the strong law of large
numbers and formula (1.1.7).

1.1.4 Kolmogorov-Smirnov Goodness-of-Fit Test

Suppose that certain a apriori data (that is, independent of the existing sample
data) allow one to expect the distribution function of x1, . . . , xn to be a given
distribution function F0(x) (for instance, the normal distribution with mean
0 and variance 1). How does one establish whether such an assumption agrees
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with the existing sample data? To answer this, statistics utilizes goodness-of-
fit tests.

We choose some nonnegative statistic gn(x1, . . . , xn). We can find its dis-
tribution function if the distribution of the variables xk is F0(x). Let it be
Gn(x). Let ε be a fixed positive number and let zn

ε be such that Gn(zn
ε ) ≥ 1−ε.

If the hypothesis that F0(x) is the true distribution function is valid and
gn(x1, . . . , xn) ≥ zn

ε , then in a single experiment measuring gn(x1, . . . , xn), an
event has occurred whose probability is less than or equal to ε. Therefore in
that case, the hypothesis is rejected. If gn(x1, . . . , xn) < zn

ε , the sample data
is viewed as not contradicting the hypothesis that F0(x) is the distribution
function. The choice of ε depends on the conditions in each specific problem.

The function gn(x1, . . . , xn) is also termed a test statistic. We now examine
two such test statistics,

Dn =
√

n sup
x

|F0(x) − F ∗
n(x)|

and

D+
n =

√
n sup

x
(F ∗

n(x) − F0(x)) .

The first one is due to Kolmogorov and the second to Smirnov. These tests
are convenient to use because of the following properties.

1. If F0(x) is the true distribution function, then the distribution of Dn(D+
n )

does not depend on F0(x).
If xk has the distribution function F0(x), then F0(xk) is uniformly dis-

tributed over [0, 1]. Let x̃i = F0(xi) and let F̃ ∗
n(x) be the empirical distribution

function of x̃i, i = 1, . . . , n. Then

F̃ ∗
n(F0(x)) =

1
n

n∑
i=1

I{F0(xi)<F0(x)} =
1
n

n∑
i=1

I{xi<x} = F ∗
n(x) .

Therefore

Dn = sup
x

√
n|F̃ ∗

n(F0(x)) − F0(x)| = sup
0�t�1

√
n|F̃ ∗

n(t) − t| ,

and

D+
n = sup

0�t�1

√
n(F̃ ∗

n(t) − 1) .

The right-hand side of each of these last equations does not depend on F0(x).

2. The limiting distribution functions of Dn and D+
n exist as n → ∞ and are

lim
n→∞ P{Dn < z} =

∞∑
k=−∞

(−1)ke−2k2z2
, (z � 0) (1.1.8)

lim
n→∞ P{D+

n < z} = 1 − e−2z2
. (1.1.9)
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The proofs of these formulas are very cumbersome. We shall merely
indicate the idea behind their derivation. Consider the process ηn(t) =√

n(F ∗
n(t) − t). Applying the central limit theorem, one can establish that for

any t1, t2, . . . , tm ∈ [0, 1] the joint distribution of ηn(t1), . . . , ηn(tm) converges
to the joint distribution of η(t1), . . . , η(tm), where η(t), t ∈ [0, 1], is a Gaus-
sian stochastic process with mean 0 and covariance function r(t, s) = t(1 − s)
for 0 ≤ t ≤ s ≤ 1. It is easy to see that η(t) = w(t) − tw(1), where w(t)
is a Wiener process. One can show (using the compactness of the measures
corresponding to the ηn(t) in some metric space) that the distribution of the
functionals supt ηn(t) and supt |ηn(t)| converge to the respective distributions
of supt(w(t) − tw(1)) and supt |w(t) − tw(1)|. The right-hand sides of (1.1.8)
and (1.1.9) are precisely the distributions of these two random variables.

1.2 Testing of Hypotheses

The preceding section already considered the question of whether existing
sample data were in agreement with the hypothesis that a distribution func-
tion was of a given form. However this does not preclude the possibility that
the sample data may be consistent with other hypotheses about the distribu-
tion function. The question is how to select a proper hypothesis from among
several.

1.2.1 Statement of the Problem

The set of possible distribution functions is assumed to be parametrizable
and we denote it by {Fθ, θ ∈ Θ}. One Fθ0 is singled out from among these
distribution functions and it plays the role of hypothesis to be tested. The
remaining distributions are the alternative hypotheses. On the basis of the
sample data, one has to accept or reject the hypothesis H0 (the null hypothe-
sis): the distribution function of the observed variable is Fθ0 . It is then natural
to concentrate on the possible alternatives. Each test that accepts or rejects
H0 is specified by a set C ⊂ Rn. C is a Borel set such that H0 is rejected if
(x1, . . . , xn) ∈ C and it is called the critical region or set. If (x1, . . . , xn) /∈ C,
hypothesis H0 is accepted.

The quality of a test is characterized first of all by the probability Fθ0 of
rejecting H0 when it is true. In that case one says that a type I error has
been committed. Fθ(C) is called the probability of a type I error. Naturally,
one needs to consider rules for which this probability is sufficiently small.
Generally speaking, it may be made arbitrarily small by an appropriate choice
of C (for example, by always accepting H0, that is, taking C =empty set, we
make the probability of a type I error vanish). But then we would start to
accept H0 even when it is untrue (this is a type II error). Therefore the
second parameter of the test is introduced: the probability of a type II error
Fθ(Rn\C), θ ∈ Θ\{θ0}. The problem is generally posed this way. From among
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the tests for which the probability of a type I error does not exceed a given
level α, find the one for which the probability of a type II error is in a sense
smallest. Of course, the ideal case is where there exists a rule such that one
for any other rule (with α fixed) the probability of a type II error is no less
than the given one for any θ �= θ0. Instead of the probability of a type II error,
statistics customarily considers the function m(θ) = 1 − Fθ(Rn\C) = Fθ(C)
which is called the power of the test. A rule accepting an hypothesis will be
denoted by R (with or without subscripts). Every rule is defined by some
critical region. The power of rule R will be denoted by mR(θ). Rule R1 is
uniformly more powerful than rule R2 if mR1(θ) ≥ mR2(θ) for all θ �= θ0 and
mR1(θ) > mR2(θ) for at least one θ. If only the first relation holds, then R1
is uniformly no less powerful than R2. A class R of rules (tests) is complete if
to every R there exists an R′ ∈ R which is uniformly no less powerful than R.
A rule is uniformly unimprovable if there exists no uniformly more powerful
rule. Every uniformly unimprovable rule may be used to accept an hypothesis
against certain alternative hypotheses. In this connection, one proceeds in
optimum fashion. The problem of testing hypothesis H0 (against a given set
of alternatives) can be viewed as solved if for every α > 0, all unimprovable
rules have been described or at least a class of such rules. It may happen that
no unimpovable rules exist at all. The problem then becomes one of describing
the complete classes.

Example. n trials are performed in which an event A is observed. The null
hypothesis H0 is P(A) = 1/2. The alternative hypothesis is all distributions
for which P(A) > 1/2. The possible sample data are rows of zeroes and ones.
Since the probability of such a row is 1/2n under H0, Fθ0(C) = k/2n for any
critical region C containing k points. Let α = k/2n. If C contains the points
z1, . . . , zk (with coordinates of ones and zeroes only) and ni is the number of
ones among the coordinates zi, then

mR(p) =
k∑

i=1

pni(1 − p)n−ni = (1 − p)n
k∑

i=1

(
p

1 − p

)ni

.

The right-hand side depends on the choice of C by way of ni. Since p/(1−p) >
1, the test will be uniformly most powerful if the numbers ni are chosen to be
largest. Arranging the points with coordinates 0 and 1 in order of decreasing
ni (for example: (1, 1, . . . , 1), (1, 1, . . . , 1, 0), (1, . . . , 1, 0, 1), . . . . . . , (0, 1, . . . , 1),
(1, 1, . . . 1, 0, 0, ) and so on) and taking C to be the first k points, we arrive at
a rule no less powerful than any other one.

1.2.2 Neyman-Pearson Test

We shall concentrate on the simplest case where there is a single alternative.
Denote by F0 the distribution under hypothesis H0 and by F1 the distribution
under alternative hypothesis H1. A sample is taken of a random element in
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some measureable space (X, B). We can then imagine that there is one obser-
vation (n independent observations of a variable in R may be viewed as one
observation of a variable in Rn with independent and identically distributed
components). It is necessary to accept or reject H0 on the basis of this ob-
servation. The acceptance rule is determined by a critical region C ∈ B. The
probability of a type I error is α = F0(C) and the probability of a type II
error is β = 1 − F1(C). If the measures F0 and F1 were mutually singular,
there would exist a set B0 ∈ B such that F0(B0) = 1 and F1(B0) = 0. If C
is taken to be X\B0, then we would have α = β = 0. Thus there exists a
test rule whose possible probabilities of type I and type II errors are smallest.
Consider the case where F1 is absolutely continuous with respect to F0. Let
f(x) be the density of F1 relative to F0. The following theorem describes a
class of unimprovable rules.

Theorem 1.2.1 (Neyman-Pearson). Let C ∈ B be such that

sup
x∈X\C

f(x) � inf
x∈C

f(x)

and let α = F0(C). Then F1(C1) ≤ F1(C) for any C1 ∈ B for which F0(C1) ≤
α.

Proof. Write a = infx∈C f(x). Then

F1(C) − F1(C1) = F1(C\C1) − F1(C1\C)

=
∫

C\C1

f(x)F0(dx) −
∫

C1\C

f(x)F0(dx)

� aF0(C\C1) − aF0(C1\C) = a(F0(C) − F0(C1))

(f(x) ≥ a when x ∈ C\C1 and f(x) ≤ a when x ∈ C1\C).

Corollary 1.2.1. Let {Ra, a ∈ R+} be a class of rules with critical regions
Ca = {x : f(x) > a}. It is a complete class of unimprovable rules.

Corollary 1.2.2. Let a sample of size n be taken of an R-valued random
variable. H0 is the hypothesis that the random variable has a density f0(x).
The alternative hypothesis H1 is that its density is f1(x). Then the rules with
critical regions of the form{

x ∈ Rn :
n∏

k=1

f1(xk)
f0(xk)

> a

}

are unimprovable.

Example. Let

f0(x) =
1√
2πb0

exp
{

− x2

2bo

}
and
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f1(x) =
1√
2πb1

exp
{

− x2

2b1

}

with b0 < b1. Then the class of rules with critical regions {x ∈ Rn :
∑n

k=1 x2
k >

t}, t ∈ R+, is a complete class of unimprovable rules. This is a consequence
of Corollary 1.2.2 and the fact that to every α ∈ (0, 1), there is a t such that

F
(n)
0

({
x ∈ Rn :

∑
x2

k > t
})

= a ,

where F
(n)
0 is the normal distribution in Rn with the density

∏n
k=1 f0(xk).

1.2.3 Detection of a Signal with Background Noise

Consider the following problem. A “message” is received, which can be de-
scribed by a numerical function defined on the interval [a, b]. The function is
a stochastic process. The randomness is due to “noise” that exists in the sur-
rounding medium. If the message is transmitted, for example, by radio, then
the noise is caused by an external electormagnetic field due to solar radiation,
atmospheric effects and man’s industrial activities. Suppose that the receiver
has to bring in an effective signal of a given form. Therefore having received
the message, one must decide whether it is a meaningful signal or the message
is pure noise. We shall confine ourselves to the simplest case where the noise
and signal occur in the message additively. Let a(t) with t ∈ [a, b] be the
function defining the signal and let ξ(t) be the stochastic process defining the
noise. Entering the receiver is either pure noise, that is, the process ξ(t), or the
signal with noise, that is, a(t) + ξ(t). Let µ0 be the measure in function space
corresponding to ξ(t) and let µ1 be the measure corresponding to a(t) + ξ(t).
From the standpoint of statistics, we must test the hypothesis H0 that the
process x(t) entering the receiver has distribution µ0 against the alternative
H1 that x(t) has the distribution µ1. Assume that µ1 is absolutely continuous
with respect to µ0 and that f(x) = dµ1(x)/dµ0; its argument is any function
defined on [a, b]. Then by virtue of the Neyman-Pearson theorem, by accept-
ing H0 if f(x) ≤ c and rejecting it if f(x) > c, we will minimize the type II
error µ1({x : f(x) ≤ c}) under a type I error α = µ0({x : f(x) > c}).

Example. Let ξ(t) be a Gaussian process with mean 0 and continuous covari-
ance function r(t, s), t and s ∈ [a, b]. Denote by {ϕk(t)} the orthonormalized
set of eigenfunctions of the kernel r(t, s) and let {λk} be their corresponding
eigenvalues:

λkϕk(t) =
∫ b

a

r(t, s)ϕk(s)ds .

We assume that a(t) is square-integrable. Let ak =
∫ b

a
a(t)ϕk(t)dt. Under

the assumptions made, the process ξ(t) has a square-integrable modification.
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Therefore we can view µ0 and µ1 as being defined on L2[a, b]. Consider the
mapping from L2[a, b] to l2 given by

x(t) →
(∫ b

a

x(t)ϕ1(t)dt, . . . ,

∫ b

a

x(t)ϕk(t)dt, . . .

)
.

It associates with x(t) its Fourier coefficients with respect to {ϕk} and it is an
injection (the functions in L2[a, b] equal almost everywhere are identified with
one another). Let µ̃0 and µ̃1 be the images of µ0 and µ1 under this mapping.
They will be product measures in the space of sequences. If we denote a
sequence by x = (x1, x2, . . .), then xi has a normal distribution with mean
0 and variance λi with respect to the measure µ̃0 and a normal distribution
with the same variance but mean ai with respect to the measure µ̃1. From
Sect. 3.5.4 on page 91, it follows that µ̃1 � µ̃0 if and only if∑

a2
i /λi < ∞ , (1.2.1)

and then

f(x) = exp

{ ∞∑
i=1

ai

λi
xi − 1

2

∞∑
i=1

a2
i

λi

}
. (1.2.2)

Thus hypothesis H0 is accepted if

∞∑
i=1

ai

λi
xi < r , (1.2.3)

and rejected if
∑∞

i=1(ai/λi)xi ≥ r for some number r. To determine the type
I and type II errors, let d =

∑∞
i=1(a

2
i /λi). Then under H0,

∑∞
i=1(ai/λi)xi has

a normal distribution with mean 0 and variance d. The probability of a type
I error is therefore

α(r) =
1√
2π

∫ ∞

r√
d

e− u2
2 du . (1.2.4)

Under hypothesis H1,
∑∞

i=1(ai/λi)xi has a normal distribution with the same
variance but with mean d. The probability of a type II error is

β(r) =
1√
2π

∫ r−d√
d

−∞
e− u2

2 du . (1.2.5)

The condition (1.2.1) implies that the function b(t) =
∑∞

i=1(ai/
√

λi)ϕi(t)
is defined and belongs to L2[a, b]. In addition

b(t) =
∫ b

a

r1/2(t, s)a(s)ds ,

where
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r1/2(t, s) =
∞∑

k=1

√
λkϕk(t)ϕk(s) .

Condition (1.2.3) can be rewritten in the form

∫ b

a

b(t)x(t)dt < r .

The quantity d involved in the error probabilities can be expressed in terms
of b(t) as

d =
∫ b

a

b2(t)dt .

Suppose, for example, that ξ(t) = w(t), t ∈ [0, 1], and a(t) = at. Then b(t) = a
and d = a2. H0 is accepted if aw(1) < r and the error probabilities are given
by (1.2.4) and (1.2.5).

1.3 Decision-Making Under Uncertainty

It is easy to imagine a situation where it is necessary to know the distribu-
tions of random variables in order to make certain decisions. For instance in
designing a seasonal line of clothes and shoes, one has to know the distribu-
tions of the parameters that establish the sizes. The design of various devices
must take into account possible effects of random perturbations and for that
purpose it is necessary to know their distributions. Almost everywhere in all
practical activity, individuals have to make decisions under uncertainty. We
shall only consider the uncertainty that exists in not knowing some distribu-
tion. A statistical approach to this situation is presented below: one assumes
that certain statistical information is available that will make it possible to
make a judgment about an unknown distribution. Decisions must be made on
the basis of this information.

1.3.1 Statement of the Problem

Suppose that we are given the following objects: 1. a measurable space (X, B),
the space of observed values; 2. a set {Pθ, θ ∈ Θ} of distributions on X; (Θ, C)
is a measurable space and the Pθ are the possible values of the unknown
distribution; Pθ(B) is assumed to be C-measurable for all B ∈ B; 3. a mea-
surable space (D,D), the decision space; the elements d ∈ D are the deci-
sions that have to be made; 4. a function R(θ, d) from Θ × D to R which is
C ⊗ D-measurable; it is called the risk function and it determines the losses
in making decision d if the unknown (and designated “true”) distribution is
Pθ. This collection of objects specifies the conditions of the problem.
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Suppose that there is given a sample of size n of a random element
x(ω) in (X, B) with distribution Pθ. Let the independent observed values
be x1, . . . , xn. Let Pθ denote the probability and Eθ the expectation of the
variables in question under the assumption that Pθ is the true distribution.
The problem is to make a decision d on the basis of the existing sample data.
Such a decision will of course be a function d(x1, . . . , xn) from Xn to D. Ev-
ery Bn-measurable function from Xn to D is called a decision function. The
problem is thus reduced to choosing a decision function. The quality of this
decision function is determined by the average loss sustained in using it. De-
cision functions will be denoted by d∗ = d(x1, . . . , xn) and the collection of
all decision functions by D∗. The average loss due to d∗ is given by

R(θ, d∗) = EθR(θ, d(x1, . . . , xn)) .

It is natural to seek a decision that minimizes the average loss. Since it depends
on θ, it is hard to expect it to be minimized for all θ uniformly. Therefore the
notions related to minimizing R(θ, d∗) will be made more precise later on.

Example 1.3.1. Given (X, B), X = {0, 1} and B are all the subsets of X. The
distribution Pθ is defined as Pθ({1}) = pθ, Θ = {0, 1} and D comprises two
decisions: d0 = (θ = 0) and d1 = (θ = 1). The risk function has four values:
R0,0 = R(0, d0), R0,1 = R(0, d1), R1,0 = (1, d0) and R1,1 = R(1, d1). Assume
that R0,0 < 0, R1,1 < 0, R0,1 > 0 and R1,0 > 0. The decision function is
found by dividing all n-dimensional rows of zeroes and ones into two subsets:
D0 where d(x) takes the value 0 and D1 where it takes the value 1. If d∗ is
the decision function determined by these two sets, then letting n(x) be the
number of ones among the coordinates, we obtain

R(θ, d∗) = Rθ,0

∑
x∈D0

p
n(x)
θ (1 − pθ)n−n(x)

+Rθ,1

(
1 −

∑
x∈D0

p
n(x)
θ (1 − pθ)n−n(x)

)

= Rθ,1 + (Rθ,0 − Rθ,1)(1 − pθ)n
∑

x∈D0

(
pθ

1 − pθ

)n(x)

.

It is now a question of choosing between two hypotheses about the probability
of an event. Clearly, D0 needs to be chosen so that

∑
x∈D0

(p0/(1− p0))n(x) is
largest (R0,0 −R0,1 < 0) and

∑
x∈D0

(p1/(1−p1)n(x) is smallest (R1,0 −R1,1 >
0). If D0 is defined to be of the form

D0 =
{

x :
[
p0(1 − p1)
p1(1 − p0)

]x

< λ

}
,

one can show that the values of R(θ, d∗) resulting for such decision functions
will be uniformly no greater than for other decision functions.
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Example 1.3.2. X = R, B is a Borel σ-algebra, Pθ is a distribution in R de-
pending on a real parameter θ, D = R, and the decisions are to choose
the value of the parameter. R(θ, d) = (θ − d)2. The decision function
d∗ = θ(x1, . . . , xn) is an estimator of the parameter. The quality of the esti-
mator is determined by the mean-square deviation

R(θ, d∗) = Eθ(d∗ − θ)2 .

Suppose, for example, that θ is the unknown mean of a normal distribution
with variance 1. If d∗ is an estimator of θ, then Eθ(d∗|x̄), where x̄ is the sample
mean, does not depend on θ. Therefore it is also an estimator of θ and in
addition

Eθ(Eθ(d∗|x̄) − θ)2 = Eθ(Eθ(d∗ − θ|x̄))2

� Eθ(Eθ((d∗ − θ)2|x̄)) = Eθ(d∗ − θ)2 .

Thus it is meaningful to consider just estimators of the form Eθg(x̄). If the
estimator is required to be unbiased, that is, Eθg(x̄) = θ, then x̄ is the only
such estimator.

1.3.2 Minimax and Bayesian Decisions

Of all decision functions, it is reasonable to single out the class of unim-
provable decision functions. A decision function d̂∗ is unimprovable if the
relation R(θ, d̂∗) ≥ R(θ, d∗), θ ∈ Θ, implies that R(θ, d̂∗) = R(θ, d∗), θ ∈ Θ.
A decision function d∗

1 is no worse than a decision function d∗
2 if R(θ, d∗

1) ≤
R(θ, d∗

2) for all θ. A class of decision functions K is said to be complete if to
every decision function d∗, there exists a d∗

1 in K which is no worse than d∗.
Describing the unimprovable decision functions and complete classes is what
mathematics can do to help solve the formulated problem. Specific decision
functions are used that can also be considered to solve the problem.

(a) Minimax decisions. d∗ is said to be a minimax decision function if

max
θ

R(θ, d∗) � max R(θ, d∗
1)

with d∗
1 any decision function whatsoever. A minimax decision allows one to

minimize a maximum possible loss. One could readily imagine such a situation
where it is natural to make precisely such a decision, for example, when it is
necessary to have a guaranteed result in any situation. In general, one cannot
assert that a minimax decision function will exist. For it to exist, one needs to
impose rather stringent constraints on the family of measures {Pθ, θ ∈ Θ}, the
decision space (D,D) and the risk function R(θ, d). The situations generally of
interest are these involving ε-minimax decisions. These are the d∗

ε’s for which

max
θ

R(θ, d∗
ε) � min

d∗
1

max
θ

R(θ, d∗
1) + ε .
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To ascertain these decisions, it is necessary to know the number

min
d∗
1

max
θ

R(θ, d∗
1) = Rmin max ,

which is called the minimax risk. Of interest then are conditions on R(θ, d)
under which

Rmin max = min
d∗
1

max
θ

R(θ, d∗
1) = min

d
max

θ
R(θ, d)

(the evaluation of the right-hand side is an analytic problem).

(b) Bayesian decisions. Next consider the case where there is additional in-
formation about the family {Pθ, θ ∈ Θ}. Namely, we are given ν(dθ), an a
priori distribution of the parameter on (Θ, C).This a priori distribution might
be discovered as the result of repeated recurrences of the exact same situa-
tions. Then after a decision function d∗ has been chosen, the mean risk (taking
ν(dθ) into consideration) is

R̂ν(d∗) =
∫

R(θ, d∗)ν(dθ) .

It is natural to look for decisions that minimize R̂ν(d∗). If such a d∗
ν exists,

it is called the Bayesian decision corresponding to the a priori distribution
ν. The existence of a Bayesian decision for any a priori distribution is bound
up with the topological properties of Θ and D (in this connection, C and D
are Borel σ-algebras) and the continuity properties of R(θ, d). In any case,
ε-Bayesian decisions do exist. In other words, there are decision functions d∗

ν,ε

such that

R̂ν(d∗
ν,ε) � inf

d∗
R̂ν(d∗) + ε .

The following theorem gives a connection between Bayesian decisions and
unimprovable decision functions.

Theorem 1.3.1. Let Θ be a complete separable metric space and let R(θ, d∗)
be continuous in θ for any decision function d∗. If ν is an a priori distribution
satisfying ν(C) > 0 for every nonempty open set C, then a Bayesian decision
d∗

ν (if it exists) is an unimprovable decision function.

Proof. Assume the contrary: R(θ, d∗) ≤ R(θ, d∗
ν) for some d∗ but

sup
θ

[R(θ, d∗
ν) − R(θ, d∗)] > 0 .

Then {θ : R(θ, d∗
ν) − R(θ, d∗) > 0} is an open set and hence∫

R(θ, d∗
ν)ν(dθ) >

∫
R(θ, d∗)ν(dθ) ,

which contradicts the definition of d∗
ν . ��
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1.3.3 Sequential Analysis

Sequential analysis is used to solve statistical problems when the observed
values of a random variable are not known all at once but arise one after the
other (sequentially) and the statistical information builds up. The sampling is
terminated after a sufficient amount of information is considered to have been
amassed. The time that the sampling is stopped depends on these observa-
tions. It is random and has to be a stopping time in relation to the sequence
of σ-algebras generated by the sampling data.

The formulation of the problem differs from the one above in that (a)
instead of a sequence of n independent observations x1, . . . , xn in the space
(X, B), we have an infinite sequence {xn, n ≥ 1} and (b) the loss function
R(k, θ, d) depends on one additional parameter k ∈ R+, which is the sample
size for which a decision d is made, θ being the true value of the parameter.
The decision function is determined by two measurable functions τ(x1, x2, . . .)
and d(x1, x2, . . .) defined on (X∞,B∞) and taking values in R+ and D, re-
spectively: τ(x1, x2, . . .) is the time that the decision is made and d(x1, x2, . . .)
is the decision. These two functions satisfy the following conditions:

1. if τ(x1, x2, . . .) = n, then τ(x′
1, x

′
2, . . .) = n when x1 = x′

1, . . . , xn = x′
n.

2. if (x1, . . . , xn, . . .) = n, then d(x′
1, x

′
2, . . .) = d(x1, x2, . . . ) when x1 =

x′
1, . . . , xn = x′

n.
The pair of functions (τ, d∗), τ = τ(x1, x2, . . .) and d∗ = d(x1, x2, . . .), will

be called a sequential decision.
The average loss in utilizing a sequential decision (τ, d∗) is given by

Rθ(τ∗, d∗) = EθR(τ(x1, . . .), θ, d(x1, . . .))

(the expectation is taken with respect to the measure µθ = ×∞
m=1Pθ(dxn) in

(X∞,B∞)).
It is natural to extend the notions of unimprovable, minimax and Bayesian

decisions to sequential decisions.

(a) Sequential testing of two hypotheses. Let Θ = {0, 1} and D = {0, 1}.
Decision i(i = 0, 1) means that hypothesis Hi, that i is the true value of the
parameter, is considered to be valid. Let a, b and c be given positive numbers
which define R; a is the loss if H0 is true and decision 1 is made; b is the
loss if H1 is true and decision 0 is made; and c is the cost of one observation.
Accepting a true hypothesis is viewed as not involving a loss. Then the loss
due to sequential decision (τ, d∗) is

R0(τ, d∗) = cE0τ + aP0{d∗ = 1} ,

R1(τ, d∗) = cE1τ + bP1{d∗ = 0} . (1.3.1)

Every sequential decision is determined by a sequence of triples of sets
{(A0

n, Ac
n, A1

n), n = 1, 2, . . .}, where A0
n, Ac

n and A1
n ∈ Bn, A0

n ∪ Ac
n ∪ A1

n = Xn
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and A0
n, Ac

n and A1
1 are pairwaise disjoint. If (x1, x2, . . . , xn) ∈ Ai

n, i = 0, 1,
then hypothesis Hi is accepted. If (x1, x2, . . . , xn) ∈ Ac

n, then it is necessary
to carry out one more observation. For different n, the sets Ac

n are related as
follows: if (x1, x2, . . . , xn) ∈ Ac

n, then (x1, x2, . . . , xk) ∈ Ac
k for all k < n. If

such a sequence of sets is given, then

Eθτ = 1 +
∞∑

n=1

Pθ{τ > n} = 1 +
∞∑

n=1

Pθ{(x1, . . . , xn) ∈ Ac
n} ,

and

Pθ{d∗ = i} =
∞∑

n=1

Pθ{(x1, . . . , xn) ∈ Ai
n}, i = 0, 1 .

Let us consider Bayesian sequential decisions. Let π be the a priori proba-
bility of H1 and 1−π the a priori probability of H0. The loss due to sequential
decision (τ, d∗) is

ρ(π, τ, d∗) = cEπτ + πaP1{d∗ = 1} + (1 − π)bP0{d∗ = 1} , (1.3.2)

where Eπ = πE1 + (1 − π)E0.
Let fi(x) be the density of the measure Fi(dx) with respect to F0(dx) +

F1(dx). The conditional probabilities of H0 and H1, given observed value x,
are respectively

πx =
f1(x)π

f1(x)π + f0(x)(1 − π)
and 1 − πx .

Denote by g(π) the smallest loss sustained on making a decision without
carrying out an observation. If H0 is accepted, the loss is bπ. If H1 is accepted,
the loss is a(1 − π) since g(π) = bπ ∧ a(1 − π).

Now let ρ(π) = inf ρ(π, τ, d∗) over all sequential decisions. The function
ρ(π) satisfies the equation

ρ(π) = g(π ∧ (c + Eπρ(πx1)) . (1.3.3)

Relation (1.3.3) means that a smallest loss is sustained either on making a
decision before observations or on carrying out a single observation x1 (the
loss from this is c); thereupon the probability of the hypothesis has become
πx1 and a minimal loss ρ(πx1) can be sustained which has to be averaged with
respect to the a priori distribution of x1. Equation (1.3.3) has a unique solution
which can be found using successive approximations taking for example,

ρ0(π) = 0, ρn(π) = g(π) ∧ (c + Eπρn−1(πx1)), n ≥ 1 ,

and

ρ(π) = lim
n→∞ ρn(π) .
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It is easy to see from (1.3.2) that ρ(π) is convex up and from (1.3.3) that
g(π) = ρ(π) when g(π) ≤ c. Therefore one can find numbers 0 < q1 < q2 < 1
such that g(π) > ρ(π) when π ∈ (q1, q2) and g(π) = ρ(π) when π ≤ q1 or
π ≥ q2. In addition, g(π) = bπ for π ≤ q1 and g(π) = b(1 − π) for π ≥ q2.
If π ≤ q1, one accepts H0 without carrying out observations. If π ≥ q2, one
accepts H1 without carrying out observations. These considerations permit
one to construct a Bayesian decision rule as follows. Assume that a sample
x1, . . . , xn has been drawn but no decision has been made up to the n-th step.
Then the conditional probability of H1, given the sample, is

π(x1, . . . , xn) =
f1(x1) . . . f1(xn)π

f1(x1) . . . f1(xn)π + f0(x1) . . . f0(xn)(1 − π)
.

When π(x1, . . . , xn) ≤ q1, one accepts H0, when π(x1, . . . , xn) ≥ q2, one ac-
cepts H1 and when q1 < π(x1, . . . xn) < q2, one has to carry out observations.
Let

A =
q1(1 − π)
(1 − q1)π

, B =
q2(1 − π)
(1 − q2)π

, ρn =
∏n

k=1

f1(xk)
f0(xk)

.

Then the Bayesian decision rule is this: τ is the first time when ρn /∈ (A, B);
accept H0 if ρn ≤ A and accept H1 if ρn ≥ B.
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Controlled Stochastic Processes

We constantly encounter the need to control both production processes and
processes permeating public life, particularly those of science, nature and so-
ciety. The theory of controlled processes studies models enabling one to make
a quantitative assessment of the effects of controlling a process. In controlled
stochastic processes, the course of a process depends on chance. Thus a control
is estimated via the averages of its quantitative parameters. The most typi-
cal example are automatic control systems, which are studied taking possible
random disorders into account. This chapter concentrates on a few problems
in the theory of controlled stochastic processes that enable one to obtain an
idea of its basic notions and the techniques it employs.

2.1 Controlled Random Sequences

We first consider a time-discrete controlled stochastic process. It is a simpler
version of the process both in terms of defining it and in formulating and
solving the problem.

Let (X, B) and (U, C) be two measurable spaces. The first is the phase
space of the process and the second is the phase space of the control. In order
to define a controlled stochastic process, we first consider the degenerate case in
which there is no randomness. The process manifests itself outwardly through
two sequences: its states {xn, n ≥ 0} in X and its controls {un, n ≥ 0} in
U . The controls are chosen arbitrarily and they determine the states of the
controlled process after the initial position. To determine the state at time t,
it is necessary to know only the controls at the preceding moments of time.
Thus a controlled process is described by a sequence of functions

x1 = f1(x0, u0), x2 = f2(x0, u0, u1), . . . , xn = fn(x0, u0, u1, . . . , un−1) .

We point out that the more standard definition in which the state at time
t is determined by the previous states and controls before t obviously reduces
to the one stated above.
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In the case of a controlled stochastic process, we shall view the distribution
of its state at time t as depending on the previous states and the controls
before t. Therefore such a process is specified by a sequence of conditional
distributions

pn(B|x0, x1, . . . , xn−1, u0, u1, . . . , un−1), n = 1, 2, . . . .

This is the probability that a state belongs to B ∈ B at time t = n, given that
the respective previous states and controls were x0, . . . , xn−1 and u0, . . . , un−1
(the distribution of the state at time t = 0 is p0(B)). We assume that the
functions pn depend Bn ⊗ Cn-measurably on their arguments. The problem
generally boils down to selecting an “optimum” control. The next subsection
is devoted to making the meaning of this more precise.

2.1.1 Statement of the Problem

Suppose that the controlled process operates over a finite segment of time:
t = 0, 1, 2, . . . , T . The purpose of the control is usually to make a profit, or
achieve a certain least expensive result or to reduce anticipated losses. The
profit, losses and expenses each depend on the values of the process and the
controls employed. A profit can be viewed as the negative of a loss and a
loss can be viewed as an expense in running the process. Therefore a function
FN (x0, . . . , xN , u0, . . . , uN−1) is assumed to be given which characterizes these
expenses if the controls were u0, . . . , uN−1 and the states were x0, . . . , xN . An
optimum control is one that minimizes the control cost. Suppose that controls
u0, . . . , uN−1 have been selected. Then the joint distribution of ξ0, ξ1, . . . , ξN ,
where ξk is a random element in X representing the state of the process at
time k, is

P(ξ0 ∈ A, . . . , ξN ∈ AN )

=
∫

A0

p(dx0)
∫

A1

p(dx1|x0, u0) . . .

∫
An

p(dxN |x0, . . . , xN−1, u0, . . . , uN−1)

= pN (A0, . . . , AN |u0, u1, . . . , uN−1) .

The average control cost,

F̄N (u0, . . . , uN−1) =
∫

FN (x0, . . . , xN , u0, . . . , uN−1)

×pN (dx0, . . . , dxN |u0, . . . , uN−1) ,

is a function of the controls employed. If the pre-selected controls are used,
then the optimum control will be the one that minimizes F̄N . However, it is
possible to improve the control substantially if it is chosen to depend on the
states.
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Example. Let X = R,U = R, xn = xn−1+ηn+un−1, x0 = η0, where η0, η1, . . .
is a sequence of independent and identically distributed random variables with
Eη0 = 0,Vη0 = 1, and FN (x0, . . . , xN , u0, . . . , uN−1) = x2

N . Then

F̄N (u0, . . . , uN−1) = E

(
N∑

k=0

ηk +
N−1∑
k=0

uk

)2

= (N + 1) +

(
N−1∑
k=0

uk

)2

,

and so min F̄N = N + 1. If the control at the k-th step depends on the states
up to time k inclusively, then we can write

E

(
N∑

k=0

ηk +
N−1∑
k=0

uk

)2

= Eη2
N + E

(
N−1∑
k=0

(ηk + uk)

)2

.

Choosing the control so that uk = −ηk, we wind up with a control of average
cost one, which cannot be reduced any further.

(a) Control strategy. To refine the way a control is chosen, we introduce
a control strategy. It is reasonable to assume that a control is indepen-
dent of future states and controls. But it can be random. Denote by
qn(C|x0, x1, . . . , xn, u0, u1, . . . , un−1) the conditional probability that the con-
trol takes a value in the set C ∈ C at time n, given that the preced-
ing controls were u0, . . . , un−1 and the states up to time n inclusively were
x0, x1, . . . , xn. It is viewed as depending Bn+1 ⊗ Cn-measurably on its ar-
guments. The family of functions {qn(C| . . . , . . .), n = 0, 1, 2, . . .} is then a
control strategy. Such a strategy is said to be randomized. Assume that
for every n the measure qn(·|·) is concentrated at a single point. Let it be
the point un = gn(x0, x1, . . . , xn, u0, u1, . . . , un−1). Then u0 = g0(x0), u1 =
g1(x0, x1, g0(x0)) = ĝ1(x0, x1), . . . , un = ĝn(x0, . . . , xn). Control strategies of
this form are said to be nonrandomized. The functions ĝi(x0, . . . , xi) are also
Bi+1-measurable.

Giving a controlled process and a control strategy determines a sequence
(ξn, ηn) in the space X × U with finite-dimensional distributions

P{ξ0 ∈ A0, η0 ∈ C0, ξ1 ∈ A1, η1 ∈ C1, . . . , ξn ∈ An, ηn ∈ Cn}

=
∫

A0

p0(dx0)
∫

C0

q0(du0|x0) . . .

∫
An

pn(dxn|x0, . . . , xn−1, (2.1.1)

u0, . . . , un−1)
∫

Cn

qn(dun|x0, . . . , xn, u0, . . . , un−1) .

This sequence will be called the control process corresponding to the con-
trolled process {pn(·|·), n = 0, 1, . . .} and control strategy {qn(·|·), n =
0, 1, . . .}. It follows from (2.1.1) that the conditional distribution of ξn, given
ξ0, η0, . . . , ξn−1, ηn−1, is pn(·|ξ0, . . . , ξn−1, η0, . . . , ηn−1), and the conditional
distribution of ηn, given ξ0, η0, . . . , ξn−1, ηn−1, is qn(·|ξ0, . . . , ξn, η0, . . . , ηn−1).
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The sequences {ξn} and {ηn} are the respective states and controls of the
controlled process. In what follows, we shall consider the controlled process
(that is, the collection {pn(·|·)}) and the control cost FN fixed but the control
strategy may change by choosing it so that the control cost is as far as possible
less. Strategies will be denoted by the same letter (say S), being identified with
a collection {qn(·|·)} by the notation S = {qn(·|·)}. PS and ES will denote the
probability and expectation involving the control process {(ξn, ηn)} if strategy
S has been chosen.

A strategy S = {qn} is optimum over [0, N ] if

ESFN (ξ0, η0, . . . , ξN , ηN ) � ES′FN (ξ0, η0, . . . , ξN , ηN )

for any other strategy S′ = {q′
n}. A strategy Sε is ε-optimum if

ESεFN (ξ0, η0, . . . , ξN , ηN ) � ES′FN (ξ0, η0, . . . , ξN , ηN ) + ε

for any other strategy S′. To find optimum and ε-optimum strategies, it is
necessary to know the quantity

F̄N = inf ESFN (ξ0, η0, . . . , ξN , ηN ) ,

which is called the control cost. A basic problem involving controlled processes
is to look for ε-optimum controls for any positive ε.

2.1.2 Optimum and ε-Optimum Controls

We shall concentrate on the simplest case where N = 1 and F1 does not
depend on u1. Let us show how to find the control cost. The strategy S is
given by the distribution q0(du0|x0). We have

ESF1(ξ0, η0, ξ1) =
∫

F1(x0, u0, x1)p0(dx0)q0(du0|x0)p1(dx1|x0, u0)

=
∫

p0(dx0)
∫

q0(du0|x0)
[∫

F1(x0, u0, x1)p1(dx1|x0, u0)
]

.

Put
∫

F1(x0, u0, x1)p1(dx1|x0, u0) = F̄1(x0, u0). This function is independent
of the choice of strategy and∫

q0(du0|x0)F̄1(x0, u0) � inf
u0

F̄1(x0, u0) .

Under very broad assumptions about the nature of F̄1(x0, u0), it is possible
to choose a strategy so that∫ [∫

q0(du0|x0)F̄1(x0, u0) − inf
u0

F̄1(x0, u0)
]

p0(dx0)

is arbitrarily small. Hence
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F̄1 =
∫

q0(dx0) inf
u0

∫
F1(x0, u0, x1)p1(dx1|x0, u0) .

Observe that if F1 depends on u1, then the control cost for this function will
be the same as for infu1 F1(x0, u0, x1, u1) since the control u1 may be chosen so
that the value of F1(x0, u0, x1, u1) is arbitrarily close to infu1 F1(x0, u0, x1, u1).
Thus in this case

F̄1 =
∫

q0(dx0) inf
u0

∫
p1(dx1|x0, u0) inf

u1
F1(x0, u0, x1, u1) .

Consider the sequence of functions

F ′
N (x0, u0, . . . , xN−1, uN−1, xN ) = inf

uN

FN (x0, u0, . . . , xN , uN )

FN−1(x0, u0, . . . , xN−1, uN−1) (2.1.2)

=
∫

F ′
N (x0, u0, . . . , xN−1, uN−1, xN )pN (dxN |x0, . . . , uN−1)

F ′
n(x0, u0, . . . , un−1, xn) = inf

un

Fn(x0, u0, . . . , xn, un)

Fn−1(x0, . . . , un−1) =
∫

F ′
n(x0, u0, . . . , un−1, xn)pn(dxn|x0, . . . , un−1)

for n < N . All of these functions are assumed to be well defined. Then it is
natural to expect the control cost to be

F̄N =
∫

F ′
0(x0)p0(dx0) . (2.1.3)

For this to be so, it is required that each step in the chain (2.1.2) resuIt in a
measurable function and that

inf
S

∫
Fn(x0, u0, . . . , xn, un)qn(dun|x0, . . . , xn, u0, . . . , un)

= inf
un

Fn(x0, u0, . . . , xn, un) . (2.1.4)

We point out that when minun Fn(x0, u0, . . . , xn, un) exists for all n ≤ N and
there is a measurable function gn(x0, u0, . . . , xn) with values in U such that

min
un

Fn(x0, u0, . . . , xn, un)

= Fn(x0, u0, . . . , xn, gn(x0, u0, . . . , xn)) , (2.1.5)

then the sequence un = gn(x0, u0, . . . , xn) determines a nonrandomized op-
timum control. Two theorems are given below on optimum and ε-optimum
controls.
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(a) Existence and form of optimum controls. X and U are assumed to be
complete separable metric spaces. Let Z be a topological space. CZ is the
space of real bounded continuous functions on Z with norm ‖f‖ = supz |f(z|.
A controlled process defined by the collection {pn(·|·)} will be said to satisfy
a weak-continuity condition if for all n and f(x) ∈ CX∫

f(z)pn(dz|x0, u0, . . . , xn−1, un−1) ∈ CXn×Un . (2.1.6)

Recall that a real function f(z) defined on a topological space Z is lower
semicontinuous if for all z0 ∈ Z

lim
z→z0

f(z) � f(z0) .

Below are some properties of lower semicontinuous functions.

I. If U is compact and f(u) is lower semicontinuous, then f(u) is bounded
from below and minu f(u) exists.

II. Let f(z, u) be lower semicontinuous on Z × U , with Z a topological space
and U a compact space. Define g(z) = minu f(z, u) (by property I it is defined
everywhere). Then g(z) is lower semicontinuous.

III. Let Z be a complete separable metric space, U a compact space, f(z, u)
lower semicontinuous and g(z) = minu f(z, u). There exists a Borel function
ϕ(z) from Z to U such that g(z) = f(z, ϕ(z)) (this is one of the versions of
the theorem on measurable selection).

Let us clarify this statement for the case where U is an interval [a, b] of
the real line. Then the set ∆z = {u : f(z, u) = g(z)} is closed, ∆z ⊂ [a, b] and
ϕ(z) may be taken to be inf ∆z.

IV. Every lower semicontinuous function g(z) bounded from below and defined
on a complete separable metric space is the limit of an increasing sequence of
continuous functions.

Theorem 2.1.1. Let X be a complete separable metric space and U a com-
pact space. If a controlled process satisfies the weak-continuity condition and
the control cost FN is lower semicontinuous and bounded from below on
Xn+1 × Un+1, then: 1. all of the functions defined in (2.1.2) are lower semi-
continuous; 2. the control cost is given by (2.1.3); 3. there exists a sequence of
Borel functions

un = gn(x0, x1, . . . , xn, u0, u1, . . . , un−1)

satisfying relation (2.1.5). These functions determine a nonrandomized opti-
mum control.

Proof. 1. If Fn is lower semicontinuous, then the lower semicontinuity of F ′
n

follows from I. If in addition Fn is bounded from below, then so will F ′
n be
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bounded from below. When the weak-continuity condition holds, it is possible
to show that∫

f(x0, . . ., xn−1, u0, . . ., un−1)pn(dx|x0, . . ., xn−1, u0, . . ., un−1) ∈ CXn×Un

for all f ∈ CXn×Un . Applying IV, we find from this that Fn−1(x0, . . . , un−1)
is lower semicontinuous if Fn(x0, u0, . . . , un−1, xn) is the same. Statements 2
and 3 are consequences of relation (2.1.5) and the latter follows from property
III. ��

(b) ε-optimum controls. We need the notion of analytic set in what follows.
Let Z be a complete separable metric space. A set A ⊂ Z is analytic if

there is a compact set U and a Borel set B ⊂ Z × U such that A is the
projection of B on Z, that is, A = {z : ∃u ∈ U, (z, u) ∈ B}.

We state without proof some facts about analytic sets.

Al. The collection of analytic subsets of Z (which we denote by AZ) forms a
monotone class which is closed under the operations of union and intersection.

A2. If X and Z are complete separable metric spaces and f is a continuous
function from X to Z, then f(A) ∈ AZ when A ∈ AZ .

A3. The completion of a Borel measure on Z is well defined on AZ .
Let A−

Z denote the set of scalar functions on Z for which {z : f(z) < λ} ∈
AZ for all λ ∈ R.

A4. If f ∈ A−
Z×U and inf > −∞, then infu f(z, u) ∈ A−

Z .

A5. If f ∈ A−
Z×U , then f(z, ū) ∈ A−

Z for all ū ∈ U .

A6. Let X and Z be complete separable metric spaces and let p(A, z) be a
measure on BX for all z ∈ Z (BX is a Borel σ-algebra of X). Let p(A, ·) ∈ A−

Z

for all A ∈ BX and let f ∈ A−
Z×U be non-negative. Then∫
f(x, z)p(dx, z) ∈ A−

Z . (2.1.7)

A7. (Theorem an Measurable Selection). Suppose that g ∈ A−
Z×U , inf g > −∞

and minu g(z, u) = g(z) exists for all z ∈ Z. Then there exists a Borel function
u = ϕ(z) such that

g(z) = g(z, ϕ(z)) .

Theorem 2.1.2. Suppose that X and U are complete separable metric spaces,
pn(A|x0, . . . , un−1) belongs to A−

Xn×Un for all A ∈ Bx, FN ∈ A−
XN+1×UN+1

and FN > 0. Then: 1. the functions F ′
n and Fn−1 defined by (2.1.2) belong to

A−
Xn+1×Un and A−

Xn×Un , respectively; 2. the control cost is given by (2.1.3);
3. to every ε > 0 there exists a sequence of Borel functions

un = gε
n(x0, . . . , un−1, xn) ,

which determine a nonrandomized ε-optimal control.
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Proof. Statement 1 follows from A4 and A6. The fact that the control cost
is given by (2.1.3), provided that the functions in the chain (2.1.2) are mea-
surable, was established above (in our case, they are measurable with respect
to the completion of the Borel σ-algebra in any measure). Let us prove state-
ment 3. It suffices to show that to any positive δ there is a Borel function
ϕn(x0, . . . , un−1, xn) with values in U such that

inf
un

Fn(x0, u0, . . . , xn, un) > Fn(x0, u0, . . . xn, ϕn(x0, . . . , un−1, xn)) − δ .

(2.1.8)
Let F δ

n = kδ if kδ ≤ Fn < (k + 1)δ. Clearly, F δ
n ∈ A−

Xn+1×Un+1 . The
minun F δ

n(x0, u0, . . . , xn, un) exists for all x0, . . . , un−1, xn. On the basis of
A7, there is a Borel function un = ϕn(x0, . . . , un−l, xn) for which

min
un

F δ
n(x0, . . . , xn, un) = F δ

n(x0, . . . , xn, ϕn(x0, . . . , un−1, xn)) .

Consequently,

inf
un

Fn � min
un

F δ
n = F δ

n(x0, . . . , xn, ϕn) > Fn(x0, . . . , xn, ϕn) − δ .

Observe that

Fn(x0, . . . , xn, ϕn(x0, . . . , un−1, xn)) ∈ A−
Xn+1×Un .

This is true since the set

{(x0, . . . , xn, u0, . . . , un−1) : Fn(x0, . . . , xn, un) < λ}

in Xn+1 × Un+1 is the pre-image of the analytic set

{(x0, . . . , xn, u0, . . . , un) : Fn(x0, . . . , xn, un) < λ}

under the Borel mapping of Xn+1 × Un into Xn+1 × Un+1 defined by xi =
xi, i ≤ n, ui = ui, i ≤ n − 1, and un = ϕn(x0, . . . , un−1, xn). At each step
choose control un = ϕn(x0, . . . , un−1, xn) and let

F̃N = FN

F̃ ′
n(x0, . . . , un−1, xn)
= F̃n(x0, . . . , un−1, xn, ϕn(x0, u0, . . . , xn)), n � N ,

F̃n−1(x0, . . . , xn−1, un−1)

=
∫

F̃ ′
n(x0, . . . , un−1, xn)pn(dxn|x0, . . . , un−1) .

Then by induction, one can establish that

F̃ ′
n(x0, . . . , un−1, xn) < F ′

n(x0, . . . , un−1, xn) + (N − n + 1)δ,
F̃n(x0, . . . , un−1) < Fn(x0, . . . , un−1) + (N − n)δ .
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Therefore the cost of the chosen control satisfies∫
F̃ ′

0(x0)p0(dx0) < F̄N + (N + 1)δ .

Taking δ = ε/(N + 1), we complete the proof of statement 3. ��

2.2 Controlled Markov Chains

As in the previous section, (X, B) is the phase space of the process and (U, C) is
the control phase space. A controlled process is Markov (a controlled Markov
chain) if the function pn(A|x0, . . . .xn−1, u0, . . . , un−1) depends only on xn−1
and un−1. A controlled Markov chain is specified by giving its transition prob-
abilities {pn(A|xn−1, un−1), n = 1, 2, . . .}. In contrast to the common case, the
initial distribution is not kept fixed (this is the usual approach in studying
Markov processes). It turns out that the special form of the conditional prob-
abilities defining the controlled process does not simplify the chain of relations
(2.1.2) which are used to find the control cost and optimum (or ε-optimum)
controls. However, under the assumption that the control expense is the sum
of the control expenses at each step which, in turn, depend only on the initial
and final states of the process and the control selected, there is a more efficient
way to find an optimum (or ε-optimum) control.

2.2.1 Additive Control Cost. Bellman’s Equation

We shall assume for all n ≥ 0 that we are given a function fn(x, u, x′) specify-
ing the expenses due to the control at the n-th step if the process was in state
x and wound up in state x′ after the control was applied. The total expense
over the interval [0, N ], if the process was in the states x0, x1, . . . , xN and the
controls were u0, u1, . . . , uN−1, is

FN (x0, u0, . . . , xN−1, uN−1, xN ) =
N−1∑
n=0

fn(xn, un, xn+1) . (2.2.1)

Let V N
0 (x) be the control cost for this process (see Sect. 2.1.1(a)) under the

assumption that its initial position x0 coincides with x. Now consider the
same controlled Markov chain except beginning at time k < N . The control
cost for this chain is

Fk,N (xk, uk, . . . , uN−1, xN ) =
N−1∑
n=k

fn(xn, un, xn+1) . (2.2.2)

Let V N
k (x) be the control cost for this process under the assumption that the

initial position xk coincides with x. Bellman’s equation relates the V N
k (x) for

different k < N and makes it possible to determine them recursively.
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We assume that X and U are complete separable metric spaces, the func-
tions fn(x, u, x′) ∈ A−

X×U×X and are bounded from below, and pn(A|xn, un) ∈
A−

X×U for all closed sets A ∈ BX .

Theorem 2.2.1. For k < N ,

V N
k (x) = inf

u

∫
[fk(x, u, x′) + V N

k+1(x
′)]pk(dx′|x, u) , (2.2.3)

with V N
N (x) = 0 by assumption.

Proof. Let Ṽ N
N (x) = 0, and for k < N , let Ṽ N

k (x) be functions determined
recursively by (2.2.3). Applying formula (2.1.2) to the functions FN of the
form (2.2.1) and the relation (2.2.3) for Ṽ N

k (x), we find that

F ′
N−1(x0, u0, . . . , xN−1) =

N−2∑
k=0

fk(xk, uk, xk+1) + Ṽ N
N−1(xN−1) .

Furthermore,

F ′
N−2 =

N−3∑
k=0

fk(xk, uk, xk+1) + inf
uN−2

∫ [
fN−2(xN−2, uN−2, xN−1)

+Ṽ N
N−1(xN−1)

]
pN (dxN−1|xN−2, uN−2)

=
N−3∑
k=0

fk(xk, uk, xk+1) + Ṽ N
N−2(xN−2) .

Continuing in this fashion, we find that F ′
0(x) = Ṽ N

0 (x0) and so V N
0 (x) =

Ṽ N
0 (x). By similarly considering the process on [k, N ], we can establish that

V N
k (x) = Ṽ N

k (x). ��

Remark 2.2.1. Assume that the infimum in (2.2.3) is attained for all k and x.
Then on the basis of statement A7 on p. 221, there exists a Borel function
gk(x) from X to U such that

V N
k (x) =

∫ [
fk(x, gk(x), x′) + V N

k+1(x
′)
]
pk(dx′|x, gk(x)) . (2.2.4)

The sequence uk = gk(xk) determines a nonrandomized optimum control.

Remark 2.2.2. If the functions fk(x, u, x′) are lower semicontinuous and
bounded from below, U is a compact set and the transition probabilities
satisfy the weak-continuity condition, then all of the functions V N

k (x) and∫
[f(x, u, x′) + V N

k+1(x
′)]pk(dx′|x, u) are lower semicontinuous. Thus the exis-

tence of Borel functions gk(x) satisfying (2.2.4) follows from III on p. 220.
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Definition. A nonrandomized control of the form {uk = gk(x)} is said to be
Markov (the corresponding strategy is also said to be Markov).

Thus Remarks 2.2.1 and 2.2.2 give conditions for a Markov optimum con-
trol to exist.

Remark 2.2.3. If for all k a function gδk

k (x) is selected so that

V N
k (x) + δk

>

∫ [
fk(x, gδk

k (x), x′) + V N
k+1(x

′)
]
pk(dx′|x, gδk

k (x)) (2.2.5)

(the existence of such Borel functions follows from statement A7 on p. 221),
then the sequence uk = gδk

k (xk), k = 0, 1, . . . , N −1, determines an ε-optimum
Markov control provided δ0 + . . . + δN−1 < ε. This is proved in exactly the
same way as in Theorem 2.1.2.

2.2.2 Optimum Stopping of a Markov Chain

Consider a Markov chain in the phase space (X, B) with n-step transition
probability pn(x,A), n = 0, 1, 2, . . .. Denote by {ξn, n = 0, 1, 2, . . .} a realiza-
tion of this chain. Control with the chain consists in choosing a stopping time
τ . The control expense is given by a B-measurable function F (x) and if the
chain is stopped at time τ , then the expense is F (ξτ ). As before, it is necessary
to determine a control (that is, a stopping time) which makes the average loss
EF (ξτ ) as small as possible.

(a) Equations for the control cost. First assume that the process is considered
only for t ≤ N . Then the stopping times τ also take values in [0, N ] (these are
the times for which the events {τ = k} are determined by {ξ0, . . . , ξk}). Let
UN

k (x) be the cost of the control by the Markov chain ξk, . . . , ξN , given that
ξk = x. In order that it be well defined, we shall assume that F (x) is bounded
from below. Let τ be any control for the chain (ξk, . . . , ξN ). The cost of this
control, given that ξk = x, is

F (x)P{τ = k|ξk = x} + E(F (ξτ )|ξk = x, τ > k)P{τ > k|ξk = x} .

If P{τ > k|ξk = x} is kept fixed, then E(F (ξτ )|ξk = x, τ > k) =
E(E(F (ξτ ′)|ξk+1)|ξk = x) where τ ′ = τ is a stopping time on the set τ > k
for the chain (ξk+1, . . . , ξN}. The infimum of this expression is obviously
E(UN

k+1(ξk+1)|ξk = x) =
∫

UN
k+1(x

′)pk(x, dx′). It remains to minimize the
expression

F (x)P{τ = k}|ξk = x} + (1 − P{τ = k|ξk = x})
∫

UN
k+1(x)pk(x, dx′)

via a suitable choice of P{τ = k|ξk = x}. The minimum will be attained if
this probability is either 0 or 1. Hence
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UN
k (x) = F (x) ∧

∫
pk(x, dx′)UN

k+1(x
′) . (2.2.6)

Since UN
N (x) = F (x), relation (2.2.6) determines the functions UN

k (x). Let
us show how an optimum control may be constructed (and thereby prove its
existence). Suppose that all of the functions UN

k (x) have been formed. Let

ŪN
k (x) =

∫
UN

k+1(x
′)pk(x, dx′) . (2.2.7)

From the derivation of (2.2.6), it follows that if the process is unstopped before
moment k, then it must stop at that moment if F (ξk) ≤ ŨN

k (ξk) and continue
for F (ξk) > ŨN

k (ξk). Thus τ is the first time for which F (ξk) ≤ ŨN
k (ξk),

k ≤ N (we take ŨN
N (x) = UN

N (x) = F (x)).
In the general case, we shall assume that the stopping times are only finite,

that is, P{τ < ∞} = 1. If Uk(x) is the control cost for the chain (ξk, ξk+1, . . .),
given that ξk = x, then Uk(x) = limN→∞ UN

k (x). This limit exists because
UN

k (x) is bounded from below and monotone decreasing in N . Taking the
limit in (2.2.6), we obtain

Uk(x) = F (x) ∧
∫

pk(x, dx′)Uk+1(x′) . (2.2.8)

In order to find Uk(x) one must actually utilize (2.2.6). In the present case,
one no longer can assert the existence of an optimum control. But ε-optimum
controls do exist. We can first determine a measurable function N(x) so that

U
N(x)
0 (x) � U0(x) + ε .

If ξ0 = x is the initial value of the process, then on choosing an optimum
control for the chain (ξ0, . . . ξN(x)), we arrive at an ε-optimum control for the
process over an infinite time interval.

(b) Homogeneous Markov chains. Now suppose that the transition probability
is independent of n: Pn(x,A) = P (x,A). In other words, the chain is homo-
geneous. Then the distribution of the sequence {ξk+n, n = 0, 1, . . .}, given
ξk = x, coincides with the distribution of the sequence {ξn, n = 0, 1, . . .},
given ξk = x, and so Uk(x) is independent of k. Write Uk(x) = U(x). Relation
(2.2.8) leads to the following equation for U(x):

U(x) = F (x) ∧
∫

U(x′)P (x, dx′) . (2.2.9)

We now introduce some notions associated with a homogeneous Markov
chain. Let Pf be the operator defined by Pf(x) =

∫
f(x′)P (x, dx′) for all f

for which
∫

[0 ∧ (−f(x′))]P (x, dx′) < ∞. A function f is called harmonic if
Pf = f , superharmonic if Pf ≤ f and subharmonic if Pf ≥ f .
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Theorem 2.2.2. U(x) is the maximal subharmonic function satisfying the
inequality U(x) ≤ F (x).

Proof. Corresponding to stopping time τ , denote by τ ′ the stopping time
for the chain (ξ′

0, ξ
′
1, . . . , ξ

′
n), with ξ′

n = ξn+1, constructed just like τ for the
chain (ξ0, ξ1, . . .): the event {τ ′ = n} is also expressible exactly in terms of
ξ1, . . . , ξn+1 as {τ = n} is in terms of ξ0, . . . , ξn. Then 1+τ ′ will be a stopping
time for {ξn}. Therefore

U(x) � E(F (ξ1+τ ′)|ξ0 = x) = E(E(F (ξ1+τ ′)|ξ1)|ξ0 = x)

=
∫

(EF (ξ′
τ ′)|ξ′

0 = x′)P (x, dx′) =
∫

E(F (ξτ )|ξ0 = x′)P (x, dx′) .

Since for every ε > 0, one may specify a Markov time τ ε such that
E(F (ξτε)|ξ0 = x) ≤ U(x) + ε for all x, it follows that

U(x) �
∫

U(x′)p(x, dx′) + ε .

This implies that U(x) is subharmonic.
Now let Ũ(x) be another subharmonic function with Ũ(x) ≤ F (x). If τ is

a stopping time, τ ≤ N , then Ũ(ξτ ) ≤ F (ξτ ) and

E(Ũ(ξτ )|ξ0 = x) � E(F (ξτ )|ξ0 = x) .

Observe that

E(Ũ(ξn+1)|ξ0, . . . , ξn) = E(Ũ(ξn+1)|ξn) = PŨ(ξn) � Ũ(ξn) .

Therefore {Ũ(ξn), n = 0, 1, . . . , N} is a submartingale and hence

E(Ũ(ξτ )|ξ0 = x) � Ũ(x)

or

Ũ(x) � E(F (ξτ )|ξ0 = x) .

Choosing τ so that E(F (ξτ )|ξ0=x) ≤ U(x)+ε, we conclude that Ũ(x)≤U(x).
��

Example. Consider an asymmetric random walk over the integers with steps
±1. If ξn is the step size at time n, then

P{ξn = 1} = p, P{ξn = −1} = q, p + q = 1, p > q .

Equation (2.2.9) becomes

U(x) = F (x) ∧ (pU(x + 1) + qU(x − 1) .
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Consider the set of x where U(x) ≤ F (x). If this inequality holds for a < x < b
(a, b, and x integers), then for x

U(x) = pU(x + 1) + qU(x − 1) .

If U(a) = F (a) and U(b) = F (b) (in other words, the interval (a, b) is maximal
and cannot be enlarged), then

U(x) =
F (b) − F (a)

rb − ra
rx +

rb(a) − raF (b)
rb − ra

, r =
q

p
(2.2.10)

(this is the solution of the above difference equation with the boundary con-
ditions). U(x) may be found by taking the limit:

U(x) = lim
N→∞

UN (x) ,

where UN is the cost for a random walk over [−N, N ] stopping at the end-
points of the interval. The representation (2.2.10) also holds for those inter-
vals in which UN (x) ≤ F (x). Therefore UN (x) may be determined as follows.
Find function Ũ1(x) using (2.2.10) with a = −N and b = N . Let c1 be the
first point in moving from −N to N for which Ũ1(c1) > F (c1). Determine
Ũ2(x) using (2.2.10) for x ∈ [−N, c1] taking a = −N and b = c1 and then
for x ∈ [c1, N ] taking a = c1 and b = N . Now let c2 > c1 be the first
point where Ũ2(c2) > F (c2). Find Ũ3(x) according to (2.2.10) on the intervals
[−N, c1], [c1, c2] and [c2, N ]. Continuing in this fashion, one can determine
UN (x).

2.3 Time-Continuous Controlled Markov Processes

Defining a controlled process with time-continuous involves certain difficulties
due to there not existing a time “preceding” t. Therefore time-continuous con-
trolled processes cannot be specified by giving finite-dimensional distributions
as in the case of the common processes. It is then more reasonable to spec-
ify a process by giving its infinitesimal parameters and to assume that they
themselves depend on the control. A second difficulty arises here. It would be
natural to view the control as depending on the process but the process itself
is not specified until the control is given. Thus one is caught in circular rea-
soning. To circumvent it, we shall consider step-controls. A process with such
a control can then be defined. We shall only examine Markov jump processes
and Markov diffusion processes.

2.3.1 Jump Processes

A Markov jump process is given in phase space (X, B) by a pair of functions
λ(t, x) and π(t, x, B), with t ∈ R+, x ∈ X and B ∈ B, satisfying
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λ(t, x) = lim
h↓0

1
h

P (t, x, t + h, X�{x}),

π(t, x, B) =
1

λ(t, x)
lim
h↓0

1
h

P (t, x, t + h, B�{x})

for almost all t, P (t, x, s, B) being the transition probability of the process.
It is assumed that λ(t, x) and π(t, x, B) are BR+ ⊗B-measurable and that π

is a probability measure with respect to B on B. A controlled jump process is
specified by giving functions λ(t, x, u) and π(t, x, u, B) where u ∈ U and (U, C)
is the measurable phase space of the controls. These functions are assumed to
define a Markov jump process for any fixed u ∈ U . It is assumed in addition
that they are BR+ ⊗ B ⊗ C-measurable and that λ(t, x, u) is bounded.

(a) Step-controls. Let the controlled process be considered on [0, T ]. Let
DX [0, T ] and DU [0, T ] be the spaces of right-continuous step-functions defined
on [0, T ] with respective values in X and U (X and U are regarded to be
spaces with discrete topology). Every function x(t) in DX [0, T ] is determined
by its discontinuity points 0 < t1 < . . . < tk ≤ T and its values there x(0),
x(t1), . . . , x(tk). (A similar statement is also true for DU [0, T ].) Let Dr. [0, T ] be
the subset of functions of D.[0, T ] having r discontinuities. A set F ⊂ DX [0, T ]
will be called measurable if the image of F ∩ Dr

X [0, T ] under the mapping
x(·) → (t1, . . . , tr;x(0), x(t1), . . . , x(tr)) is Br

R+
⊗ Br+1-measurable (the ti’s

are all points of discontinuity of x(t)).
A mapping S : DX [0, T ] −→ DU [0, T ], measurable relative to the above-

mentioned classes of measurable sets (they are introduced in DU [0, T ] in sim-
ilar fashion), is called a control (or strategy) if for any t ∈ [0, T ] the re-
lation x1(s) = x2(s) for s < t implies that S(x1(·), t) = S(x2(·), t), where
S(x1(·), t) is the result of S acting on x(·) as a function of t (this function
belongs to DU [0, T ]). Let us show how to construct the pair of stochastic
processes (ξ(t), η(t)) from the above control and the infinitesimal parameters
with ξ(·) ∈ DX [0, T ], η(·) ∈ DU [0, T ], where η(t) = S(ξ(·), t) and

P{ξ(t + h) �= ξ(t)|ξ(s), s � t} = λ(t, ξ(t), η(t))h + o(h) ,

P{ξ(t + h) �= ξ(t), ξ(t + h) ∈ B|ξ(s), s � t}
= λ(t, ξ(t), η(t))π(t, ξ(t), η(t), B)h + o(h) .

The construction is done sequentially. Let x0 be the initial state of the process.
Put ξ0(t) = x0 for all t ∈ [0, T ] and η0(t) = S(ξ0(·), t), η0(t) being a nonran-
dom function. Form a Markov process using λ(t, x, η0(t)) and π(t, x, η0(t))
(more precisely, its finite-dimensional distributions). Call this process ξ̃1(t).
If τ1 is the first jump time, put ξ1(t) = x0 for t < τ1 and ξ1(t) = ξ̃1(τ1) for
t ≥ τ1. Let η1(t) = S(ξ1(·), t). Clearly, η1(t) = η0(t) when t ≤ τ1. Then form
the process ξ̃2(t) on [τ1, T ] keeping τ1 and ξ1(τ1) fixed. If τ2 is the first jump
time for this process, put ξ2(t) = x0 for t < τ1, ξ2(t) = ξ1(τ1) for t ∈ [τ1, τ2[
and ξ2(t) = ξ̃2(τ2) for t ≥ τ2. Define η2(t) on the basis of ξ2(t); it turns out
that η2(t) = η1(t) for t ≤ τ2. We continue this construction in similar fashion
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until ξ̃k+1(t) becomes constant on [τk, T ] for some k, that is, ξ̃k+1(t) = ξk(t).
Then ξk(t) and ηk(t) will be the desired pair of processes. It is easy to see that
if λ(t, x, u) ≤ c, then P{ν ≥ k} ≤ A(cT )k/k! is an estimate of the number ν
of jumps that ξ(t) has; A is a constant.

(b) Bellman’s equation. Suppose that the control cost is given by

∫ T

0
f(s, x(s), u(s))ds .

Here u(s) is a function with values in U that specifies the control at time s,
x(s) is the state of the process at time s and f(s, x, u) is a bounded BR+⊗B⊗C-
measurable function. Let U(t, x) be the control cost over [t, T ], given ξ(t) = x:

U(t, x) = inf E

(∫ T

t

f(s, ξ(s), η(s))ds|ξ(t) = x

)
. (2.3.1)

The infimum is taken over all step-controls described above. Bellman’s equa-
tion is one involving U(t, x) for t ∈ [0, T ].

Theorem 2.3.1. For fixed x and A, let λ(t, x, u) and π(t, x, u, A) be contin-
uous functions in t uniformly in u. Then U(t, x) is differentiable in t for
t ∈ [0, T ] and satisfies the equation

−∂U(t, x)
∂t

= inf
u

[
f(t, x, u) + λ(t, x, u)

∫
(U(t, x′) − U(t, x))π(t, x, u, dx′)

]
(2.3.2)

and boundary condition U(T, x) = 0. Under this condition, (2.3.2) has a
unique solution.

Equation (2.3.2) is known as Bellman’s equation.

Proof. The relation U(T, x) = 0 is a consequence of (2.3.1). Let 0 < t <
t + h < T . Let (ξ(s), η(s)) be the pair of processes formed on the basis of a
step-control on [t, T ] with ξ(t) = x. Let τ denote the first jump time of ξ(s)
after time t. Then the strategy η(s) is nonrandom on [t, τ ]; denote it by u(s).
By definition of λ(s, x, u) and π(s, x, u, A), we have

P{τ > s} = exp
{

−
∫ s

t

λ(s′, x, u(s′))ds′
}

and

P{ξ(τ) ∈ A|τ = s} = π(s, x, u(s), A) .

Therefore
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E
∫ T

t

f(s, ξ(s), η(s))ds = E
∫ t+h

t

exp
{

−
∫ s

t

λ(s′, x, u(s′))ds′
}

×λ(s, x, u(s))
∫

π(s, x, u(s), dx′)
[∫ s

t

f(s′, x, u(s′))ds′

+E

(∫ T

s

f(s′′, ξ(s′′), η(s′′))ds′′|ξ(s) = x′
)]

ds

+P{τ > t + h}
[∫ t+h

t

f(s, x, u(s))ds

+E

(∫ T

t+h

f(s, ξ(s), η(s))ds|ξ(t + h) = x

)]
.

Choosing a suitable control on the intervals [t, τ ] and [τ, T ], we find from
this last relation that

U(t, x) =
∫ t+h

t

λ(s, x, u(s))
∫

π(s, x, u(s), dx′)U(s, x′)ds

+P{τ > t + h}
[∫ t+h

t

f(s, x, u(s))ds + U(t + h, x)

]
+ o(h)

(the quantity o(h) is uniform in t). This implies that |U(t, x) − U(t + h, x)| ≤
c1h where c1 is a constant. Using the continuity of λ, f and π in s, we obtain

U(t, x) =
∫ t+h

t

λ(t, x, u(s))
∫

π(t, x, u(s), dx′)U(t, x′)ds

+

(
1 −
∫ t+h

t

λ(t, x, u(s))ds

)[∫ t+h

t

f(t, x, u(s))ds + U(t + h, x)

]
+ o(h) ,

and then

U(t, x) − U(t + h, x) =
∫ t+h

t

f(t, x, u(s))ds (2.3.3)

+
∫ t+h

t

λ(t, x, u(s))
∫

π(t, x, u(s), dx′)(U(t, x′) − U(t, x))ds + o(h) .

To minimize U(t, x), it is clearly necessary to minimize the right-hand side;
its greatest lower bound is

h inf
u

[
f(t, x, u) + λ(t, x, u)

∫
π(t, x, u, dx′)

(
U(t, x′) − U(t, x)

)]
+ o(h) .

Consequently,
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U(t, x) − U(t + h, x)
h

= inf
u

[
f(t, x, u) + λ(t, x, u)

∫
π(t, x, u, dx′)

×(U(t, x′) − U(t, x)
]

+
o(h)
h

.

This yields equation (2.3.2).
To prove uniqueness, we rewrite (2.3.2) in the form

U(t, x) =
∫ T

t

inf
u

[
f(s, x, u) + λ(s, x, u)}

∫
π(s, x, u, dx′)

×(U(s, x′) − U(s, x)
]
ds .

If Ū(t, x) is a second solution of this equation, then

|U(t, x) − Ū(t, x)| �
∫ T

t

sup
u

λ(s, x, u)
∫

π(s, x, u, dx′)

×|U(s, x′) − Ū(s, x′) − U(s, x) + Ū(s, x)|ds,

sup
x

|U(t, x) − Ū(t, x)| � 2
∫ T

t

sup
x

|U(s, x) − Ū(s, x)|ds .

From this it follows that supx |U(t, x) − Ū(t, x)| = 0. ��

(c) Optimum and ε-optimum controls. Suppose that U(t, x) is the solution of
(2.3.2) and that a measurable function u = ϕ(t, x) exists for which

f(t, x, ϕ(t, x)) +
∫

[U(t, x′) − U(t, x)] (2.3.4)

×λ(t, x, ϕ(t, x))π(t, x, ϕ(t, x), dx′) = −∂U(t, x)
∂t

.

Then η(t) = ϕ(t, ξ(t)) may be considered a Markov control; ξ(t) is a
Markov jump process with infinitesimal parameters, λ(t, x, ϕ(t, x)) and
π(t, x, ϕ(t, x), A). Let us show that

E

(∫ T

t

f(s, ξ(s), ϕ(s, ξ(s))ds|ξ(t) = x

)
= U(t, x) .

Employing the same reasoning as in the derivation of (2.3.3), we find that the
function

U∗(t, x) = E

(∫ T

t

f(s, ξ(s), ϕ(s, ξ(s))ds|ξ(t) = x

)

satisfies the equation
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U∗(t, x) − U∗(t + h, x) =
∫ t+h

t

f(t, x, ϕ(s, x))ds

+
∫ t+h

t

λ(t, x, ϕ(s, x))
∫

π(t, x, ϕ(s, x), dx′)

×[U∗(t, x′) − U∗(t, x)]ds + o(h) .

This yields

−∂U∗(t, x)
∂t

= f(t, x, ϕ(t, x))

+λ(t, x, ϕ(t, x))
∫

π(t, x, ϕ(t, x), dx′)[U∗(t, x′) − U∗(t, x)] . (2.3.5)

From (2.3.4) we see that U(t, x) is a solution of the same equation with the
same boundary condition. Thus

U(t, x) = U∗(t, x) .

In similar fashion, it can be shown that if ϕε(t, x) is such that

f(t, x, ϕε(t, x))

+λ(t, x, ϕε(t, x))
∫

π(t, x, ϕε(t, x), dx′)[U(t, x′) − U(t, x)]

< −∂U(t, x)
∂t

+ ε ,

then η(t) = ϕε(t, ξ(t)) will be a control for which

E

(∫ T

t

f(s, ξ(s), ϕ(s, ξ(s)))ds|ξ(t) = x

)
� U(t, x) + ε(T − t)

for all t ∈ [0, T ] and x.

2.3.2 Controlled Diffusion Processes

To simplify formulations, we shall confine ourselves to the one-dimensional
case: X = R and B = BR. A one-dimensional diffusion process is determined
by its transport coefficient a(t, x) and diffusion coefficient b(t, x). In a con-
trolled process, these functions also depend on the control u ∈ U . Thus a
controlled diffusion process is determined by its diffusion coefficients a(t, x, u)
and b(t, x, u). They are assumed to be locally bounded and to be measurable
jointly in their arguments.

We shall examine step-controls and Markov controls for such processes.
In the case of a step-control, the controlled process is constructed over the
intervals of constancy of the control. If the values of the process and control



234 2 Controlled Stochastic Processes

are given before the time such an interval begins, its conditional distributions
on that interval coincide with the distributions of a process with diffusion
coefficients a(t, x, ū) and b(t, x, ū), where ū is fixed by the condition imposed.
A process with a Markov control u = ϕ(t, x) is a diffusion process with coef-
ficients a(t, x, ϕ(t, x)) and b(t, x, ϕ(t, x)).

The results for controlled diffusion processes are similar in form to those
obtained for jump processes. But their proofs and especially the clarification
of conditions for the existence of solutions to Bellman’s equation are very
complex. Therefore we shall only state a few results.

Let U(t, x) be the control cost if the expense is
∫ T

t
f(s, x(s), u(s))ds, given

that ξ(t) = x, with f(s, x, u) a bounded and measurable function of its argu-
ments. Assume that U(t, x) is differentiable in t and twice differentiable in x.
Then U(t, x) satisfies the following (Bellman) equation:

−∂U(t, x)
∂t

= sup
u

[
f(t, x, u) + a(t, x, u)

∂U(t, x)
∂x

+
1
2
b(t, x, u)

∂2U(t, x)
∂x2

]
and boundary condition U(T, x) = 0.

A similar equation may be derived for the more general cost function

∫ T

t

f(s, x(s), u(s)) exp
{∫ s

t

g(s, x(s′), u(s′))ds′
}

dsΦ(x(T )) . (2.3.6)

If V (t, x) is the corresponding control cost and if ∂V (t, x)/∂t, ∂V (t, x)/∂x and
∂2V (t, x)/∂x2 exist, then V (t, x) satisfies

−∂V (t, x)
∂t

= sup
u

[
f(t, x, u) + g(t, x, u)V (t, x)

+ a(t, x, u)
∂V (t, x)

∂x
+

1
2
b(t, x, u)

∂2V (t, x)
∂x2

]
(2.3.7)

and boundary condition V (T, x) = Φ(x).
If a solution to (2.3.7) exists and u = ϕ(t, x) is a measurable function such

that

−∂V (t, x)
∂t

= f(t, x, ϕ(t, x)) + g(t, x, ϕ(t, x))V (t, x)

+ a(t, x, ϕ(t, x))
∂V (t, x)

∂x
+

1
2
b(t, x, ϕ(t, x))

∂2V (t, x)
∂x2 (2.3.8)

then u = ϕ(t, x) is an optimum Markov control.
If u = ϕε(t, x) is a measurable function and its substitution for ϕ on the

right-hand side of (2.3.8) results in an expression not exceeding −∂V (t, x)/∂t+
ε, then u(t) = ϕε(t, x(t)) will be an ε(T − t)-optimum control on [t, T ].
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Information

The reception, storage and transmission of information are phenomena en-
countered constantly. The concept of information arose a long time ago and
had a purely qualitative character. The need to measure the amount of in-
formation manifested itself during the development of ways of storing and
transmitting it. Despite their qualitative differences (verbal information, pic-
tures, music and so on), it became clear that information of diverse content
could be transformed into one another. Of simplest form is information writ-
ten in a binary code and the average number of binary digits (bits) needed to
express it is then roughly speaking the amount of information.

Information theory is one of the applied areas of probability and it is
among the subjects comprising cybernetics. Its basic function is to investigate
the possibilities for transmitting information. It takes into account, on the one
hand, the randomness of messages that have to be transmitted and, on the
other hand, the errors in transmission that are also of a random nature. It
turns out that even when transmission errors are present, it is possible to send
information in errorless fashion with probability as as close to one as desired.
How to do this is what information theory studies.

3.1 Entropy

Before we can introduce the concept of amount of information, we need a
more general concept, that of entropy. In mathematics, we view information
as something that reduces existing uncertainty. In order to measure informa-
tion, we need to measure to what extent uncertainty was reduced due to the
information received. Therefore it is necessary to be able to quantify uncer-
tainty. Such a measure of the uncertainty of something is then entropy.
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3.1.1 Entropy of a Probability Experiment

The simplest form of uncertainty is in a probability experiment with a finite
number of outcomes. Let E1, E2 . . . , Er be the elementary events in an exper-
iment and let p1, p2, . . . , pr be their respective probabilities. We denote the
experiment by the one letter E and its entropy by H(E). By definition,

H(E) =
r∑

k=1

pk log2
1
pk

. (3.1.1)

The choice of the number on the right-hand side of (3.1.1) as a measure
of uncertainty may be clarified as follows. Suppose that the experiment is
done independently n times with Eik

the event occurring in the k-th experi-
ment. The sequence Ei1 , Ei2 , . . . , Ein is said to be a message of length n. The
probability of this message is

n∏
m=1

pnm
m , nm =

n∑
k=1

I{ik=m} . (3.1.2)

The total number of messages of length n is clearly rn = 2n log2 r. But among
these messages are those whose probability is negligible in comparison with
the probabilities of other messages. Let the probabilities in (3.1.2) be arranged
according to size. Choose a positive δ and let Nδ(n) be the smallest number
of messages whose total probability is at least 1 − δ.

Theorem 3.1.1. For all δ ∈ (0, 1),

lim
n→∞

1
n

log2 Nδ(n) = H(E)

no matter what δ is.

Proof. Consider the set Sε
n of events for which

−n(H(E) + ε) ≤ log2 P(Ei1 . . . Ein) ≤ −n(H(E) − ε) , (3.1.3)

and S
ε

n, the set of those for which

log2 P(Ei1 . . . Ein) > −n(H(E) − ε) . (3.1.4)

Then

P(Sε
n) = P

(
H(E) − ε ≤

r∑
i=1

νi log2
1
pi

≤ H(E) + ε

)
,

and

P(S
ε

n) = P

(
r∑

i=1

νi log2
1
pi

< H(E) − ε

)
.
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Since the relative frequency νi → pi in probability by virtue of the law of
large numbers, we have P(Sε

n) → 1 and P(S
ε

n) → 0. Let Nε
n and N

ε

n be the
respective number of members of Sε

n and S
ε

n. Then

P(Sε
n)2n(H(E)−ε) ≤ Nε

n ≤ P(Sε
n)2n(H(E)+ε)

and

N
ε

n ≤ P(S
ε

n)2n(H(E)−ε)

(the total probability has been divided into the minimum probability for the
upper bound and the maximum probability for the lower bound).

For n sufficiently large (when P(Sε
n) > 1 − δ ),

(1 − δ)2n(H(E)−ε) ≤ Nδ(n) ≤ Nε
n + N

ε

n

or

log2(1 − δ) + n(H(E) − ε) ≤ log2 Nδ(n) ≤ n(H(E) + ε) .

It now remains to use the fact that ε is arbitrary. ��
Remark 3.1.1. Suppose that it is necessary to write out each of N messages
in binary form. This means that each message is in correspondence with a se-
quence of zeroes and ones and that different messages have different sequences.
What is the shortest length of the sequences of zeroes and ones that are used?
If 2m < N ≤ 2m+1, then this length is obviously m + 1 = −[log2 N−1], [ · ]
being the integral part of a number. If we now consider the sequences for the
original messages of length r, then there will be Nr of them and the number
of bits needed is −[log2 N−r]. Hence, if these messages are written out repeat-
edly, the average number of bits needed to be utilized for one such message
is

− lim
r→∞

1
r
[log2 N−r] = log2 N .

This number is the entropy of an experiment EN with N equally likely out-
comes:

H(EN ) =
N∑

i=1

1
N

log2 N = log2 N .

Theorem 3.1.1 says that even for general experiments, the entropy is the
average number of bits needed to write down one message if independent
repetitions of the experiment are performed indefinitely.

3.1.2 Properties of Entropy

Formula (3.1.1) shows that H(E) > 0. The maximum entropy of an experiment
with r outcomes is log2 r, which is the entropy of an experiment with equally
likely outcomes. This is easy to see by maximizing the right-hand side of
(3.1.1) with respect to p1, . . . , pr subject to the condition p1 + . . . + pr = 1.



238 3 Information

(a) Entropy of a compound experiment. Consider an experiment E in which
two experiments E1 and E2 are performed in succession. Write E = E1 × E2. E
is called a compound experiment. Let A1, . . . , Am be the elementary events of
E1 and B1, . . . , Bl be the elementary events of E2. Then the elementary events
of E1 × E2 are {Ai ∩ Bj , i = 1, . . . , m; j = 1, 2, . . . , l}. We have

H(E1 × E2) = −
∑
i,j

P(Ai ∩ Bj) log2 P(Ai ∩ Bj)

= −
∑
i,j

P(Ai)P(Bj |Ai)[log2 P(Ai) + log2 P(Bj |Ai)]

= −
∑
i,j

P(Ai)P(Bj |Ai) log2 P(Ai)

−
∑
i,j

P(Ai)P(Bj |Ai) log2 P(Bj |Ai)

= H(E1) +
∑

i

P(Ai)H(E2|Ai) .

H(E2|Ai) would be the entropy of E2 if the probability of each elementary event
Bj coincided with its conditional probability, given that Ai has happened. The
expression ∑

i

P(Ai)H(E2|Ai) = H(E2|E1) (3.1.5)

is called the conditional entropy of experiment E2 with respect to experiment
E1. Thus

H(E1 × E2) = H(E1) + H(E2|E1) . (3.1.6)

A compound experiment consisting of n successive experiments E1,
E2, . . . , En is defined similarly. We denote it by E1×. . .×En. Since E1×. . .×En =
(E1 × . . . × En−1) × En, formula (3.1.6) yields the following general formula:

E1.

H(E1 × . . . × En) = H(E1) + H(E2|E1) + . . .

+ H(En|E1 × . . . × En−1) . (3.1.7)

Suppose that E1 and E2 are independent experiments. Then P(Bj |Ai) =
P(Bj) and so H(E2|Ai) = H(E2). Consequently, H(E1 ×E2) = H(E1)+H(E2).
This implies

E2. If E1, E2, . . . , En are independent experiments, then

H(E1 × . . . × En) = H(E1) + . . . + H(En) . (3.1.8)

E3. For any E1 and E2,

H(E2|E1) ≤ H(E2) (3.1.9)
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and H(E2|E1) = H(E2) only where E1 and E2 are independent.
Indeed,

H(E2|E1) = −
∑

i

P(Ai)
∑

j

P(Bj |Ai) log2 P(Bj |Ai)

=
∑

j

∑
i

P(Ai)ψ(P(Bj |Ai)) ,

where ψ(x) = −x log2
1
x . The function ψ(x) is convex up in (0,1) and so

∑
i

P(Ai)ψ(xi) ≤ ψ

(∑
i

P(Ai)xi

)

if xi ∈ (0, 1). Equality is possible only when xi = x1 for all i. Thus

∑
i

P(Ai)ψ(P(Bj |Ai)) ≤ ψ

(∑
i

P(Ai)P(Bj |Ai)

)
= ψ(P(Bj)) ,

with equality possible only when the P(Bj |Ai) are equal for all i, that is,
P(Bj |Ai) = P(Bj). It remains to observe that

∑
j

ψ(P(Bj)) = H(E2).

E4. If E1, E2 and E3 are arbitrary experiments with finitely many outcomes,
then

H(E3|E1 × E2) ≤ H(E3|E2) . (3.1.10)

The proof is similar to the derivation of (3.1.9). Equality is attained in (3.1.10)
if E3 and E1 are conditionally independent given E2.

(b) Entropy of a stationary sequence. We next consider a stationary sequence
{ζn, n ≥ 1} whose terms ζn assume finitely many distinct values. Let En be
an experiment involving the measurement of ζn. The entropy of stationary
sequence {ζn} is defined to be

H({ζn}) = lim
n→∞

1
n

H(E1 × . . . × En) . (3.1.11)

E5. The limit on the right hand side of (3.1.11) exists.
For, we have

H(E1 × . . . × En) = H(E1) + H(E2|E1) + . . .

+ H(En|E1 × . . . × En−1) .

Therefore the limit on the right-hand side of (3.1.11) is the same as

lim
n→∞[H(E1 × . . . × En) − H(E1 × . . . × En−1)] (3.1.12)

= lim
n→∞ H(En|E1 × . . . × En−1)
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provided that the latter exists. But on the basis of E4,

H(En|E1 × . . . × En−1) ≤ H(En|E2 × . . . × En−1)
= H(En−1|E1 × . . . × En−2)

(in obtaining this last equality, we made use of the stationarity of {ζn}).
Therefore the pre-limiting quantity on the right-hand side of (3.1.12) is a
nonincreasing nonnegative sequence.

E6. If a stationary sequence {ζn} is Markov, then

H({ζn}) = −
∑
i,k

pipik log2 pik , (3.1.13)

with pi = P{ζ1 = ai}, pik = P{ζ2 = ak|ζ1 = ai} and {ai} the set of values of
the variable ζn.

To see this, consider the corresponding sequence of experiments {En}.
They form a Markov chain. The probabilities in the experiment En, given
E1, . . . , En−1, depend only on En−1 : P{ζn = ak|E1 × . . . × En−1} = P{ζn =
ak|En−1}. Therefore E1, . . . , En−2 and En are conditionally independent given
En−1. Thus

H(En|E1 × . . . × En−1) = H(En|En−1)

= −
∑
i,k

P{ζn−1 = ai}P{ζn = ak|ζn−1 = ai} log2 P{ζn = ak|ζn−1 = ai} ,

and this expression is the same as the right-hand side of (3.1.13).

3.1.3 ε-Entropy and Entropy of a Continuous Random Variable

Now consider a random variable ζ with a continuous distribution function
F (x). Its ε-entropy is defined to be

−
∑

k

P{kε ≤ ζ < (k + 1)ε} log2 P{kε ≤ ζ < (k + 1)ε} . (3.1.14)

Suppose that ζ has a density f(x). Then the relation (3.1.14) is expressible
in the form

−
∫

f(x) log2 f(x)dx + log2
1
ε

+ o(1)

with o(1) → 0 as ε → 0 (the integral is assumed to exist). As ε → 0, this
expression becomes infinite. But for various random variables, the difference
of their ε-entropies has a finite limit. Write

H(ζ) = −
∫

f(x) log2 f(x)dx (3.1.15)
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This quantity is defined to be the entropy of a continuously distributed random
variable. Then the difference of the ε-entropies of two continuous variables ζ1
and ζ2 approaches H(E1) − H(E2) under the assumption that these entropies
are finite.

Similarly, if ζ is a random vector in Rd having a density f(x), then its
entropy is also defined by (3.1.15) (the integral being over Rd). Its ε-entropy
is given by the expression

−
∑

k1,...,kd

P{ζ ∈ V
(ε)
k1,...,kd

} log2 P{ζ ∈ V
(ε)
k1,...,kd

} , (3.1.16)

where V
(ε)
k1,...,kd

= {x : k1ε ≤ x1 < (k1 + 1)ε, . . . , kdε ≤ xd < (kd + 1)ε} and
x1, . . . , xd are the coordinates of x. It differs from the entropy by the amount
d log2

1
ε + o(1).

Let ζ and η be two variables with a joint density fζ,η(x, y). Let fζ(x) and
fη(x) be their marginal densities. The expression

H(ζ|η) = −
∫

fζ,η(x, y) log2
fζ,η(x, y)

fη(y)
dxdy

is called the conditional entropy of ζ relative to η. If ζ and η are independent,
then H(ζ|η) = H(ζ).

Let ζ and η be random variables in finite-dimensional Euclidean spaces X
and Y having densities, and let (ζ, η) have a density in the space X ×Y . Then
the following formulas hold:

E7. H((ζ, η)) = H(ζ) + H(η|ζ).
E8. H(ζ, η) ≤ H(ζ).
E9. H((ζ, η)) = H(ζ) + H(η) when ζ and η are independent.

E7 and E9 follow from (3.1.16) and E8 may be deduced by passing to the
limit in the discrete case.

3.1.4 Information

(a) Information in one experiment with respect to another. Suppose that E1
and E2 are two experiments each with finitely many outcomes. The quantity

I(E1, E2) = H(E1) − H(E1|E2) (3.1.17)

is defined to be the amount of information contained in E2 with respect to
E1. If {Ai} are the outcomes of E1 and {Bk} the outcomes of E2, then

I(E1, E2) = −
∑

i

P(Ai) log2 P(Ai) +
∑
i,k

P{Ai ∩ Bk} log2
P{Ai ∩ Bk}

P{Bk}

= −
∑

i

P{Ai} log2 P{Ai} −
∑

k

P{Bk} log2 P{Bk}

+
∑
i,k

P{Ai ∩ Bk} log2 P{Ai ∩ Bk} .
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This furnishes a formula for the amount of information which we take as one
of its properties:

I1. I(E1, E2) = H(E1) + H(E2) − H(E1 × E2).
This formula leads in turn to the following property:
I2. I(E1, E2) = I(E2, E1) ≥ 0; I(E1, E2) = 0 only when E1 and E2 are

independent (Property E3 and (3.1.17) were made use of).
Let E and E ′ be two experiments with respective outcomes {Ai} and {A′

j}.
If to every i, there exist j1, . . . , jr such that Ai = ∪A′

jk
, then we write E ⊂ E ′.

I3. If E1 ⊂ E ′, then I(E1, E2) ≤ I(E ′
1, E2).

To prove this, it suffices to show that H(E2|E ′
1) ≤ H(E2|E1). We have

H(E2|E ′
1) = −

∑
i,j

P(Bj ∩ A′
i) log2 P(Bj |A′

i)

= −
∑
i,k

∑
A′

j⊂Ak

P(Bj ∩ A′
i) log2 P(Bj |A′

j)

≤ −
∑
j,k

P(Bj ∩ Ak) log2 P(Bj |Ak) = H(E2|E1) .

The last inequality is derived in exactly the same way as E3.

(b) Information in one stationary sequence with respect to another. Let
{(ζn, ηn), n = 0, 1, . . .} be a stationary sequence of pairs of random variables.
Let ζn and ηn assume finitely many values. The amount of information in
sequence {ηn} with respect to sequence {ζn} is the quantity

I({ζn}, {ηn}) = lim
k→∞

1
k

I(E(1)
0 × . . . × E(1)

k , E(2)
0 × . . . × E(2)

k ) , (3.1.18)

where E(1)
n and E(2)

n are experiments measuring ζn and ηn, respectively.
I4. The limit in (3.1.18) exists and

I({ζn}, {ηn}) = H({ζn}) + H({ηn}) − H({(ζn, ηn)}) (3.1.19)

This statement is a consequence of E5.
I5. Let ζn be a stationary ergodic Markov chain and let {(ζn, ηn)} also be

a stationary Markov chain. Then

I({ζn}, {ηn}) =
∑

i,j,k,l

[pakbl
P (ak, bl; ai, bj) (3.1.20)

−
∑
r,s

pak
P (ak; aj)parbl

P (ar, bl; as, bj)] log2 P (ak, bl; ai, bj) .

In this {ai} are the values of ζn and {bj} are the values of ηn, and

pak
= P{ζ1 = ak}, P (ak; aj) = P{ζ2 = aj |ζ1 = ak},

pakbl
= P{ζ1 = ak, η1 = bl}, P (ak, bl; ai, bj)
= P{ζ2 = ai, η2 = bj |ζ1 = ak, η1 = bl} .
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Proof. We shall make use of formula (3.1.19). Since {ζn} and {(ζn, ηn)} are
stationary Markov chains, they obey formula (3.1.13). Let us compute the
entropy of {ηn}. By definition,

H({ηn}) = − lim
m→∞

1
m

E log2 ψm(η1, . . . , ηm),

ψm(bi1 , . . . , bim) = P{η1 = bi1 , . . . , ηm = bim}
= EP{η1 = bi1 , . . . , ηm = bi|ζ1, . . . , ζm}

= EP{η = bi1 |ζ1}
m−1∏
k=1

Q(bik
, bik+1 ; ζk, ζk+1) ,

where in turn

Q(bi, bj ; ak, al) = P{η2 = bj |η1 = bi, ζ1 = ak, ζ2 = al} =
P (ak, bi; al, bj)

P (ak; al)
.

Using the ergodicity of {ζk}, we can easily show that

EP{η1 = bi1 |ζ1}
m−1∏
k=1

Q(bik
, bik+1 ; ζk, ζk+1)

= E exp
{

lnP{η1 = bi1 |ζ1} +
m−1∑
k=1

lnQ(bik
, bik+1 ; ζk, ζk+1)

}

= exp
{m−1∑

k=1

E lnQ(bik
, bik+1 ; ζk, ζk+1) + mεm

}
,

where εm → 0. Thus

H({ηn}) = − lim
m→∞

1
m

E
m−1∑
k=1

[
log2

∑
ak,al

Q(ηk, ηk+1; ai, al)pai
P (ai; al)

]

= −
∑
i,j

paj P (ai; aj)
∑
k,l

P{η1 = bk, η2 = bl}

× log2
P (ai, bk; aj , bl)

P (ai; aj)
= −

∑
i,j,k,l

paiP (ai; aj)

×
∑
r,s

parbk
P (ar, bk; as, bl) log2 P (ai, bk; aj , bl) − H({ζn}) .

Using (3.1.13) to find H({ζn, ηn}) and inserting the resulting expression for
H({ηn}) in the right-hand side of (3.1.19), we arrive at (3.1.20). ��

(c) Information in one continuously distributed random variable with respect
to another. Let ζ and η take values in finite-dimensional Euclidean spaces X
and Y , respectively. Assume that the pair of variables (ζ, η) has a density
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fζ,η(x, y) in X × Y . Then ζ and η have respective marginal densities fζ(x)
and fη(y). The quantity

I(ζ, η) =
∫ ∫

[fζ,η(x, y) log2 fζ,η(x, y)

− fζ(x)fη(y) log2(fζ(x)fη(y))]dxdy (3.1.21)

is the amount of information in η with respect to ζ.
I6. Let Fζ be a set of random variables each assuming finitely many values

which are functions of ζ and let Fη be defined similarly. Then

I(ζ, η) = sup
ζ1∈Fζ ,η1∈Fη

I(ζ1, η1) . (3.1.22)

Applying I4, one can establish that I(ζ1, η1) ≤ I(ζ, η). The supremum is
attained by I(ζ, η) because of formula (3.1.16).

3.2 Transmission of Information

We now examine a mathematical model for the transmission of information.
Information subject to transmission is a time-discrete stochastic process with
a finite phase space. The process is said to be the source of information. The
values of the process are viewed as the message units subject to transmission.
For example, if a telegram is sent, messages may be considered to be letters,
words, phrases or entire texts. The source of information is characterized
quantitatively by the amount of information produced per unit time. We shall
assume that the process describing the information is stationary otherwise the
concept is meaningless. The amount of information generated by the source
of information is the entropy of this stationary process (computed per unit
time).

Information being produced must be transmitted via a communication
channel. Let us consider a mathematical model for it.

3.2.1 Communication Channels

A communication channel C is specified, first of all, by two finite sets – the
input set X and output set Y . The channel converts a sequence of input
symbols (x1, x2, . . . , xn) into some sequence of output symbols (y1, y2, . . . , yn);
in other words, for each n, there is a function ϕn sending Xn into Y n. For
various n, the functions ϕn are mutually consistent in the following sense. Let
PX and PY be operators in

⋃
n>1 Xn and in

⋃
n>1 Y n, respectively, defined by

PX(x1, x2, . . . , xn−1, xn) = (x1, x2, . . . , xn−1) and PY (y1, y2, . . . , yn−1, yn) =
(y1, y2, . . . , yn−1). Then

PY ϕn(x1, . . . , xn) = ϕn−1(PX(x1, . . . , xn)). (3.2.1)
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In other words, if ϕn(x1, . . . , xn) = (y1, . . . , yn), then ϕn−1(x1, . . . , xn−1) =
(y1, . . . , yn−1), that is, the communication channel transmits symbols sequen-
tially.

Thus, a channel is specified by giving sets X and Y and a collection
of functions {ϕn, n = 1, 2, . . .}. Each ϕn was assumed to be nonrandom in
this description and such a channel is said to be determinate or noiseless.
A channel is said to have finite memory if for n > m, ϕn(x1, . . . , xn) =
(ϕ11(x1), ϕ21(x1, x2), . . . , ϕnn(x1, x2, . . . , xn)) is such that ϕnn depends only
on xn, xn−1, . . . , xn−m+1. It is stationary if there is a function g(x1, . . . , xn)
from Xm to Y not depending on n such that if ϕ(x1, . . . , xn) = (y1, . . . , yn),
then yn = g(xn−m+1, . . . , xn) for n > m. Generally speaking, the definition of
a communication channel imposes only the condition (3.2.1) on the functions
ϕn and this does not preclude the possibility of the ϕn being random. If they
are random, then one says that the communication channel specified by these
functions is noisy.

(a) Noisy communication channels. When the functions ϕn carry the sequence
(x1, x2, . . .) into a random sequence (η1, η2, . . .) with values in Y , it is con-
venient to describe the latter by means of finite-dimensional distributions.
Condition (3.2.1) becomes a “nonpredictive” property: the joint distribution of
η1, . . . , ηn depends only on x1, . . . , xn. Let x be a point in X∞. A noisy channel
is defined by a family µ(C|x) of distributions in Y ∞ such that µ(C|x) depends
only on x1, x2, . . . , xn for all n and Cn of the form {y : y1 = bi1 , . . . , yn = bin

}
with bik

∈ Y . Probabilities computed with respect to the measure µ(C|x) will
be denoted by Px.

The simplest communication channel is a memoryless one for which

Px{η1 = b1, . . . , ηn = bn} =
n∏

k=1

Px{ηk = bk},

and Px{ηk = bk} = gk(bk, xk). A channel has finite memory if for some m
with n > m,

Px{ηn = bn|ηn−1 = bn−1, . . . , ηn−m = bn−m}
= gn(bn, bn−1, . . . , bn−m, xn, xn−1, . . . , xn−m). (3.2.2)

Observe that a memoryless channel has finite memory with m = 0. A channel
with finite memory is called stationary if the function gn in (3.2.2) is indepen-
dent of n for n > m. Let us examine the distribution of the output symbols if
the input sequence is random. Let it be {ξn} where the ξn take on values in
X. A noisy channel can be specified by the conditional distributions

Px{η1 = b1}, . . . ,Px{ηn = bn|η1 = b1, . . . , ηn−1 = bn−1}.

The joint distribution of {ξn} and {ηn} is
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P{ξ1 = x1, . . . , ξn = xn, η1 = b1, . . . , ηn = bn}
= P{ξ1 = x1, . . . , ξn = xn}Px{η1 = bi1} (3.2.3)

×
n−1∏
k=1

Px{ηk+1 = bik+1 |η1 = bi1 , . . . , ηk = bik
}.

A noisy channel is said to be stationary if for any stationary sequence {ξn},
the sequence {(ξn, ηn)} is also stationary in X × Y .

(b) Channel capacity. We first concentrate on a determinate channel. The
number of signals of length n that may be received at the channel output
equals the number ln of points in the range of ϕn. If the range is denoted by
Nn, then Nn ⊂ Y n and consequently ln ≤ ln, where l is the number of points
in X. Hence, a channel may transmit ln different messages of length n. These
messages are points of the space Xn. The function ϕn maps these points onto
Nn in one-to-one fashion. The channel capacity is defined to be

c = lim
n→∞

1
n

log2 ln

if the limit exists. This limit always exists for a stationary channel. The ca-
pacity is the average number of binary digits that are transmittable over the
channel per unit time.

Let there be given a noisy channel defined by the collection of distributions
µ(C|x). Let P(X) be the set of all X-valued random sequences {ξn, n ≥ 1}.
With each such sequence there is associated the sequence {(ξn, ηn), n ≥ 1}
in X × Y whose distribution is given by (3.2.3) (only the distributions of the
sequences interest us here). The distributions of {(ξn, ηn)} evidently depend
only on that of {ξn} (if (C|x) is held fixed). Put

c({ξn}) = lim
m→∞

1
m

I((ξ1, . . . , ξm), (η1, . . . , ηm)} (3.2.4)

if this limit exists, and

c = sup
{ξn}∈P(X)

c({ξn}). (3.2.5)

This number c is then the noisy channel capacity. By this definition, the
channel capacity is roughly speaking the maximum amount of information
that is contained in a message at the channel output about the input message
per unit time.

If a communication channel is stationary and has finite memory, then the
limit (3.2.4) exists for every stationary sequence {ξn} and the least upper
bound in (3.2.5) remains unchanged if it is taken over PS(X), the subset of
all stationary sequences {ξn} of P(X).

Example. Consider the very simple channel for which X = Y = {0, 1}. More-
over, it is a memoryless stationary channel. P0{{0}} = p, P0{{1}} = 1 − q,
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P1{{0}} = q and P1{{1}} = 1 − q. One can show that the supremum in
(3.2.5) is attained here if {ξn} are independent and identically distributed.
Let P{ξk = 0} = s and P{ξk = 1} = 1 − s. Then

P{ηk = 0} = sp + (1 − s)q = ψ(s),
P{ηk = 1} = 1 − ψ(s),

I(s) = I(ξ1, η1) = H(η1) − H(η1|ξ1) = ψ(s) log2
1

ψ(s)

+ (1 − ψ(s)) log2
1

1 − ψ(s)
− sH0 − (1 − s)H1,

where

H0 = p log2
1
p

+ (1 − p) log2
1

1 − p
,

H1 = q log2
1
q

+ (1 − q) log2
1

1 − q
.

Since s = [ψ(s) − q]/(p − q), it follows that

I(s) = ψ(s) log2
1

ψ(s)
+ (1 − ψ(s)) log2

1
1 − ψ(s)

+ Aψ(s) + B (3.2.6)

with

A =
H1 − H0

p − q
, B =

qH0 − pH1

p − q

The extreme value of the right-hand side of (3.2.6) occurs when

log2
1
ψ

− log2
1

1 − ψ
+ A = 0

or

ψ =
2A

1 + 2A
.

Consequently, the channel capacity is

c =
2A

1 + 2A
log2(1 + 2−A) +

1
1 + 2A

log2(1 + 2A)

+ A
2A

1 + 2A
+ B =

2A

1 + 2A
log2((1 + 2−A) · 2A)

+
1

1 + 2A
log2(1 + 2A) + B = log2(2

B + 2A+B)

= log2

(
2

qH0−pH1
p−q + 2

(1−p)H1−(1−q)H0
p−q

)
.
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3.2.2 Coding and Decoding

For a stream of messages generated by a source of information to be transmit-
table over a communication channel, it is necessary to encode the messages
via the elements of X. Then upon the reception of the sequence of Y -valued
symbols at the output, it is necessary to recover a transmitted message via
decoding. We introduce two additional finite sets: Z, the message units pro-
duced by the source of information and U , the symbols used to write out the
information that has to be received. Suppose that one has to receive infor-
mation about the motion of a sputnik and its interior state. The source of
information are the readings of the transmitters installed inside the sputnik
(this is the set Z). X, Y and U characterize respectively, the current arriving
at the sputnik’s antenna, the audio and light signals of the transponder and
the required numerical data.

The coding operation is specified by a nonpredictive function mapping Z-
valued sequences into X-valued ones. Thus coding is via a function ψ from
Z∞ to X∞ and if ψ(z1, z2, . . .) = (x1, x2, . . .), ψ(z′

1, z
′
2, . . .) = (x′

1, x
′
2, . . .),

and z1 = z′
1, . . . , zn = z′

n, then x1 = x′
1, . . . , xn = x′

n. The simplest code is a
memoryless code determined by a function ψ1(z) from Z to X given by

ψ1(z1, z2, . . .) = (ψ1(z1), ψ1(z2), . . .).

One way of coding is to split the sequence of messages into segments of
length n and to encode each such segment. If ψ(z1, . . . , zn) = (x1, . . . , xm) and
ψ(z̄1, . . . , z̄n) = (x̄1, . . . , x̄m), then ψ(z1, z2, . . . , zn, z̄1, z̄2, . . . , z̄n) = (x1, . . . ,
xm, x̄1, . . . , x̄m).

The decoding operation is specified by a function θ from Y ∞ to U∞, which
must also be nonpredictive. The most natural case is where U can be identified
with Z. If this is so and the transmission of messages is errorless, then the
goal is to receive the same sequence of messages at the output as generated
by the source of information. Therefore the series of mappings

Z∞ ψ→ X∞ ϕ→ Y ∞ θ→ Z∞

must be such that the composition θ ◦ϕ◦ψ is in a sense the identity mapping
(this does not mean that we recover the same finite segment z1, z2, . . . , zn

but rather z1, . . . , zkn , where kn ≤ n and n − kn is the size of lag in trans-
mission). Therefore the θ accomplishing the decoding is determined by the
ψ accomplishing the encoding (the communication channel is fixed and ϕ is
unaltered).

Sometimes the decoding process is specified by a sequence of functions θn

on Yn taking values in Zkn ; kn is nondecreasing and the θn for different n are
consistent in the following way. For n ≤ m, from θn(y1, . . . , yn) = (z1, . . . , zkn)
it follows that

θm(y1, . . . , yn, . . . , ym) = (z1, . . . , zkn , . . . , zkm).
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One may also consider randomized decoding rules involving given probabilities

P
(
θm(y1, . . . , yn) = (z1, . . . , zkn)

)
(they are dependent on yi and zi).

Example. Let X = Y = {0, 1}. The channel is memoryless and noiseless; 0
goes into 0 and 1 into 1. Z = {1, 2, 3}. Messages arise independently and are
equally likely. During time n, 3n equally likely messages can be sent. To give
them binary codes, we need no less than n log2 3 bits. Thus messages of length
n cannot be received sooner than a length of time n log2 3; kn ∼ n/ log2 3 and
so the lag is primarily proportional to the length of a message.

3.3 Shannon’s Theorem

The example given at the end of the preceding section shows that this com-
munication channel cannot always transmit messages from the source of in-
formation so as to prevent the lag from increasing indefinitely. If Z = {1, 2}
in that example, then it evidently would have been possible to transmit mes-
sages without lag. Observe that the entropy of the process at the output of
the communication channel (per unit time) does not exceed the channel ca-
pacity which in the considered example is 1 = log2 2, as one can readily see.
Therefore, if it were possible to map the process describing the stream of
messages generated by the source of information in one-to-one fashion into
the process received at the channel output, then the entropy of the source
of messages should not exceed 1 since a one-to-one mapping of experiments
into one another does not affect the entropy. This is a general fact. A source
of information cannot send messages without indefinitely increasing lag if its
entropy is greater than the channel capacity. Shannon’s theorem says that
when the entropy of a source of information is less than the channel capacity,
then such transmission is possible with probability arbitrarily close to one. We
shall give a more precise formulation below. We mention also that Shannon
himself considered the case where the source of information generates inde-
pendent and identically distributed messages and the communication channel
is stationary and memoryless. We shall refer to this as the simplest case. Its
generalization will also be called Shannon’s Theorem.

3.3.1 Simplest Transmission of Information

The stream of messages generated by a source of information is a process
{ζn, n ≥ 1} of independent and identically distributed random variables taking
values in Z. The entropy of the source of messages is

H = −
∑
z∈Z

P{ζ1 = z} log2 P{ζ1 = z}.
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A memoryless stationary communication channel is specified by the probabil-
ities

P{ηk = y|ξk = x} = p(x, y), x ∈ X, y ∈ Y.

Its capacity is c. We shall take U = Z. Suppose that coding and decoding
rules have been selected. The transmission lag in time N is defined as τN =
maxn≤N (n−kn), where kn is the number of bits in the decoded sequence after
transmission of n bits. The transmission error in time N is defined to be

P

{
kN⋃
k=1

{ζi �= ζ∗
i }
}

= εN ,

where (ζ∗
1 , . . . , ζ∗

kn
) is the sequence resulting on decoding the messages after

the transmission of (ζ1, . . . , ζN ).
Shannon’s Theorem. Let H < c. Then to every positive ε, there is an Nε

such that coding and decoding rules exist for all N > Nε for which τN ≤ εN
and εN ≤ ε.

The proof of the theorem will be carried out separately for deterministic
channels and for noisy channels.
(a) Deterministic channels. In this case p(x, y) equals either 0 or 1. Let Y1 be
the subset of those y ∈ Y that can be at the channel output. If y ∈ Y1, there
is an x ∈ X such that p(x, y) = 1. For each y ∈ Y1, choose one such x and let
X1 ⊂ X be the set of x chosen. The communication channel carries X1 into Y1
in one-to-one fashion. It is easy to show that the channel capacity is log2 m1,
where m1 is the number of elements of Y1 (which is also the number of elements
of X1). This is the amount of information (per unit time) which is contained
about the sequence {ξn} in {ηn} if ξn takes values in X1 with probabilities
1/m1. By assumption, H < log2 m1. On the basis of Theorem 3.1.1 on p. 236,
to every positive ε, one can find an nε1 such that for all n > nε1 there are
2ns chains of the form z1, z2, . . . , zn all of whose probabilities P{ζ1 = z1, ζ2 =
z2, . . . , ζn = zn} add up to at least 1 − ε1 with s ∈ (H, log2 m1 − δ). To
transmit a series of messages (z1, z2, . . . , zn) in this collection (denote this
subset of Zn by Zn), we employ sequences x1, x2, . . . , xn with xi ∈ X1. There
are mn

1 = 2n log2 m1 > 2ns such sequences. Thus Zn is carried into Xn
1 in one-

to-one fashion. Xn
1 is carried by the channel into Y n

1 in one-to-one fashion
and Y n

1 is carried into Zn in one-to-one fashion. If (z1, . . . , zn) /∈ Zn, we map
it into one of the sequences in Xn not belonging to the image of Zn. We
decode the sequence (y1, . . . , yn) corresponding to it in an arbitrary way. The
probability that a message of length n will be transmitted without error is
greater than 1 − ε1. If there is a message of length N > n, we split it into
pieces of length n and we transmit each segment of length n in the above way.
Since the transmission is done with segments of length n, the lag τN ≤ n.
The error probability is less than lε1, where l is the integral part of N/n.
Now choosing ε1 and l so that lε1 ≤ ε and n/N < 1/l < ε, we arrive at our
required assertion. Nε is any arbitary number satisfying Nε > nε1/ε.
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(b) Noisy channels. As was seen in the proof of the preceding part, it is enough
to show the following: To every positive ε, one can find an nε such that for
n > nε it is possible to transmit one of the 2n(H+δ) messages produced by the
source of information in time n with error probability less than ε, δ being an
arbitrarily selected positive number. Suppose that the distribution of ξ in X
has been chosen so that H < I(ξ, η) < C for pairs ξ and η satisfying

P{ξ = x, η = y} = P{ξ = x}p(x, y).

Let H(ξ) be the entropy of the distribution of ξ. Consider the subset Xn

of Xn of those (x1, x2, . . . , xn) ∈ X for which∣∣∣∣∣
n∑

k=1

I{xk=x} − nP{ξ = x}
∣∣∣∣∣ ≤ nan, x ∈ X, (3.3.1)

for some sequence an such that an ↓ 0, na2
n → ∞. The number of points in Xn

is clearly 2n(H(ξ)+εn), where εn → 0. Now let {ηk(x), x ∈ X} be independent
for different values of k and let P{ηk(x) = y} = p(x, y). The entropy of the
sequence η1(x1), . . . , ηn(xn) with (x1, x2, . . . , xn) ∈ X is

n∑
i=1

∑
y

p(xi, y) log2
1

p(xi, y)
∼ n

∑
x

P{ξ = x}
∑

y

p(x, y) log2
1

p(x, y)

= nH(η|ξ).

(We have made use of (3.3.1).) For n sufficiently large, to each (x1, . . . , xn) ∈
Xn there is a set S

(n)
(x1,...,xn) ⊂ Y n such that

P{(η1(x1), . . . , ηn(xn)) ∈ S
(n)
(x1,...,xn)} ≥ 1 − ε1 (3.3.2)

with the number of points in S
(n)
(x1,...,xn) at most 2n(H(η|ξ)+δ). Since H <

I(ξ, η) < H(ξ), one can choose a subset X̃n of Xn whose cardinality equals
the number of messages that must be transmitted (there are at most 2n(H+δ)

of them). One may assume that H + 2δ < I(ξ, η).
The decoding rule is this. If the sequence (y1, y2, . . . , yn) is observed at the

channel output, then put

P{θX̃n
(y1, . . . , yn) = (x1, . . . , xn)} =

⎛
⎝ ∑

(x1,...,xn)∈X̃n

I{
(y1,...,yn)∈S

(n)
(x1,...,xn)

}
⎞
⎠

−1

if (y1, . . . , yn) ∈
⋃

(x1,...,xn)∈X̃n
S

(n)
(x1,...,xn). But if (y1, . . . , yn) does not fall

in this set, θX̃n
(y1, . . . , yn) is specified arbitrarily. Let us estimate αX̃n

, the
transmission error probability. We have
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αX̃n
≤

∑
(x1,...,xn)∈X̃n

p(x1, . . . , xn)
∑

(y1,...,yn)∈S
(n)
(x1,...,xn)

n∏
i=1

p(xi, yi)

×

⎡
⎢⎣1 −

⎛
⎝ ∑

(x1,...,xn)∈X̃n

I{(y1,...,yn)∈S
(n)
(x1,...,xn)}

⎞
⎠

−1
⎤
⎥⎦+ ε1 (3.3.3)

(we have made use of (3.3.2)). In this, p(x1, . . . , xn) is the probability that
a message encoded by the sequence (x1, . . . , xn) is transmitted. The proof of
Theorem 3.1.1 on p. 236 shows that

p(x1, . . . , xn) ≤ 2−n(H−δ)

for n sufficiently large. In exactly the same way,
n∏

i=1

p(xi, yi) ≤ 2−n(H(η|ξ)−δ).

Therefore

αX̃n
≤ 2−n(H+H(η|ξ)−2δ)

∑
(x1,...,xn)∈X̃n

∑
(y1,...,yn)∈S

(n)
(x1,...,xn)

×

⎡
⎢⎣1 −

⎛
⎝ ∑

(x1,...,xn)∈X̃n

I{(y1,...,yn)∈S
(n)
(x1,...,xn)}

⎞
⎠

−1
⎤
⎥⎦ .

Let m(A) be the number of points in set A. Then we have

∑
(x1,...,xn)∈X̃n

∑
(y1,...,yn)∈S

(n)
(x1,...,xn)

⎡
⎢⎣1 −

⎛
⎝ ∑

(x1,...,xn)∈X̃n

I{(y1,...,yn)∈S
(n)
(x1,...,xn)}

⎞
⎠

−1
⎤
⎥⎦

=
∑

(x1,...,xn)∈X̃n

m
(
S

(n)
(x1,...,xn)

)
− m

⎛
⎝ ⋃

(x1,...,xn)∈X̃n

m
(
S

(n)
(x1,...,xn)

)⎞⎠
≤

∑
(x1,...,xn)∈X̃n
(x̄1,...,x̄n)∈X̃n

m
(
S

(n)
(x1,...,xn) ∩ S

(n)
(x̄1,...,x̄n)

)
.

Thus

αX̃n
≤ 2−n(H+H(η|ξ)−2δ)

∑
(x1,...,xn)∈X̃n
(x̄1,...,x̄n)∈X̃n

m
(
S

(n)
(x1,...,xn) ∩ S

(n)
(x̄1,...,x̄n)

)
+ ε1.

We now show that one may choose X̃n so that αX̃n
is less than 2ε1. Let t be

the number of points in Xn, s the number in X̃n, u the number in S
(n)
(x1,...,xn)
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and v the number of (x1, . . . , xn) for which (y1, . . . , yn) ∈ S
(n)
(x1,...,xn); u may be

considered independent of (x1, . . . , xn) ∈ Xn and v considered independent of
(y1, . . . , yn) ∈

⋃
(x1,...,xn)∈X̃n

S
(n)
(x1,...,xn).

The average error due to the possible choices of X̃n is

ᾱ =
∑

X̃n⊂Xn

(
t

s

)−1

αX̃n

≤ ε1 +
(

t

s

)−1

2−n(H+H(η|ξ)−2δ)

×
∑

X̃n⊂Xn

∑
(x1,...,xn)∈X̃n
(x̄1,...,x̄n)∈X̃n

∑
(y1,...,yn)

I
S

(n)
(x1,...,xn)

(y1, . . . , yn)I
S

(n)
(x̄1,...,x̄n)

(y1, . . . , yn)

≤ ε1 +
∑

(x1,...,xn)∈Xn
(x̄1,...,x̄n)∈Xn

∑
(y1,...,yn)

I
S

(n)
(x1,...,xn)

(y1, . . . , yn)

× I
S

(n)
(x̄1,...,x̄n)

(y1, . . . , yn)
(

t

s

)−1(
t − 2
s − 2

)
2−n(H+H(η|ξ)−2δ)

= ε1 +
(

t

s

)−1(
t − 2
s − 2

)
2−n(H+H(η|ξ)−2δ)

×
∑

(y1,...,yn)

⎛
⎝ ∑

(x1,...,xn)∈Xn

I
S

(n)
(x1,...,xn)

(y1, . . . , yn)

⎞
⎠

2

= ε1 +
(

t

s

)−1(
t − 2
s − 2

)
2−n(H+H(η|ξ)−2δ)v2m

(⋃
S

(n)
(x1,...,xn)

)
.

Notice that vm
(⋃

S
(n)
(x1,...,xn)

)
= tu. Therefore

ᾱ ≤ ε1 +
s(s − 1)
t(t − 1)

2−n(H+H(η|ξ)−2δ)v · t · u ≤ ε1 + 2
svu

t
2−n(H+H(η|ξ)−2δ).

Since s ≤ 2n(H+δ) and u ≤ 2n(H(η|ξ)+δ) for n sufficiently large, it follows that

ᾱ ≤ ε1 + 25δn+1 · v

t
· 2nH .

One can show that v ≤ 2n(H(η|ξ)+δ) and t ≥ 2n(H(ξ)−δ) and so

ᾱ ≤ ε1 + 27δn+12n(H−I(ξ,η)).

This last expression may be made arbitrarily small if H + 7δ < I(ξ, η). There
clearly exist X̃n such that αX̃n

≤ ᾱ. The theorem is proved. ��
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3.3.2 Generalizations

(a) Ergodic source of messages. Now suppose that the stream of messages
generated by the source of information is a stationary ergodic process
{ζn, n ≥ 1} with values in a finite set Z.

Lemma 3.3.1. If H = H(ζn) is the entropy of a stationary process {ζn},
then to every positive ε and δ, there exists a subset Zn of Zn for n greater
than some n0 such that

1. the number of points (z1, . . . , zn) ∈ ZN does not exceed 2n(H+δ),
2.
∑

(z1,...,zn)∈Zn
P{ζ1 = z1, . . . , ζn = zn} ≥ 1 − ε,

3. H − δ ≤ 1
n log2 P{ζ1 = z1, . . . , ζn = zn} ≤ H + δ.

Proof. It is convenient to view the process {ζn} as being defined for all integral
n (the process may be extended in an obvious way). Put

ϕn(z) = P{ζ0 = z|ζ1, ζ2, . . . , ζn}, ϕ(z) = P{ζ0 = z|ζ1, . . .}.

Then E log2 ϕ(ζ0) = H and E| log2 ϕn(ζ0) − log2 ϕ(ζ0)| → 0. Thus with prob-
ability 1

lim
n→∞

1
n

log2 Q(ζ1, ζ2, . . . , ζn) = lim
n→∞

1
n

n∑
k=1

qk(ζk|ζ1, . . . , ζk−1) = H,

where Q(z1, . . . , zn) = P(ζ1 = z1, . . . , ζn = zn) and qk(zk|z1, . . . , zk−1) =
log2 P{ζk = zk|ζ1 = z1, . . . , ζk−1 = zk−1}. Given positive ε and δ, suppose
that

P
{∣∣∣∣ 1n log2 Q(ζ1, . . . , ζn) − H

∣∣∣∣ < δ

}
≥ 1 − ε.

Put Zn =
{
(z1, . . . , zn) :

∣∣ 1
n log2 Q(z1, . . . , zn) − H

∣∣ < δ
}
. Then conditions 2

and 3 hold. The number m(Zn) satisfies m(Zn)2−n(H+δ) ≤ 1 so that condi-
tion 1 also holds. ��

(b) Ergodic stationary communication channel. Suppose that the channel
is stationary. In other words, if the input is a stationary process {ξk, k =
0,±1, . . .} and {ηk} is the output process, then {(ξk, ηk), k = 0,±1, . . .} is
also stationary. (It is convenient here to consider processes defined for all
integral times. When a communication channel has finite memory m, the pro-
cess {(ξk, ηk), k ≥ m} is stationary if {ξk, 1, 2, . . .} is stationary.) A channel
is said to be ergodic if {(ξk, ηk), k = 0,±1,±2, . . .} is ergodic when {ξk, k =
0,±1, . . .} is any ergodic process. The quantity sup I({ξn}, {ηn}) is defined to
be the ergodic channel capacity of an ergodic channel where the supremum is
taken over all ergodic X-valued processes {ξn, n = 0,±1,±2, . . .}.
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Lemma 3.3.2. Suppose that a communication channel and a process {ξn, n =
0,±1,±2, . . .} are both ergodic. Then for all positive ε and δ, there exist an
n0 and sets Xn ⊂ Xn, Yn ⊂ Y n and Wn ⊂ Xn × Yn for some n > n0 such
that

1. log2 m(Xn) ≤ n(H({ξn}) + δ), log2 m(Yn) ≤ n(H({ηn} + δ)) and
log2 m(Wn) ≤ n(H({(ξn, ηn)}) + δ),

2. if Wn(x1, x2, . . . , xn) = {(y1, . . . , yn) : ((x1, . . . , xn), (y1, . . . , yn)) ∈ Wn},
then log2 m(Wn(x1, . . . , xn)) ≤ n(H({ηn}|{ξn}) + δ),

3.
∑

((x1,...,xn),(y1,...,yn))∈Wn
P{ξ1 = x1, . . . , ξn = xn, η1 = y1, . . . , ηn = yn}

≥ 1 − ε,
4. for all (x1, . . . , xn) ∈ Xn,

log2 P{ξ1 = x1, . . . , ξn = xn} ≥ −n(H({ξ}) + δ),

and

log2 P{η1 = y1, . . . , ηn = yn|ξ1 = x1, . . . , ξn = xn}
≥ −n(H({ηn}|{ξn}) + δ), (y1, . . . , yn) ∈ Wn(x1, . . . , xn).

Shannon’s theorem for ergodic stationary sources and communication chan-
nels. If one analyzes the proof of Shannon’s theorem in the simplest case for a
noisy channel, it can be seen that it merely involves computing the number of
members of the sets Xn, X̃n and Wn(x1, . . . , xn). Therefore Lemma 3.3.2 can
be used to show that Shannon’s theorem is true when a source of messages is
stationary and ergodic with entropy H and the ergodic channel capacity of a
stationary ergodic channel equals c with c > H.
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Filtering

When messages are sent by radio, they are affected by random noise caused
by electricity in the atmosphere, solar flares and man’s industrial activities.
Therefore a message received is a mixture of the signal sent and noise. One of
the ways of extracting information from a transmitted signal (in terms of the
preceding chapter, one of the ways of decoding) is to “sift out” the noise from
the message received. This operation is called filtering. The filtering methods
considered here are based on the random nature of the signals and noise.
Just as noise is filtered out, it is possible to filter out possible random effects
from quantities characterizing the state of a system. By viewing the system
as transmitting a “signal” from the “past” to the “future”, one can predict
its “future” if the system is evolving randomly. We shall therefore also view
prediction as a special case of filtering.

4.1 Linear Prediction and Filtering of Stationary
Stochastic Processes

4.1.1 General Approach to Finding a Linear Estimator of a
Random Variable

Let there be given n random variables ξ1, . . . , ξn that are observable in some
experiment and a random variable η that is not accessible to observation. How
can one estimate η from the values of ξ1, . . . , ξn? Here we shall utilize linear
estimators of η or, in other words, linear functions of ξ1, . . . , ξn of the form
η̄ = c+

∑n
k=1 akξk to approximate η. We shall look for a function of this form

that estimates η the best. If Eξ2
k < ∞, k = 1, 2, . . . , n, and Eη2 < ∞, then it

is natural to view the best η̄ as the one that minimizes E|η − η̄|2. There is no
loss of generality in assuming that Eξk = 0, k = 1, 2, . . . , n. Since

E|η − η̄|2 = (Eη − Eη̄)2 + V(η − η̄) = (Eη − c)2 + V(η − η̄)
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and the second term does not depend on c, it follows that c = Eη. To find
the coefficients ak, it is advantageous first to orthogonalize the sequence
ξ1, ξ2, . . . , ξn. Let

ξ∗
1 = ξ1, ξ

∗
2 = ξ2 + α21ξ

∗
1 , . . . ,

ξ∗
k = ξk + αk1ξ

∗
1 + . . . + αkk−1ξ

∗
k−1, . . . , (4.1.1)

where αki, 1 ≤ i < k ≤ n, are chosen so that Eξ∗
kξ∗

i = 0 or, in other words,
Eξkξ∗

i = −αkiE|ξ∗
i |2. When ξ∗

i = 0, αki may be chosen arbitrarily but we
shall assume that αki = 0. By relations (4.1.1), the ξk are also expressible
linearly in terms of the ξ∗

k by the formulas

ξk = ξ∗
k − αk1ξ

∗
1 − . . . − αkk−1ξ

∗
k−1. (4.1.2)

Therefore every linear combination of the ξk’s is a linear combination of the
ξ∗
k’s and conversely.

Thus, let η̄ = Eη +
∑n

k=1 a∗
kξ∗

k. Then

E|η − η̄|2 = E|η|2 − |Eη|2 − 2
n∑

k=1

a∗
kEηξ∗

k +
n∑

k=1

(a∗
k)2E(ξ∗

k)2. (4.1.3)

This expression has a minimum when

a∗
k = Eηξ∗

k/E(ξ∗
k)2 (4.1.4)

(if E(ξ∗
k)2 = 0 and Eηξ∗

k = 0, so that the right-hand side of (4.1.3) is inde-
pendent of a∗

k, we set a∗
k = 0). If a∗

k is chosen according to (4.1.4), then

E(η − η̄)ξ∗
k = 0 for k = 1, 2, . . . , n,

and hence by (4.1.2),

E(η − η̄)ξk = 0, k = 1, 2, . . . , n. (4.1.5)

Equations (4.1.5) are a system for determining the coefficients ak.
Now let there be given a family of random variables {ξλ, λ ∈ Λ} for which

Eξλ = 0 and E|ξλ|2 < ∞ and a variable η. Again, the ξλ’s are observable
and η has to be estimated linearly from sampling of {ξλ}. Consider the linear
subspace L{ξλ, λ ∈ Λ} of random variables which is the closure under mean-
square convergence of the set of linear combinations{

n∑
k=1

αkξλk
, n = 1, 2, . . . , λk ∈ Λ, αk ∈ R

}
.

There is no loss of generality in assuming that Eη = 0. Let L{η, ξλ, λ ∈ Λ}
be the subspace of random variables which is the closure under mean-square
convergence of the set of linear combinations



4.1 Linear Prediction and Filtering of Stationary Stochastic Processes 259{
βη +

n∑
k=1

αkξλk
, n = 1, 2, . . . , λk ∈ Λ, β, αk ∈ R

}
.

L{η, ξλ, λ ∈ Λ} is a Hilbert space with inner product 〈ζ1, ζ2〉 = Eζ1ζ2, ζi ∈
L{η, ξλ, λ ∈ Λ}. L{ξλ, λ ∈ Λ} is a subspace of this space. A linear estimator
of η based on the variables {ξλ, λ ∈ Λ} is an element of L{ξλ, λ ∈ Λ}. Thus it
is necessary to find an η̄ ∈ L{ξλ, λ ∈ Λ} which minimizes E|η − η̄|2. This will
be the case when η̄ is the orthogonal projection of η on L{ξλ, λ ∈ Λ}, that
is, η − η̄ is orthogonal to L{ξλ, λ ∈ Λ}. This condition is equivalent to the
relation

Eηξλ = Eη̄ξλ. (4.1.6)

This relation is the one customarily applied when constructing a filter.

4.1.2 Prediction of Stationary Sequences

Consider a numerical (wide-sense) stationary sequence {ξn, n=0,±1,±2, . . .}.
Suppose that it has been observed up to and including the present moment of
time and it is necessary to “predict” its value at some future moment of time.
The present time is taken to be t = 0. Thus, we have a collection of variables
{ξn, n ≤ 0} and a variable ξm, m > 0. It is necessary to construct a linear
estimator of ξm with respect to the variables {ξn, n ≤ 0}. For a stationary
sequence, use can be made of its spectral representation (see p. 118)

ξn =
∫ π

−π

eiλndy(λ),

where y(λ) is a random function with orthogonal increments on [−π, π] and
E|dy(λ)|2 = dF (λ). F (λ) is the spectral function of the sequence. If rn = Eξ0ξn

is the covariance function of the sequence (we are assuming that Eξk = 0),
then

rn =
∫ π

−π

eiλndF (λ).

Let L2(F ) be the space of measurable complex-valued functions g(λ) defined
on [−π, π] for which ∫ π

−π

|g(λ)|2dF (λ) < ∞.

It is a complex Hilbert space. Let L−
2 (F ) be the subspace of it which is the

closure of linear combinations of the form∑
k≤0

ckeiλk.
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It is easy to see that L{ξn, n ≤ 0} coincides with the variables of the form∫ π

−π
g(λ)dy(λ) with g(λ) ∈ L−

2 (F ). Thus, the projection of ξm on L{ξn, n ≤ 0}
has the form

ξ̄m =
∫ π

−π

gm(λ)dy(λ),

with gm(λ) ∈ L−
2 (F ) and for all n ≤ 0,

rn−m = Eξmξn = Eξ̄mξn = E
∫ π

−π

eiλndy(λ) ×
∫ π

−π

gm(λ)dy(λ)

=
∫ π

−π

e−iλngm(λ)dF (λ). (4.1.7)

(a) Solution of the prediction problem. Equation (4.1.7) determines the
L−

2 (F )-function gm(λ) uniquely. However it is difficult to find this function
effectively at least because there is no satisfactory description of L−

2 (F ). One
instance is examined below where the prediction problem can in a sense be
solved effectively.

Suppose that the spectral density f(λ) = dF (λ)/dλ exists and satisfies the
following condition. For some positive c,

c ≤ f(λ) ≤ 1/c.

Lemma 4.1.1. L−
2 (F ) coincides with the space of functions g(λ) repre-

sentable by series of the form ∑
k≤0

ckeiλk, (4.1.8)

where
∑

k≤0 |ck|2 < ∞

Proof. Let us show that (4.1.8) is convergent in L−
2 (F ). For n < m < 0, we

have

∫ π

−π

∣∣∣∣∣∣
∑

n≤k≤m

ckeiλk

∣∣∣∣∣∣
2

dF (λ) =
∫ π

−π

∣∣∣∣∣∣
∑

n≤k≤m

ckeiλk

∣∣∣∣∣∣
2

f(λ)dλ

≤ 1
c

∫ π

−π

∣∣∣∣∣∣
∑

n≤k≤m

ckeiλk

∣∣∣∣∣∣
2

dλ =
2π

c

∑
n≤k≤m

|ck|2 ≤ 2π

c

∑
k≤m

|ck|2,

and this expression approaches zero as m → −∞. Since the partial sums
of series (4.1.8) belong to L−

2 (F ), the sum will also belong to L−
2 (F ). Now

suppose that
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lim
n→∞

∫ π

−π

∣∣∣∣∣∣g(λ) −
∑
k≤0

c
(n)
k eiλk

∣∣∣∣∣∣
2

f(λ)dλ = 0.

Then

lim
n→∞

∫ π

−π

∣∣∣∣∣∣g(λ) −
∑
k≤0

c
(n)
k eiλk

∣∣∣∣∣∣
2

dλ = 0. (4.1.9)

Since ∫ π

−π

|g(λ)|2dλ ≤ 1
c

∫ π

−π

|g(λ)|2f(λ)dλ < ∞,

it follows that

g(λ) =
∑

k

ckeiλk with
∑

|ck|2 < ∞.

But (4.1.9) leads to ∑
k≤0

|ck − c
(n)
k |2 +

∑
k>0

|ck|2 → 0,

that is,
∑

k>0 |ck|2 = 0. The lemma is proved. ��

Consider now one-step prediction (m = 1). From (4.1.7) we obtain∫ π

−π

e−iλn[g1(λ) − eiλ]f(λ)dλ = 0, n ≤ 0,

or ∫ π

−π

eiλ(n+1)[g1(λ)e−iλ − 1]f(λ)dλ = 0, n ≥ 0. (4.1.10)

The function h−(λ) = g1(λ)e−iλ − 1 belongs to the space L−
2 of functions of

the form ∑
k≤0

akeiλk,
∑

|ak|2 < ∞,

while

[g1(λ)e−iλ − 1]f(λ) = h+(λ)

belongs to the space L+
2 of functions of the form∑

k≥0

bkeiλk,
∑

|bk|2 < ∞
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(this is a consequence of (4.1.10)). If f(λ) is representable in the form

f(λ) =
h+(λ)
h−(λ)

, (4.1.11)

where h−(λ) ∈ L−
2 and h+(λ) ∈ L+

2 , then one is able to find g1(λ): If

h−(λ) =
∑
k≤0

akeiλk

and a0 �= 0, then

g1(λ) = −
∑

k≤−1

ak

a0
eiλ(k+1).

In addition, (4.1.10) will hold, which is equivalent to (4.1.7) in our case.

(b) Yaglom’s method. We now use (4.1.11) to find h−(λ) for one class of
spectral densities which are often encountered in practical applications. They
are the spectral densities of the form

f(λ) =
P (eiλ)
Q(eiλ)

,

where P and Q are polynomials. P and Q are assumed to be non-vanishing
on the unit circle. If ϕ(z) = P (z)/Q(z) is analytic, then since it is real for
|z| = 1, it follows from P (z0) = 0 and Q(z1) = 0 that P (1/z̄0) = 0 and
Q(1/z̄1) = 0. Let z1, z2, . . . , zm be the zeroes of P (z) such that |zk| < 1, and
let u1, u2, . . . , un be the zeroes of Q(z) such that |uk| < 1. Then

ϕ(z) = A

∏m
k=1

[
(z − zk)

( 1
z − z̄k

)]
∏n

k=1

[
(z − uk)

( 1
z − ūk

)]
and so

f(λ) = A

∏m
k=1(e

iλ − zk)(e−iλ − z̄k)∏n
k=1(eiλ − uk)(e−iλ − ūk)

= A

∏m
k=1(1 − zke−iλ)(1 − z̄keiλ)∏n
k=1(1 − uke−iλ)(1 − ūkeiλ)

,

h+(λ) = A

m∏
k=1

(1 − z̄keiλ)
n∏

k=1

(1 − ūkeiλ)−1,

h−(λ) =
n∏

k=1

(1 − uke−iλ)
m∏

k=1

(1 − zke−iλ)−1.

(c) Case of smooth density. Suppose that ln f(λ) has an absolutely convergent
Fourier series:

ln f(λ) =
∞∑

n=−∞
aneiλn and

∑
|an| < ∞.
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This is true, for example, when f ′(λ) is bounded.
Then

f(λ) =
h+(λ)
h−(λ)

,

where

h+ = − exp

{ ∞∑
n=0

aneiλn

}
, h− = − exp

{
−

∞∑
n=0

āne−iλn

}
.

h+(λ) ∈ L+
2 and h−(λ) ∈ L−

2 because the Fourier series for h±(λ) can be
derived by expanding the exponential function in a Taylor series and then
collecting the coefficients of eiλn for the various values of n. The zero Fourier
coefficient for h−(λ) is 1.

Let us look at the prediction error. We obtain

E|ξ1 − ξ̄1|2 =
∫ π

−π

(eiλ − g1(λ))(eiλ − g1(λ))f(λ)dλ

=
∫ π

−π

(eiλ − g1(λ))e−iλf(λ)dλ

by using the fact that g1(λ) ∈ L−
2 (F ) and therefore∫ π

−π

(eiλ − g1(λ))g1(λ)f(λ)dλ = 0.

Thus

E|ξ1 − ξ̄1|2 =
∫ π

−π

(1 − e−iλg1(λ))f(λ)dλ

= −
∫ π

−π

h+(λ)dλ =
∫ π

−π

exp

{ ∞∑
n=0

aneiλn

}
dλ

= ea0

∫ π

−π

[
1 +

∞∑
m=1

1
m!

( ∞∑
n=1

aneiλn

)m]
dλ = 2πea0 .

But

a0 =
1
2π

∫ π

−π

ln f(λ)dλ,

and so

E|ξ1 − ξ̄1|2 = 2π exp
{

1
2π

∫ π

−π

ln f(λ)dλ

}
.
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4.1.3 Filtering One Stationary Sequence by Another

We now consider a two-dimensional stationary sequence {(ξk, ηk), k = 0,±1,
±2, . . .} in which {ξk} is the observable sequence and {ηk} is to be estimated.
Write

rξξ(k) = Eξkξ0, rξη(k) = Eξkη0, rηξ(k) = Eηkξ0, rηη(k) = Eηkη0.

(we are assuming that Eξk = Eηk = 0). The following spectral representations
hold:

rξξ(k) =
∫ π

−π

eiλkdFξξ(λ), rξη(k) =
∫ π

−π

eiλkdFξη(λ),

rηξ(k) =
∫ π

−π

eiλkdFηξ(λ), rηη(k) =
∫ π

−π

eiλkdFηη(λ),

ξk =
∫ π

−π

eiλkdyξ(λ), ηk =
∫ π

−π

eiλkdyη(λ).

In this, (yξ(λ), yη(λ)) is a vector function with orthogonal increments and

dFξξ(λ) = E|dyξ(λ)|2, dFξη(λ) = Edyξ(λ)dyη(λ),

Fηξ(λ) = Fξη(λ), dFηη(λ) = E|dyη(λ)|2.
(a) Filtering by a whole sequence. In this instance, {ξk} is observed com-
pletely. It is necessary to estimate, say, η0. The estimate for η0 is expressible
as

η̄0 =
∫ π

−π

g0(λ)dyξ(λ) with g0(λ) ∈ L2(Fξξ).

The condition

Eη̄0ξk = Eη0ξk = rξη(k)

must hold for all k. This relation is equivalent to∫ π

−π

g0(λ)e−iλkdFξξ(λ) = rξη(k) =
∫ π

−π

eiλkdFξη(λ) =
∫ π

−π

e−iλkdFηξ(λ)

(the realness of rξη(k) was used). From the relation∫ π

−π

g0(λ)e−iλkdFξξ(λ) =
∫ π

−π

e−iλkdFηξ(λ), k = 0,±1,±2, . . . ,

it follows that ∫ π

−π

ψ(λ)g0(λ)dFξξ(λ) =
∫ π

−π

ψ(λ)dFηξ(λ)

if ψ(λ) is any continuous function. This yields

g0(λ) =
dFηξ(λ)
dFξξ(λ)

.
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(b) Nonpredictive filtering. In this case, the sequence {ξk} is observed at the
present time (taken to be 0) and η0 is to be estimated. The estimator is then
of the form

η̄0 =
∫ π

−π

g0(λ)dyξ(λ), g0(λ) ∈ L−
2 (Fξξ),

and for all k ≤ 0,

Eη̄0ξk = rξη(k)

or ∫ π

−π

g0(λ)e−iλkdFξξ(λ) =
∫ π

−π

e−iλkdFηξ(λ), k ≤ 0. (4.1.12)

Assume that the spectral density fξξ(λ) = dFξξ(λ)/dλ exists and that c <
fξξ(λ) < 1/c for some positive c. Then

g0(λ) =
∑
k≤0

ckeiλk.

It is easy to see that Fηξ(λ) is absolutely continuous with respect to Fξξ(λ).
Hence, under the above assumption, fηξ(λ) = dFηξ(λ)/dλ exists.

From (4.1.12) it follows that∫ π

−π

[g0(λ)fξξ(λ) − fηξ(λ)]e−iλkdλ = 0, k ≤ 0

g0(λ)fξξ(λ) − fηξ(λ) = eiλz+(λ),

with z+(λ) ∈ L+
2 . Suppose that

fξξ(λ) =
f−(λ)
f+(λ)

,

where f+(λ) ∈ L+
2 , f−(λ) ∈ L−

2 , and f−1
− (λ) ∈ L−

2 . As was shown in
Sect. 4.1.2(c), such a representation is possible if ln fξξ(λ) can be expanded
in an absolutely convergent Fourier series. Then

g0(λ)f−(λ) = fηξ(λ)f+(λ) + eiλz+(λ)f+(λ). (4.1.13)

Introduce an operator P− in the space L2 of square-integrable functions
on [−π, π] by P−g(λ) =

∑
n≤0 aneiλn if g(λ) =

∑∞
n=−∞ aneiλn. Evidently,

P−(g0(λ)f−(λ)) = g0(λ)f−(λ) and P−(eiλz+(λ)f+(λ)) = 0. Therefore

g0(λ) = P−(fηξ(λ)f+(λ))f−1
− (λ). (4.1.14)
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4.2 Nonlinear Filtering

4.2.1 General Remarks

Nonlinear filtering is similar to the linear problem except that the estima-
tor of a random variable may be any arbitrary function of the observations.
Let ξ1, . . . , ξn be the observed variables. It is necessary to estimate the vari-
able η. We assume that E|η|2 < ∞ and we look for a measurable function
g(x1, . . . , xn) on Rn that minimizes E(η − g(ξ1, . . . , ξn))2. We have

E(η − g(ξ1, . . . , ξn))2 = EE((η − g(ξ1, . . . , ξn))2|ξ1, . . . , ξn)
= E(E(η2|ξ1, . . . , ξn) − 2E(η|ξ1, . . . , ξn)g(ξ1, . . . , ξn) + g2(ξ1, . . . , ξn))
= E[η2 − (E(η|ξ1, . . . , ξn))2] + E(E(η|ξ1, . . . , ξn) − g(ξ1, . . . , ξn))2.

The first term on the right-hand side is independent of the choice of g and
the second will be smallest if it equals zero, that is, if with probability 1

g(ξ1, . . . , ξn) = E(η|ξ1, . . . , ξn).

Let {ξλ, λ ∈ Λ} be a family of observable variables. Denote by Fξ the smallest
σ-algebra with respect to which all of the ξλ are measurable. Estimators then
are Fξ-measurable variables ζ satisfying Eζ2 < ∞. To each such variable
there is a sequence of measurable functions gn(x1, . . . , xn) and λi ∈ Λ such
that

lim
n→∞ E|ζ − gn(ξλ1 , . . . , ξλn)|2 = 0.

Let L2(Ω,P) be the Hilbert space of all ζ defined on the initial probability
space for which Eζ2 < ∞. L2(Fξ) is the subspace of Fξ-measurable variables.
Then the best estimator of η is the η̂ ∈ L2(Fξ) that minimizes E|η− η̂|2. This
means that η̂ is the projection of η on L2(Fξ). Therefore Eηξ = Eη̂ξ for every
bounded Fξ-measurable ζ or, in other words,

η̂ = E(η|Fξ). (4.2.1)

Nonlinear filtering is reduced to finding the conditional expectation of a ran-
dom variable given the σ-algebra generated by the observed variables.

4.2.2 Change-Point Problem

Given a process θt = I{t>τ}. The time τ is a change-point (or disorder mo-
ment) of some device. So long as θt = 0, the device is in working condition.
When θt = 1, the device has broken down. It is required to ascertain the
change-point as precisely as possible if θt is being observed in the presence of
additive noise, that is, the process xt = θt + εt is observed. It is customary to
assume that εt does not depend on θt and has independent values at different
moments of time.
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(a) Discrete time. Suppose that pk = P{τ = k} and the distribution of the
εk’s are given. The εk’s will be taken to be independent and identically dis-
tributed. If F (x) is the distribution function of εk, then it is assumed that
F (x − 1) = P{εk + 1 < x} is absolutely continuous with respect to F (x) and
that the function

ϕ(x) =
dF (x − 1)

dF (x)

is positive dF (x)-almost everywhere. Then dF (x+1)/dF (x) = 1/ϕ(x+1) or,
in other words, F (x) is also absolutely continuous with respect to F (x − 1).
If F (x − 1) and F (x) were mutually singular, then we could determine τ
expeditiously without delay from the observed values of x

k
= θk + εk as

follows. Let A be a Borel set such that

P{ε1 ∈ A} = 0, P{ε1 + 1 ∈ A} = 1.

Then τ = k if IA(xi) = 0 when i < k and IA(xk) = 1.
Therefore assuming the equivalence of F (x−1) and F (x) makes the prob-

lem more meaningful. It is natural to imagine that there is a loss ank > 0 by
having decided τ = k and having stopped the process at that time when in fact
τ = n. The problem is then to minimize the loss. We shall seek a sequential
solution to the problem. At each moment of time, a decision is made to stop
the process or continue it. The decision is made on the basis of observations
of the process to that time.

Introduce the variables

zk =
k∏

i=1

1
ϕ(xi)

, z0 = 1.

This is also obviously an observable sequence. It turns out that to make a
decision it is sufficient to know this sequence since the conditional distribution
of τ , given x1, . . . , xn, can be expressed in terms of z1, . . . , zn as follows:

P{τ = m|x1, . . . , xn} =
pmzm−1∑n

i=1 pizi−1 + zn

∑∞
j=n+1 pj

, m ≤ n,

P{τ = m|x1, . . . , xn} =
pmzn∑n

i=1 pizi−1 + zn

∑∞
j=n+1 pj

, m > n. (4.2.2)

The expressions (4.2.2) are the filtering formulas for the change-point problem.
Knowing these probabilities, we can evaluate the quantity

Wn(x1, . . . , xn) =
∑

anmP{τ = m|x1, . . . , xn},

the loss resulting if the stoppage is at time m subject to the observations
x1, . . . , xn. There now remains the optimum stopping problem for the sequence
{ηn = wn(x1, . . . , xn), n ≥ 1}: Find a stopping time ζ that minimizes Eηζ .
This kind of problem was treated in the theory of controlled processes.
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(b) Continuous time. In the case of continuous time, it is natural to replace
θt, εt and xt by integrals involving these processes (instead of a process with
independent values, εt is considered to be a process with independent incre-
ments). Therefore the observed process (denoted as before by xt) is taken to
be

xt =
∫ t

0
I{τ<s}ds + ξt, (4.2.3)

where ξt is a homogeneous process with independent increments that does not
depend on τ , the change-point time subject to estimation. We assume that τ
has a density ϕ(s):

P{τ < t} =
∫ t

0
ϕ(s)ds,

and that ξt is a Wiener process with Eξt = 0 and Vξ
t

= bt. Our aim is to
find filtering formulas analogous to (4.2.2). These formulas should give the
conditional density of τ , given x(s) for s ≤ t.

Choose a positive h and let

εh
k =

1
h

[ξkh − ξ(k−1)h], xh
k =

1
h

[xkh − x(k−1)h],

θh
k =

1
h

∫ kh

(k−1)h
I{τ<s}ds, ph

m = P{(m − 1)h ≤ τ ≤ mh}.

Applying (4.2.2), one can write

P{τ ∈ [m − 1)h, mh]|xh
1 , . . . , xh

n} =
zh

m∧n∑
k zh

k∧n

,

where

zh
m =

m−1∏
k=1

(
2πb

h

)−1/2

exp
{

−hx2
k

2b

}(
2πb

h

)−1/2

×
∫ mh

(m−1)h
exp
{

−h(xk − (mh − u))2

2b

}
ϕ(u)du

×
n∏

k=m+1

(
2πb

h

)−1/2

exp
{

−h(xh
k − 1)2

2b

}

×
n∏

k=1

((
2πb

h

)−1/2

exp
{

−h(xk − 1)2

2b

})−1

= exp

{
−h

m−1∑
k=1

xh
k + (m − 1)h

}∫ mh

(m−1)h
e−xh

m(mh−u)+ (mh−u)2

bh ϕ(u)du.
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Letting h → 0, nh → t and mh → s, we arrive at the following expression for
the conditional density ϕ(s|Ft), where Ft is the σ-algebra generated by xs for
s ≤ t:

ϕ(s|Ft) =
ϕ(s) exp

{
−
∫ s∧t

0 x(u)du − s ∧ t
}

∫∞
0 ϕ(u) exp

{
−
∫ u∧t

0 x(u)du − u ∧ t
}

du
. (4.2.4)

4.2.3 Filtering of Markov Chains

This problem is similar to the change-point problem except θt is a Markov
process with a finite set of states. The observed process is xt = θt + εt, where
εt has independent increments. It is required to find an estimate for θt.

(a) Discrete time. Let {θt, t = 0, 1, 2, . . .} be a homogeneous Markov chain
with states {1, 2, . . . , r}. The one-step transition probability is pij , i, j ∈
{1, . . . , r}, pi(0) is the initial distribution of the chain, pij(n) is the n-step
transition probability and pi(n) is the distribution at the n-th step; {εt} is
assumed to be a sequence of independent and identically distributed random
variables collectively not depending an θt. The problem is to find the condi-
tional probabilities

P{θt = k|x1, . . . , xn}, k = 1, . . . , r, t = 0, 1, 2, . . . , n = 0, 1, 2, . . . . (4.2.5)

If we know them, we have complete information about θt contained in the
observations x1, . . . , xn.

Let F (x) be the distribution function of ε1. Then the distribution function
of ε1 + i, i = 1, . . . , r, is F (x− i). Choose a distribution function G(x) so that
F (x − i) is absolutely continuous with respect to G(x) and put

ϕi(x) =
dF (x − i)

dG(x)
.

Let us find the distribution of {x0, x1, . . . , xn}. The conditional distribution
of this sequence given θ0, . . . , θk is for k > n equal to

P(x0 ∈ A0, . . . , xn ∈ An|θ = i0, . . . , θk = ik)

=
∫

A0

dF (y0 − i0)
∫

A1

dF (y1 − i1) . . .

∫
An

dF (yn − in).

Thus it depends only on θ0, . . . , θn. This conditional probability is expressible
in terms of the functions ϕi as

P{x0 ∈ A0, . . . , xn ∈ An|θ0, . . . , θn}

=
∫

A0

IA0(y0) . . . IAn
(yn)

n∏
i=0

ϕθi
(yi)

∏
dG(yk).

Let αn(θ0, . . . , θn, y0, . . . , yn) =
∏n

i=0 ϕθi(yi) and



270 4 Filtering

αn(y0, . . . , yn) = E(θ0, . . . , θn, y0, . . . , yn)

=
∑

i0,...,in

αn(i0, . . . , in, y0, . . . , yn)p0(i0)p(i0, i1) . . . p(in−1, in). (4.2.6)

Then

P{x0 ∈ A0, . . . , xn ∈ An} =
∫

IA0(y0) . . . IAn
(yn)αn(y0, . . . , yn)

n∏
k=0

dG(yk).

To evaluate αn(y0, . . . , yn), it is convenient to introduce the functions

α̂n(i0, y0, . . . , yn, i)

=
∑

i1,...,in−1

αn(i0, . . . , in−1, i, y0, . . . , yn)p(i0, i1) . . . p(in−1, i). (4.2.7)

Then

αn(y0, . . . , yn) =
∑
i0,i

α̂n(i0, y0, . . . , yn, i)p0(i0), (4.2.8)

and

α̂n+1(i0, y0, . . . , yn+1, i) =
∑

j

α̂n(i, y0, . . . , yn, j)pji(yn+1)ϕi(yn+1). (4.2.9)

Formulas (4.2.9) and (4.2.8) enable one to compute αn(y0, . . . , yn) recursively.
Now consider the conditional distribution of θ0, . . . , θn given x1, . . . , xn.

Since

P{x0 ∈ A0, . . . , xn ∈ An, θ0 = i0, . . . , θn = in}
= P{x0 ∈ A0, . . . , xn ∈ An|θ0 = i0, . . . , θn = in}

× p0(i0)p(i0, i1) . . . p(in−1, in),

it follows that

P(θ0 = i0, . . . , θn = in|x0, . . . , xn)
= αn(i0, . . . , in, x0, . . . , xn)p0(i0)p(i0, i1) . . . p(in−1, in)/αn(x0, . . . , xn).

Therefore

P{θn = j|x0, . . . , xn} =

∑
i0

α̂n(i0, x0, . . . , xn, j)p0(i0)
αn(x0, . . . , xn)

, (4.2.10)

for m < n

P{θm = j|x0, . . . , xn} =
1

αn(x0, . . . , xn)

∑
i0,i

p0(i0)α̂m(i0, x0, . . . , xm, j)

× αn−m(j, xm+1, . . . , xn, i), (4.2.11)
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and for m > n

P{θm = j|x0, . . . , xn}

=
1

αn(x0, . . . , xn)

∑
i0,i

α̂(i0, x0, . . . , xm, j)pij(m − n). (4.2.12)

Thus the requisite conditions for the probabilities are expressed in terms of the
functions α̂n(i, x0, . . . , xn, j) which can be computed recursively using (4.2.9),
(4.2.8), (4.2.10), (4.2.11) and (4.2.12), with α̂0(i, y0, j) = ϕi(y0)δij .

Formulas (4.2.8)–(4.2.12) are the filtering equations for a time-discrete
Markov chain. The advantage of these equations is that all of the con-
ditional probabilities are expressed in terms of the exact same function
α̂n(i, x0, . . . , xn, j) (taking (4.2.8) into account) satisfying recursion equation
(4.2.9). This fact makes it possible to carry these formulas over to continuous
time.

(b) Continuous time. Now suppose that {θt, t ≥ 0} is a homogeneous Markov
process with r states {1, 2, . . . , r} and transition probabilities pij(t), i, j ∈
{1, . . . , r} satisfying the relation

lim
t↓0

pij(t) − δij

t
= aij .

Consequently, the probabilities pi(t) = P{θt = i} satisfy the forward Kol-
mogorov equation

d

dt
pi(t) =

∑
j

pj(t)aji.

Let ci, i ∈ {1, . . . , r}, be a real function. The observed process is

xt =
∫ t

0
c(θs)ds + ξt, (4.2.13)

where ξt is a Wiener process for which Eξt = 0 and Vξt = bt. Our aim is to
construct the best estimate for c(θs) from observations of the process xu on
the interval [0, t] or, in other words, to find

E(c(θs)|xu, u ≤ t).

It is convenient to denote the path of the process θu on [s, t] by θs
t . Similarly,

xs
t is the path of xu on [s, t]. Let

α(t, θ0
t , x0

t ) = lim
n→∞ αn(θh

0 , . . . , θh
n, xh

0 , . . . , xh
n)

= lim
n→∞

n∏
k=0

ϕh
θh

k
(xh

k), h = t/n, θh
k = θkh,



272 4 Filtering

xh
k = xkh − x(k−1)h,

ϕh
θ (x) =

1√
2πbh

exp
{

− (x − hc(θ))2

2bh

}(
1

2πbh

)−1/2

exp
{

x2

2b

}

= exp
{

c(θ)x
b

− c2(θ)h
b

}
.

Thus

α(t, θ0
t , x0

t ) = exp
{

1
b

∫ t

0
c(θs)dxs − 1

b

∫ t

0
c2(θs)dxs

}
. (4.2.14)

The first integral on the right is defined for any continuous function since
c(θs) is a step-function.

Let

α̂(i, t, y0
t , j) = E(α(t, θ0

t , y0
t )|θ0 = i, θt = j), (4.2.15)

where y
u

is an arbitrary continuous random function. Taking the limit in
(4.2.10)–(4.2.12) after multiplying by c(j) and summing over j, we find that

E(c(θt)|x0
t ) =

1
αt(x0

t )

∑
i,j

c(j)α̂(i, t, x0
i , j)pi(0)pij(t), (4.2.16)

E(c(θs)|x0
t ) =

1
αt(x0

t )

∑
i,j,k

c(j)α̂(i, s, x0
s, j)α̂(j, t − s, xs

t , k)

× pi(0)pij(s)pjk(t − s), s < t, (4.2.17)

and

E(c(θs)|x0
t ) =

1
αt(x0

t )

∑
i,j,k

c(j)α̂(i, t, x0
t , k)pi(0)pik(t)

× pkj(s − t), s > t, (4.2.18)

where

αt(x0
t ) =

∑
i,k

α̂(i, t, x0
t , k)pi(0)pik(t). (4.2.19)

To determine the functions α̂(i, t, x0
t , k) in terms of which the requisite condi-

tional probabilities are expressed, it is convenient to introduce the functions

βij(t) = α̂(i, t, x0
t , j)pij(t). (4.2.20)

Passage to the limit in (4.2.9) yields a system of stochastic differential equa-
tions for βij(t):

dβij(t) =
∑

k

βik(t)akj(t)dt + βij(t)cjdx(t), (4.2.21)

which must be solved subject to the initial condition βij(0) = δij .
Such equations have been studied in the theory of Markov processes.



Historic and Bibliographic Comments

General questions of mathematical statistics are handled by Cramér (1974),
Neyman (1950), Van der Waerden (1969) and Zacks (1971). Jerzy Neyman
was one of the eminent statisticians of the twentieth century and his book
familiarizes the nonspecialist with the essence of probability and statistical
problems both in a simple and profound way. The main thrust of Cramér
(1974) is his formulation of statistical problems and presentation of methods
for solving them. The book contains many interesting and meaningful exam-
ples. Zacks (1971) treats the concepts of statistics, the related problems and
also ways of solving them. The book is theoretical and is intended for spe-
cialists. Also touching on the content of the first chapter is the book by Wald
(1947). It contains a presentation of sequential analytic methods of testing
statistical hypotheses.

The books by Bellman (1957), Dynkin (1975), Gikhman (1977), Kalman
(1969), Kushner (1967), Krylov (1977) and Shiryaev (1976) consider problems
on controlled processes. Bellman derives equations for the control cost of con-
trolled Markov random processes. Gikhman (1977) gives the general theory of
time-discrete and time-continuous controlled processes including both Markov
chains and Markov processes. Dynkin (1975) presents the general concepts of
controlled Markov processes, derives the equations for the control cost and
proves the existence of optimum controls. Kalman (1969) gives in particu-
lar an introduction to the theory of controlled random processes. Krylov’s
book (1977) is devoted to controlled processes defined by stochastic differen-
tial equations of diffusion type. He studies the nonlinear partial differential
equations which are Bellman’s equations for an optimum control. The book
is intended for specialists. A main theme of Shiryaev’s book (1976) is the op-
timum stopping of a Markov chain or Markov process. In particular, it solves
the change-point problem.

Problems in information theory are considered by Feinstein (1958), McMil-
lan (1953) and Shannon (1948). Feinstein discusses the basic concepts and
theorems of information theory. McMillan’s article is devoted to the capacity
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of a Markov-type communication channel and proves a corresponding version
of Shannon’s theorem.

The books and papers by Bucy (1965), Cramér (1940), Kolmogorov (1941),
Liptser (1974), Wiener (1949) and Yaglom (1952) are devoted to filtering.
Bucy discusses the theory of nonlinear filtering. Liptser (1974) contains much
material on martingale theory and stochastic equations. Its basic aim is
to construct a theory of nonlinear filtering. It is intended for specialists.
Wiener (1949) presents the theory of extrapolation, interpolation, filtering
and smoothing of stationary sequences and methods based on the factoriza-
tion of analytic functions. The general theory is illustrated by the solution of
engineering problems. Kolmogorov (1941) reduces problems involving station-
ary sequences to problems of analysis in Hilbert spaces. This is a fundamental
approach to solving them. Cramér’s article (1940) presents some solutions to
basic problems involving stationary processes. Yaglom’s large review article
(1952) contains the basic results with complete proofs including those due to
the author on the theory of stationary processes.
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